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CARTESIAN  COORDINATES 

The  position  of  a  point  in  a  plane  can  be  given  by  an  ordered  pair  of  numbers,  written  as 
These  are  called  the  Cartesian  coordinates  of  the  point.  (The  name  comes  from  the 
French  mathematician  Rene  Descartes  (1596  -  1650)).  The  coordinates  measure  the 
displacement  (+  or  -)  of  the  point  from  two  perpendicular  axes,  the  y-axis  (Oy)  and  the 
x-axis  (Ox),  where  O  is  the  origin. 

For  example,  in  Fig.  1.1,  the  coordinates  of  point  A  are  (43)  and  the  coordinates  of 
point  B  are  (3,4).  4  is  the  x-coordinatc  of  A  and  3  is  its  y-coordinatc.  (The  x-coordinate 
is  sometimes  called  the  abscissa  and  the  y-coordinatc  the  ordinate). 


The  .r-coordinate  is  always  stated  first.  As  you  can  see,  (4,3)  is  not  the  same  point  as 
(3,4).  Now  state  the  coordinates  of  the  points  C,  D,  E,  F  and  G  in  Fig.  1.1. 


MIDPOINT  OF  TWO  POINTS 

On  graph  paper,  plot  the  points  A(2,3)  and  B(8,7).  Can  you  write  down  the  coordinates 
of  the  midpoint  of  AB?  Can  you  see  how  these  are  related  to  the  coordinates  of  A  and  B? 
(Remember  that  the  midpoint  is  halfway  between  A  and  B). 

We  can  find  a  formula  for  the  midpoint  of  AB.  We  could  use  different  letters  for 
coordinates  such  as  (a.b).  (c,d),  etc.  but  it  is  neater  to  use  suffixes  attached  to  x  and  y  for 
specific  points.  So  we  write  the  coordinates  of  A  as  (.r,,yt)  and  B  as 

Let  the  coordinates  of  the  midpoint  M  be  (jrM,yM)  (Fig.  1.2).  AC  and  ME  are  parallel 
to  the  r-axis.  MD  and  BC  are  parallel  to  the  y-axis. 


<t) 

(ii) 


Midpoint  of  (*,,>,)  and  U-,0’3)  is  (  ■'  *  ;  >! ) 

The  coordinates  of  the  midpoint  are  the  averages  of  the  two  jr-coordinates  and  of  the 
two  y-coordinates  of  the  points. 
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Exercise  1 .1  (Answers  on  page  606.) 

1  State  the  coordinates  of  the  midpoints  of: 

(a)  (0,4)  and  (3,-2)  <b)  (-4,-2)  and  (-2,6) 

(c)  (4,-2)  and  (-6,9)  (d)  (0,4)  and  (4,0) 

(e)  (-4.-1)  and  (-5,-2)  <f)  (5,-3)  and  (-5,3) 

(g)  (j>,2p)  and  (3p,-4p)  (h)  (a  +  2 bjb  -  a)  and  (a  -  26,3a  +  b) 

(i)  (a, a  -  4)  and  (a  +  2,6  +  a)  (j)  (^f^.  3,1(1  ( 

2  A(  1 ,5)  and  B(7,-9)  are  two  points.  AB  is  divided  into  four  equal  parts  at  C,  D  and  E. 

Find  the  coordinates  of  C,  D  and  E. 

3  A(3,  1  i).  B(-5,-3)  and  C(7,-2)  arc  the  vertices  of  triangle  ABC.  What  are  the 
coordinates  of  M,  the  midpoint  of  BC  and  of  Q,  the  midpoint  of  AM? 

4  The  midpoint  of  PQ  is  (2,3).  If  the  coordinates  of  P  are  (-1,4),  find  the  coordinates 
of  Q. 

5  A  is  (a,3)  and  B  is  (4,6).  If  the  midpoint  of  AB  is  (3,5),  find  the  values  of  a  and  6. 

6  The  points  A  and  B  arc  (a,-4)  and  (-3,6)  respectively.  If  the  midpoint  of  AB  is  (-2,3), 
find  the  values  of  a  and  6. 

7  L  is  the  point  (-3,-2)  and  M  is  the  point  (5,4).  N  is  the  midpoint  of  LM.  State  the 
coordinates  of  N.  P  is  the  midpoint  of  NQ  and  the  coordinates  of  P  are  (2i,4).  Find 
the  coordinates  of  Q. 

8  ABCD  is  a  parallelogram.  A  is  the  point  (2,5),  B  is  the  point  (8.8)  and  the  diagonals 
intersect  at  (3 1 ,2 } ).  What  are  the  coordinates  of  C  and  D? 

9  The  coordinates  of  A  and  B  are  (-9,3)  and  (-3,4)  respectively.  B  is  the  midpoint  of  AC 
and  C  is  the  midpoint  of  AD.  Find  the  coordinates  of  C  and  of  D. 
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10  A  is  the  point  (-1,4),  B  is  the  point  (5,  -2)  and  C  is  the  point  (-4.-5).  If  D  is  the 
midpoint  of  AB  and  E  the  midpoint  of  DC,  find  the  coordinates  of  D  and  E  and  show 
that  AE  is  parallel  to  the  y-axis. 

11  The  coordinates  of  A  and  C  are  (-6.-3)  and  (-1,1)  respectively. 

(a)  If  C  is  the  midpoint  of  AB,  find  the  coordinates  of  B. 

(b)  BF  is  divided  into  three  equal  parts  at  D  and  E.  If  the  coordinates  of  E  are  (6,-1), 
find  the  coordinates  of  D  and  F. 

12  The  points  (x^y,),  (x^),  (Xj,y3)  and  (x4,y4),  in  that  order  form  a  parallelogram  ABCD. 
Show  that  x,  +  x,  =  x2  +  x4  and  y,  +  y3  =  yl  +  y4. 

13  ABCD  is  a  quadrilateral  where  A  is  (1,7),  B  is  (4,3),  C  is  (-1,-3)  and  D  is  (-4,5).  Is 
ABCD  a  parallelogram?  If  not,  state  new  coordinates  for  B  so  that  ABCD  will  be  a 
parallelogram. 

14  The  points  A(-l,4),  B(4,I0),  C(6,-5)  and  D(-2,-8)  form  a  quadrilateral  ABCD.  P.  Q, 
R  and  S  are  the  midpoints  of  the  sides  AB,  BC,  CD  and  DA  respectively.  Prove  that 
PQRS  is  a  parallelogram. 

DISTANCE  BETWEEN  TWO  POINTS 

What  is  the  length  of  AB  in  Fig.  1.3? 


Fig- 


If  we  draw  AC  parallel  to  the  x-axis  and  CB  parallel  to  the  y-axis,  then  AC  =  3  -  (-1)  = 
4  units  and  BC  =  1  -  (-2)  =  3  units. 

By  Pythagoras'  Theorem,  AB2  =  AC2  +  BC2  =  16  +  9  =  25  units2. 

Hence  the  length  of  AB  =  V25  =  5  units. 

We  can  generalize  this  to  find  a  formula  for  the  distance  between  any  two  given  points. 


(a)  AC  is  the  longest  side. 

(b)  AC2  *  AB2  +  BC2  so  the  triangle 


ight-anglcd. 


Example  5 

The  vertices  of  a  triangle  are  A(-2J),  B(3J)  and  C(0,~6)  (Fig.13).  D  is  the  midpoint 
of  AB  and  E  is  the  midpoint  of  BC.  Show  that  DE  =  i  AC. 


Exercise  1.2  (Answers  on  page  606.) 

1  Find  the  distance  between  the  following  pairs  of  points.  [Where  necessary  give  your 
answer  correct  to  2  significant  figures.] 

(a)  (1,2).  (4,6)  (b)  (-1,-3),  (2.1) 

(c)  (-4,-5),  (1,7)  (d)  (0,-3),  (4,0) 

(e)  (-1,-3),  (-2,-5)  (0  (-2,1),  (4,2) 

(g)  (-5,0),  (-7,-4)  (h)  (-5,-2),  (0,-3) 

(i)  (a,0),  (O/i)  0)  (a, a  +  b),  (a  -  b,b) 

2  A  circle  has  centre  at  (1,2).  One  point  on  its  circumference  is  (-3,-1). 

What  is  the  radius  of  the  circle? 

3  The  vertices  of  a  triangle  are  A(-4,-2),  B(4,2)  and  C(2,6). 

(a)  Is  the  triangle  right-angled? 

(b)  If  a  circle  is  drawn  round  this  triangle,  what  are  the  coordinates  of  its  centre? 

(c)  Hence  find  the  radius  of  this  circle. 

4  The  vertices  of  triangle  ABC  are  A(-l,3),  B(2,7)  and  C(6,4). 

(a)  Find  the  squares  of  the  lengths  of  the  sides. 

(b)  Hence  state  completely  what  type  of  triangle  ABC  is. 

(c)  Find  the  area  of  the  triangle. 

5  The  vertices  of  triangle  PQR  are  P(3,4),  Q(5,8)  and  R(7,4). 

(a)  What  kind  of  triangle  is  PQR? 

(b)  State  the  coordinates  of  the  midpoint  S  of  side  PR. 

(c)  Find  the  length  of  QS  and  deduce  the  area  of  the  triangle  PQR. 

6  The  vertices  of  triangle  ABC  are  A(-4,4),  B(2,6)  and  C(0,-6).  Find  the  lengths  of  the 
three  medians  of  the  triangle. 

7  A(-6,3),  B(2,5)  and  C(0,-5)  form  a  triangle.  D  is  the  midpoint  of  BC. 

(a)  State  the  coordinates  of  D. 

(b)  Find  the  values  of  AC2.  AB2.  AD2  and  DC2. 

(c)  Hence  show  that  AC2  +  AB2  =  2(AD2  +  DC2). 

8  The  vertices  of  triangle  ABC  are  A(2,3),  B(4,5)  and  C(8,-2).  P  and  Q  are  the 
midpoints  of  AB  and  BC  respectively. 

(a)  State  the  coordinates  of  P  and  Q. 

(b)  Find  the  values  of  PQ2  and  AC2. 

(c)  What  fraction  of  AC  is  PQ? 

9  Circle  C,  has  centre  (-3,4)  and  radius  2  units.  Circle  C;  has  centre  (1,7)  and  radius  3 
units.  Find  the  distance  between  the  two  centres  and  hence  show  that  the  circles  touch 
each  other. 

10  The  centre  of  a  circle  is  (-13)  and  its  radius  is  10  units.  The  centre  of  a  second  circle 
is  (2,7)  and  its  radius  is  5  units.  Show  that  the  two  circles  touch  each  other  and  make 
a  sketch  showing  the  positions  of  the  circles. 


11  The  vertices  of  triangle  PQR  are  P(2,5),  Q(4,3)  and  R(-2,-3).  If  S  is  the  midpoint  of 
PR,  show  that  triangle  PSQ  is  isosceles. 

12  A  circle  has  its  centre  at  the  origin  and  its  radius  is  3  units.  P(.r,y)  is  any  point  on 
the  circumference.  State  an  equation  in  x  and  y  which  is  true  for  all  possible  positions 
ofP. 

13  A(-3,2)  and  B(4,3)  are  two  fixed  points.  The  point  P(jt,>)  moves  so  that  it  is  always 
equidistant  from  A  and  B  (i.e.  AP  =  PB). 

(a)  Describe  the  locus  of  P  . 

(b)  Show  that  (x  +  3)1  +  (y  -  2)J  =  (x  -  4)2  +  (y  -  3)=. 

(c)  Simplify  this  equation.  (The  result  is  called  the  equation  of  the  locus  of  P). 


AREAS  OF  RECTILINEAR  FIGURES  (Optional) 


=  i(x,y:  -  Ay,)  -  i(Ay,  -  Ayr,)  -  i(Ay,  -  Ay,) 

=  i(Vj  +  Vj  +  Vi  “  Vi  “  Va  -  Vj) 

This  result  can  be  easily  calculated  by  arranging  the  coordinate  pairs  as  columns  of  a 
matrix,  repeating  the  first  pair  at  the  end: 
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Find  the  products  shown.  The  area=  i[Thc  sum  of  the  DOWNWARD  \  products  -  the 
sum  of  the  UPWARD  products]. 

This  gives  -j[(.r,y;  +  x2yt  +  jr^y,)  -  (xjrt  +  xy2  +  jr,y,)]. 

Check  that  this  is  the  formula  given  above. 

For  example,  the  area  of  the  triangle  shown  in  Fig.  1.6  will  be 


v-18  JO  -0 

°.  3"  -2f  0' 

xxx 


Area  =  |  [(0  +  9  +  12)  -  (-18  -10  +  0)] 
=  24-j  units2 


This  method  can  be  extended  to  give  the  area  of  a  polygon,  provided  the  vertices  are  taken 
in  order  anticlockwise. 

For  example,  the  area  of  the  quadrilateral  whose  vertices  are  (4,3),  (-2,-3),  (—1,2)  and 
(3,-1)  is  given  by 


:xxxx; 


Draw  a  sketch  to  make  sure  the 
vertices  are  taken  in  order. 


Write  the  pairs  as  before  repeating  the  first  one  at  the  end.  Then  the  area  = 
i[(8  +  3  +  2  +  9)  -  ( -3  -4  -9  -4)]  =  21  units2 


Optional  Exercise 

Find  the  areas  of  the  figures  whose  vertices  arc 

(a)  (0,0),  (3,7),  (5.1)  (b)  (-1,-2),  (-2,3),  (4,-4) 

(c)  (-4,2).  (0,-8),  (5,1 1)  (d)  (5,3),  (2,5),  (10,-1),  (-6,3) 

(e)  (-2.-4),  (3.1),  (-1.5).  (6,-3) 

GRADIENT  OR  SLOPE  OF  A  STRAIGHT  LINE 

The  rest  of  this  Chapter  deals  with  the  coordinate  geometry  of  straight  lines.  An  important 
concept  is  the  gradient  or  slope  of  a  line.  This  is  a  measure  of  the  steepness  of  the  line 
relative  to  the  .t-axis.  It  corresponds  to  the  slope  of  a  path  or  road  which  we  measure 
relative  to  the  horizontal.  Mathematically,  if  A  and  B  are  any  two  points  on  a  line 
(Fig.  1.9)  then  the  gradient  is  the  value  of  the  ratio 

>g^-^JgaD  i.e.  in  going  from  A  to  B. 
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Hence,  if  the  coordinates  of  A  and  B  are  (x^y,)  and  (jr2.yj)  respectively,  as  in  Fig.  1.12, 
then  the  gradient  of  AB  is  ~  ^  ,  or  alternatively  . 


Gradient  of  line  through  (.^.y,)  and  (x^y.) 


(b)  uradient  =  3  =  g  which  is  undetined  as 

division  by  zero  is  not  possible. 

From  Fig.  1.11,  we  see  that  the  line  is  parallel  to  the  y- s 

The  gradient  of  any  line  parallel  to  the  y-axis  is  undefined. 


Angle  of  Slope 

In  Fig.  1.14,  the  slope  or  gradient  of  the  line  AB  is 
£jja  =  2£  =  tan  ZBAC. 

But  ZBAC  =  9  where  0  is  the  angle  between  the  line 
and  the  positive  x-axis.  So  the  gradient  =  tan  9. 

9  is  called  the  angle  of  slope  and  0°  £  0  £  180°  (Fig.  1 .15). 


K 


/ 

I.  90° gradient 


If  0  =  0°,  tan  0  =  0;  gradient  =  0.  The  line  is  parallel  to  the  jr-axis. 

If  0°  <  6  <  90°,  0  is  an  acute  angle;  tan  0  is  positive  and  the  gradient  is  positive.  The  line 
slopes  upwards  from  left  to  right,  f 

If  0  =  90°.  tan  0  and  the  gradient  are  undefined.  The  line  is  parallel  to  the  y-axis. 

If  90°  <  0  <  1 80°,  0  is  an  obtuse  angle;  tan  0  is  negative  and  the  gradient  is  negative.  The 
line  slopes  downwards  from  left  to  right. 


PARALLEL  LINES 

In  Fig.  1.16,  the  lines  AB  and  CD  are  parallel.  Then 
the  angle  of  slope  of  each  line  is  0.  Hence  they  have 
the  same  gradient. 

Parallel  lines  have  equal  gradients. 

Lines  with  equal  gradients  arc  parallel. 


Fig.  1.16 
B 


C 


Example  9 

A(2J),  B(5,7).  C(0,-1 )  and  D<-3.-S)  are  four  points. 

(a)  Which  of  the  lines  AB,  BC,  CA  and  DA  are  parallel? 

(b)  What  type  of  quadrilateral  is  ABCD? 

(a)  The  gradients  of  AB,  BC,  CA  and  DA  are  j  ,  | ,  2  and  |  respectively.  Hence  BC 
is  parallel  to  DA. 

(b)  As  it  has  2  parallel  sides,  ABCD  is  a  trapezium. 
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Example  10 

Two  lines  are  drawn  from  A(-l.-3).  one  10  B(42)  and  the  other  to  C(-42)-  What  are 
their  angles  of  slope? 

Gradient  of  AB  =  |  =  1  =  tan  0,  so  0  =  45°. 

Gradient  of  AC  =  =  tan  0,  so  0  =  121°. 


COLLINEAR  POINTS 

Do  the  points  A(,-3,-5),  B(0,-1)  and  C(3,3)  lie  in  a  straight  line,  i.e.  are  they  coliinear? 

If  they  are,  then  the  gradient  of  AB  must  be  the  same  as  that  of  BC  or  AC,  as  these  will 
be  segments  of  the  same  line. 

Gradient  of  AB  =  |  and  gradient  of  BC  =  | .  (Check  gradient  of  AC). 

Hence  the  three  points  are  coliinear. 


Example  11 

!fC(p,q)  is  a  point  on  the  tine  AB,  where  A  is  (-2,1)  and  B  is  (3 2).  find  a  relationship 
between  p  and  q. 

The  three  points  are  coliinear. 

Hence  the  gradient  of  AC  =  the  gradient  of  AB. 

Then  =  i . 

Now  verify  that  this  gives  5q-p  =  7,  which  is  the  relationship  required. 


Exercise  1 .3  < Answers  on  page  606.) 


1  State  the  gradient  of  the  line  through  the  following  pairs  of  points: 

(a)  (2.3).  (1.5)  (b)  (0,3),  (3.0)  (c)  (2,2).  (5.5) 

(d)  (-3,-9).  (1,-1)  (e)  (1,4),  (-3,4)  (f)  (3,-4),  (3,-1) 

(g)  (-1,-2).  (-2,-4)  (h)  (-4,0),  (3,-2)  (i)  (a,0),  (0,-a) 

(j)  (a.b),  ( h,a )  (k)  (p.p1),  (q,q2) 


2  A(-4,-2),  B(5,-2),  C(0,3)  and  D(1,0)  arc  four  points.  State  the  gradients  of  (a)  AB, 
(b)  CD,  (c)  AC  and  (d)  BD. 


3  Which  of  the  lines  through  the  following  pairs  of  points  are  parallel? 

(a)  (-1,3),  (4.5)  (b)  (3.-2).  (5,1)  (c)  (-4.-3),  (1,-1) 

(d)  (-7,4),  (2,4)  (e)  (0.-4),  (2,-1)  (f)  (a.b  -  1).  (a  +  5,6  +  1) 
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4  Find  the  angle  of  slope  of  the  line  through  the  following  pairs  of  points: 

(a)  (-2,-1).  (3.4)  (b)  (-2,-1),  (2,-5)  (c)  (1,3),  (3,7) 

5  Are  the  points  (-7.5),  (-5,8)  and  (1,17)  collinear? 

6  A(-6,-3),  B(-2,8),  C(0,5)  and  D(2,2)  are  four  points. 

(a)  Show  that  B,  C  and  D  are  collinear. 

(b)  P,  Q  and  R  are  the  midpoints  of  AB,  AC  and  AD  respectively.  Show  that  P,  Q  and 
R  are  also  collinear. 

7  If  the  point  lies  on  the  line  joining  (-2,3)  and  (2,1),  find  a  relationship  between 
a  and  b. 

8  If  the  points  (-2,-3).  (3,5)  and  (13v>)  are  collinear,  find  the  value  of  p. 

9  The  coordinates  of  a  point  are  given  as  (r  -  1,  2r  +  1).  Show  that  the  points  where 
I  =  0,  1  and  2  are  collinear. 

10  (a)  If  the  line  joining  the  points  (2.4)  and  (5,-2)  is  parallel  to  the  line  joining  (-1,-2) 

and  (p, 6)  find  the  value  of  p. 

(b)  The  line  joining  (-1,-4)  and  (a,0)  is  parallel  to  the  line  joining  (n,l)  to  (11,3). 
Find  the  value  of  a. 

11  (a)  Show  that  the  points  (2,-4),  (5,0)  and  (8,4)  are  collinear. 

(b)  The  point  (d,d  -  2)  also  lies  on  this  line.  Find  the  value  of  d. 

12  If  the  points  (-3,-2),  (-1 ,  a  -  2)  and  (a,  7)  are  collinear,  find  the  two  possible  values 
of  a. 


PERPENDICULAR  LINES 

The  vertices  of  triangle  ABC  are  A(-4,  -2),  B(4,  2)  and  C(2, 6).  Verify  that  this  triangle 
is  right-angled.  Which  two  sides  are  perpendicular?  Now  state  the  gradients  of  these 
sides.  If  you  multiply  the  two  gradients,  what  result  do  you  obtain? 

The  result  is  surprising  so  we  investigate  it  further.  Given  the  points  A(-5,  -4), 
B(-2,  3)  and  C(-16,  9)  show  by  using  Pythagoras’  theorem  that  AB  and  BC  are 
perpendicular.  Now  find  the  product  of  their  gradients.  We  can  show  that  this  result  is  true 
in  general  excluding  undefined  or  zero  gradients. 

In  Fig.  1.17,  AB  is  a  line  with  gradient  m,  and  CD  a  line  with  gradient  m,.  The  lines 
intersect  at  right  angles  at  T.  The  small  triangle  PQR  shows  that  m,  =  =2.- 
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Now  imagine  that  line  AB  is  rotated  through  90°  about  T  to  lie  along  CD.  Then  triangle 
PQR  takes  a  new  position  P’Q'R'. 

This  shows  that  m2  =  | .  as  a  and  b  are  now  both  positive. 

Then  mxmi  =  - 1  x  jj  =  -1  and  this  will  be  true  for  any  pair  of  perpendicular  lines  (except 
for  lines  parallel  to  the  x-  or  the  >-axis). 

If  m,,  m2  are  the  gradients  of  two  perpendicular  lines, 
then  m,m 2  =  -1  or  m,  =  — —  (in,  *  0,  m2  *  0). 

Conversely,  if  m,  and  m7  arc  the  gradients  of  two  lines  (m,  *  0,  m2  *  0)  and 
m,m2  =  -1,  then  the  lines  are  perpendicular. 


Exercise  1 .4  (Answers  on  page  607.) 

1  Which  of  the  lines  through  these  pairs  of  points  are  perpendicular? 

(a)  (-4,-2),  (-1,0)  (b)  (0,-5),  (4,-2)  (c)  (-2,1),  (1,5) 

(d)  (-1.-4),  (2,-8)  (e)  (1,2),  (5,-4)  (0  (-2.3),  (-2,7) 
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2  Stale  the  gradient  of  a  line  which  is  (a)  parallel,  (b)  perpendicular,  to  AB  where 

(i)  A  is  (3,-2),  B  is  (0.4)  (ii)  A  is  (0,-1),  B  is  (2,1) 

(iii)  A  is  (-3,-3),  B  is  (2.4)  (iv)  A  is  (-4,1),  B  is  (3,0) 

3  Is  the  triangle  formed  by  the  points  (-3,2),  (0,4)  and  (4,-2)  right-angled? 

4  Find  the  gradient  of  a  line  perpendicular  to  the  longest  side  of  the  triangle  formed  by 
A(-3,4),  B(5,2)  and  C(0,-3), 

5  (a)  Show  that  the  triangle  formed  by  A(-2,-3),  B(2,5)  and  C(10,l)  is  right-angled 

and  isosceles. 

(b)  State  the  gradients  of  the  three  altitudes. 

6  Find  the  angle  of  slope  of  a  line  with  gradient  |  and  that  of  another  line  perpendicu¬ 
lar  to  it. 

7  Find  the  gradient  of  a  line  perpendicular  to  the  line  joining  the  points  (a, 3o)  and 
(2a, -a). 

8  CD  is  the  perpendicular  bisector  of  the  line  joining  A(2,3)  and  B(5,7). 

(a)  State  (i)  the  coordinates  of  the  point  where  CD  intersects  AB  and  (ii)  the  gradient 
of  CD. 

(b)  If  the  point  (p,q)  lies  on  CD,  find  a  relationship  between  p  and  q. 

9  (a)  Show  that  the  point  (7,1)  lies  on  the  perpendicular  bisector  of  the  line  joining 

(2,4)  and  (4,6). 

(b)  The  point  (a.4)  also  lies  on  this  bisector.  Find  the  value  -f  _. 

10  A  semicircle  with  centre  O  (the  origin)  and  radius  S  units,  meets  Ox  at  A  and  B  and 
the  positive  y-axis  at  C. 

(a)  State  the  coordinates  of  A,  B  and  C. 

(b)  If  a  point  (x,y)  lies  on  the  semicircle,  show  that  x2  +  y2  =  25. 

(c)  Verify  that  the  point  P(-3,4)  lies  on  the  semicircle  and  show  by  using  gradients 
that  ZAPB  =  90°. 

11  A(-l,-2),  B(b,l)  and  C(6,-3)  are  three  points  and  AB  is  perpendicular  to  BC. 

(a)  State,  in  terms  of  b,  the  gradients  of  AB  and  BC. 

(b)  Hence  show  that  (b  +  1  ){b  -  6)  =  -12. 

(c)  Now  find  the  two  possible  values  of  b. 


EQUATION  OF  A  STRAIGHT  LINE 

The  point  P(x.y)  lies  on  the  line  through  A(-2,3)  and  B(4,-l) 
(Fig.  1.18).  Can  we  find  a  relationship  between  x  and  y? 
(Note  that  we  use  the  coordinates  (xy)  as  P  is  any  point  on 
the  line). 

Since  the  three  points  arc  collinear,  the  gradient  of  AP  = 
gradient  of  AB. 

Then  2^1  =  d  =  _  2 

i.e.  3(y  -  3)'=  -2(x  +  2)  or  3y  +  2*  =  5. 


Fig.  1.18 
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This  relationship  is  called  the  equation  of  the  line  through  A  and  B. 

If  the  coordinates  ( x,y )  of  a  point  are  substituted  in  the  equation  and  both  sides  are 
equal,  then  the  point  lies  on  the  line.  We  say  the  coordinates  satisfy  the  equation. 
Conversely,  if  the  point  lies  on  the  line,  its  coordinates  must  satisfy  the  equation. 

For  example,  the  point  (3,-5)  lies  on  the  line  It  +  3v  =  -9  because  2  x  3  +  3  x  (-5) 
=  -9.  The  coordinates  (3,-5)  satisfy  the  equation. 

The  point  (2,3)  does  not  lie  on  the  line  because  2x2  +  3x  3* -9.  The  coordinates 
(2 .3)  do  not  satisfy  the  equation. 

Such  an  equation  is  called  a  linear  equation,  as  it  is  the  equation  df  a  straight  line.  Its 
general  form  is  ax  +  by  -  c  where  a.  b  and  c  are  constants.  For  example,  2*  -  3y  =  1 , 
y  =  3jc  -  5  are  linear  equations.  Note  that  y  =  2  (no  x  term)  or  2x  +  1  =  0  (no  y  term)  are 
also  linear  equations. 


We  now  look  at  various  forms  of  a  linear  equation  and  how  to  find  them.  The  position 
of  a  line  can  be  fired  in  two  ways. 

1  Given  one  point  A(xryt)  on  the  line  and  its  gradient  m. 

If  P(x,y)  is  any  point  on  the  line  (Fig.  1.19),  then  its  gradient  is  =  m. 


o  the  equation  of  the  line  i 

y-y,*=mi 


le-point,  gradient  form 
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Example  13 

(a)  What  is  the  equation  of  the  line  through  (3,-1)  with  gradient  j  ? 

(b)  Does  the  point  (2J)  lie  on  this  line ? 

( c )  Find  the  coordinates  of  the  points  where  this  line  cuts  the  axes. 

(a)  Using  the  one-point,  gradient  form,  the  equation  of  the  line 
isy-(-l)=  |  U-3)  i.e.3(y+l)- 2(*-3) 

which  simplifies  to  3y  =  2x  -  9  or  3y  -  2x  =  -9. 

(b)  Substituting  in  the  equation,  3  x  3  -  2  X  2  =  5.  But  5  *  -9  so  the  coordinates  do  not 
satisfy  the  equation  and  hence  the  point  (2,3)  does  not  lie  on  the  line. 

(c)  The  y-coordinate  of  any  point  on  the  x-axis  is  0. 

-Substitute  y  =  0  in  the  equation  of  the  line. 

Then  0  =  2x  -  9  giving  x  =  4;.  The  line  cuts  the  x-axis  at  (4 j ,0). 

Similarly,  to  find  where  the  line  cuts  the  y-axis,  put  x  =  0  in  the  equation.  Verify 
that  this  gives  the  point  (0,-3). 


II  Given  two  points  A(xryf)  and  B(x2,y2) 

Let  P(x,y)  be  any  point  on  the  line  (Fig.  1.20). 


Fig.  1.20 


Then  by  gradients,  £ 


Rewriting  this  in  a  more  symmetrical  form,  the  equation  of  the  line  is 


two-point  form 

(note  the  order  of  the  terms) 


Example  14 

Find  the  equation  of  the  line  through  (2-3)  and  (-1,4). 

It  does  not  matter  which  point  is  taken  as  (jc|ry,).  Take  (2,-3). 

Using  the  two-point  form,  the  equation  is  ^  ~  ((~3j  =  *-7 

■  y  +  3  _  x-2 

7  -3  • 

Now  remove  the  fractions  to  get  -3(y  +  3)  =  7(jt  -  2),  which  simplifies  to  3y  +  lx  =  5. 


Lines  Parallel  to  the  x-  or  y-axis 

Equations  for  these  lines  are  special  cases. 


Example  15 

Find  the  equation  of  the  line  through 

(a)  (-32)  aruT(52). 

(b)  (3,-1 )  and  (3  J). 

(a)  If  we  use  the  two-point  form,  we  get  =  yry  which  is  not  defined.  We  can 
see  however  that  the  line  is  parallel  to  the  x-axis  (Fig.  1.21).  Every  point  of  the  line 
will  have  coordinates  of  the  form  ( x2 )  so  its  equation  will  be  y  =  2  as  y  is  always 
=  2,  whatever  the  value  of  jr. 


Fig.  1.21 


(b)  Similarly  this  line  is  parallel  to  the  y-axis.  Every  point  will  have  coordinates  of  the 
form  (3y).  So  the  equation  is  x  =  3.  Hence,  if  k  is  a  constant,  then 

y  =  k  is  the  equation  of  a  line  parallel  to  the  x-axis 
x  =  It  is  the  equation  of  a  line  parallel  to  the  y-axis 
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Exercise  1.5  (Answers  on  page  607.) 

1  Find,  in  its  simplest  form,  the  equation  of  the  line 

(a)  through  (2,3)  with  gradient  I 

(b)  through  (-1,-1)  with  gradient  f 

(c)  through  (1,3)  with  gradient  - 1 

(d)  through  (1,0)  and  (-2.3) 

(e)  through  (0,1)  and  (-1,3) 

(f)  through  (3,-2)  and  (7,-2) 

(g)  through  (-2.4)  parallel  to  the  y-axis 

(h)  through  (1,2)  and  parallel  to  a  line  with  gradient  2 

(i)  through  (-3,-1)  and  perpendicular  to  a  line  with  gradient  -  5 

(j)  through  (-15)  and  (-1.7) 

(k)  through  (0,-3)  and  (0.5) 

2  Find  the  coordinates  of  the  points  where  each  of  the  lines  in  Question  I  cut  the  axes. 

3  A  line  cuts  the  x-axis  at  (3,0)  and  the  y-axis  at  (0,-2).  Find  the  equation  of  the  line. 

4  P(0,9)  and  Q(6,0)  are  two  points.  A  line  is  drawn  from  the  origin  perpendicular  to  PQ. 
Find  the  equation  of  this  line. 

5  Find  the  equations  of  the  lines  through  (-1,-4)  which  are  (a)  parallel  and  (b)  perpen¬ 
dicular  to  another  line  with  gradient  -  |. 

6  The  gradient  of  a  line  is  2  and  it  cuts  the  y-axis  at  (0,3).  Find  its  equation  and  the 
coordinates  of  the  point  where  it  cuts  the  jr-axis. 

7  Find  the  equations  of  the  sides  of  triangle  ABC  where  A  is  (-2,3),  B  is  (0,5)  and  C  is 
(3,-1). 

8  The  points  A(4,4),  B(-2,0)  and  C(6,-2)  form  a  triangle. 

(a)  Find  the  equations  of  the  medians  of  this  triangle. 

(b)  If  AD  is  an  altitude  of  the  triangle,  find  the  equation  of  AD. 

9  From  the  point  (2,5),  a  perpendicular  is  drawn  to  the  line  joining  (-1,-4)  and  (5,2). 
Find  the  equation  of  this  perpendicular. 

10  ABCD  is  a  parallelogram  where  A  is  (2,-1),  B  is  (6,2)  and  C  is  (1 1,-2). 

(a)  State  the  coordinates  of  the  midpoint  of  AC. 

(b)  Hence  find  the  coordinates  of  D. 

(c)  Find  the  equations  of  the  diagonals  of  the  parallelogram. 

11  A(-l,2)  and  C(3,4)  are  opposite  vertices  of  a  rhombus  ABCD.  Find 

(a)  the  coordinates  of  the  point  where  the  diagonals  intersect, 

(b)  the  gradient  of  AC, 

(c)  the  equation  of  the  diagonal  BD. 


20 


GRADIENT-INTERCEPT  FORM 

Suppose  the  equation  of  a  line  is  2x  -  3y  =  5. 
How  can  we  find  its  gradient? 

To  do  this  we  convert  the  equation  to  a 
special  form  -  the  gradient-intercept  form. 

Fig.  1.22  shows  a  line  with  gradient  m  which 
cuts  the  y-axis  at  C(0,c).  c  is  called  the 
y-intercept  of  the  line.  Let  P(x,y)  be  any  point 
on  this  line.  Then  the  gradient  of  the  line  = 


gradient-intercept  form 


Hence,  if  an  equation  is  written  in  this  form,  the  gradient  is  given  by  the  coefficient  of  x 
and  the  y-intercept  by  the  constant  term. 

To  verify  this,  suppose  the  equation  of  line  is  y = 2x  -  3  (gradient-intercept  form).  This 
line  cuts  the  y-axis  where  x  =  0,  so  y  =  -3  (the  constant  term).  The  points  (2,1)  and  (5,7) 
lie  on  the  line  (check  this).  The  gradient  is  $  =  2  which  is  the  coefficient  of  x. 


Example  16 

Find  the  gradients  of  the  lines  (a)  2x-3y  =  5,  ( b )  2y  +  x  =  -4. 

(a)  Convert  to  the  gradient-intercept  form,  y  =  mx  +  c: 

-3y  =  -2x  +  5 

Then  y  =  jx  -  |  (dividing  by  -3) 

t  t 

gradient  y-intercept 

So  the  gradient  is  j  (and  the  y-intercept  is  -  | ). 

(b)  2y  +  x  =  -4  i.e.  2y  =  -x  -  4  so  y  =  -jx  -  2 
The  gradient  is  -5. 

It  is  useful  to  practise  this  conversion,  i.e.  making  y  the  subject  of  the  equation. 
The  gradient  is  then  obtained  quickly. 
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Equations  of  Parallel  and  Perpendicular  Lines 


Example  17 

Find  the  equations  of  the  lines  through  the  point  (12)  which  are 

(a)  parallel,  (b)  perpendicular,  to  the  line  2x  -  3y  =  4. 

(a)  The  gradient  of  the  line  2r  -  3y  =  4  is  | .  So  the  gradient  of  any  parallel  line  is  also 
j .  Hence  its  equation  will  be  y  =  |  x  +  c. 

To  find  e,  we  substitute  the  coordinates  (1,2)  in  the  equation  as  (1,2)  lies  on  the 
line.  Then  2  =  |  +  e  giving  c  =  |. 

The  equation  is  y  =  |jr  +  j  i.e.  3y  =  2x  +  4. 

(b)  The  gradient  of  any  perpendicular  line  will  be  so  its  equation  is  y  =  -\x  +  c. 
Substitute  (1,2)  to  find  c  and  verify  that  the  required  equation  is  2y  =  -3-t  +  7. 


Exercise  1 .6  (Answers  on  page  607.) 


1  State  the  gradients  i 
(a)  x  +  y  =  2 
(d)  2x  +  >•  =  1 
(g)  y  =  4 
(j)  2x  -  3y  =  4 
(m)  tx-y  =  t 


following  lines: 

(b)  x-y  =  -l 
(e)  3x  +  2y  =  6 
(h)  x-2y  =  0 
(k)  4x  =  3y  -  2 
(n)  py  +  x  =  2p 


(c)  y-2*  =  3 
(f)  5x-2y  =  5 
(i)  2x+3y  =  1 
0)  5x-2y=  10 
(o)  ax  +  by  =  1 


2  Find  the  equation  of  the  line  which  is 

(a)  parallel  to  x  -  y  =  1  and  passes  through  (2,3) 

(b)  parallel  to  2x  +  y  =  3  and  passes  through  (0,1) 

(c)  perpendicular  to  2x  +  y  =  0  and  passes  through  (-1,-2) 

(d)  perpendicular  to  3jc  +  y  =  5  and  passes  through  (-2,-1) 

(e)  parallel  to  y  =  4  and  passes  through  (0,1) 

(f)  perpendicular  to  x  -  3y  =  1  and  passes  through  (-3,0) 

(g)  perpendicular  to  x  =  2  and  passes  through  (-2,3) 


3  Find  the  equations  of  the  lines  parallel  and  perpendicular  to 

(a)  x  +  y  =  3  passing  through  (-1,2) 

(b)  2x  -  y  =  4  passing  through  (0,3) 

(c)  4x  +  3y  =  1  passing  through  (0,-2) 

(d)  x  -  3y  =  1  passing  through  (-1,-1) 


4  A  line  is  drawn  through  the  point  (-1.2)  parallel  to  the  liney  +  5x = 2.  Find  its  equation 
and  that  of  the  perpendicular  line  through  the  same  point. 


5  The  side  BC  of  a  triangle  ABC  lies  on  the  line  2x  -  3y  =  4.  A  is  the  point  (2,3).  Find 
the  equation  of  the  altitude  through  A. 
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INTERSECTION  OF  LINES 

At  what  point  do  the  lines  2x  -  3y  =  -7  and  3x  +  8y  =  2  intersect?  This  point  lies  on  both 
these  lines  so  its  coordinates  must  satisfy  both  equations.  Hence  its  coordinates  will  be 
the  solution  of  the  simultaneous  equations 

2r-3y  =  -7  (i) 

and  3jc  +  8y  =  2  (ij) 

These  can  be  solved  by  any  of  the  methods  you  have  learnt  previously.  We  use  the 
elimination  method  here. 

Multiply  (i)  by  3: 

Multiply  (ii)  by  2: 

Subtract: 

Substitute  in  (i): 

The  point  is  (-2,1). 

Suppose  the  lines  were  2x  -  3y  =  -7  and  4x  -  6y  =  3.  What  happens  in  the  solution? 
Explain  this. 


6x-9y  =-21 
6x  +  16y  =  4 

-25y  =  -25  so  y  =  1 
2x-3  =  -7sojr  =  -2 


Example  18 

From  the  point  P(-IJ),  a  perpendicular  PQ  is  drawn  to  the  line  joining  A<-4,-8)  and 
B(4.4).  Find 

(a)  the  equations  of  AB  and  the  perpendicular, 

(b)  the  coordinates  of  the  point  where  they  intersect, 

(c)  the  distance  of  P  from  the  line  AB. 

A  sketch  diagram  should  always  be  drawn  to  help  in  such  questions  (Fig.  1.23). 


Fig.  1.23 


(a)  The  equation  of  AB  is  ^jy-  =  i.e.  3*  -  2y  =  4. 

Now  check  that  the  equation  of  PQ  is  2x  +  3y  =  7. 

(b)  Solving  the  equations  3x  -  2y  =  4  and  2*  +  3y  =  7,  we  get  (2,1)  as  the  coordinates 
of  Q. 

(c)  The  distance  of  P  from  AB  is  PQ. 

PQ2  =  (-1  -  2)2  +  (3  -  l)2  =  (-3)2  +  22  =  13  so  PQ  =  Vl3 


Example  19 

ABCD  is  a  rectangle  where  A  is  (-3,2).  D  is  (2,5)  and  B  lies  on  the  y-axis.  Find 

(a)  the  equation  of  AD, 

(b)  the  equation  of  AB, 

(c)  the  coordinates  of  B, 

(d)  the  coordinates  of  C. 


Fig.  1.24  shows  the  facts  given 

(a)  Equation  of  AD  is  £p  =  i.e.  3jc  -  5y  =  -19. 

(b)  AB  is  perpendicular  to  AD.  The  gradient  of  AD  is  |  so  the  gradient  of  AB  is  -  |. 
Knowing  the  gradient  and  the  point  A,  verify  that  the  equation  of  AB  is 

3y  =  -Sx  -  9. 

(c)  AB  meets  the  y-axis  where  x  =  0.  Hence  y  =  -3.  The  coordinates  of  B  are  (0,-3). 

(d)  Let  the  diagonals  meet  at  M.  M  is  the  midpoint  of  BD,  so  M  is  (1,1). 

As  M  is  also  the  midpoint  of  AC,  therefore  C  is  (5,0). 


Example  20 

The  line  2x  +  3y  =  6  meets  the  y-oxis  at  A  and  the  x-axis  at  B.C  is  the  point  such  ti 
AB  =  BC.  CD  is  drawn  perpendicular  to  AC  to  meet  the  line  through  A  parallel 
5x  +  y  =  7  at  D. 

(a)  Find  the  coordinates  of  A,  B  and  C. 

(b)  State  the  equations  of  CD  and  AD,  and  hence  find  the  coordinates  of  D. 

(c)  Calculate  the  area  of  the  triangle  ACD. 


(a)  The  line  meets  the  y-axis  where  x  =  0,  y  =  2,  so  A  is  (0,2). 

It  meets  the  x-axis  where  y  =  0,  x  =  3,  so  B  is  (3,0). 

Since  B  is  the  midpoint  of  AC,  then  C  must  be  (6,-2). 

(b)  CD  is  perpendicular  to  AC.  Therefore  its  gradient  is  |  and  it  passes  through 
Verify  that  the  equation  of  CD  is  3x  -  2y  =  22. 

AD  is  parallel  to  5x  +  y  =  7.  Therefore  its  gradient  is  -5  and  it  passes  through 
Verify  that  the  equation  of  AD  is  5x  +  y  =  2. 

Solving  these  two  equations  gives  x  =  2  and  y  =  -8.  So  the  coordinates  of  D  ; 
(2,-8). 

(c)  As  ACD  is  a  right-angled  triangle, 

its  area  =  jxACxDC=jX  Vs2  x  Vs2  =  26  units5. 


Exercise  1.7  (Answers  on  page  607.) 

1  The  line  4x  -  3y  =  12  meets  the  axes  at  A  and  B.  Find  the  length  of  AB. 

2  Rnd  the  equation  of  the  line  through  the  point  of  intersection  of  2x  +  3y  =  5 
3x-y  =  2,  and  which  is  parallel  to  4y  - x  =  14. 


3  Through  A(2,3)  two  lines  are  drawn  with  gradients  -1  and  2.  These  lines  meet  the  line 
x  -  2y  =  5  at  B  and  C.  Find 

(a)  the  equations  of  AB  and  AC, 

(b)  the  coordinates  of  B  and  C. 

4  The  lines  x  +  3y  =  1  and  2*  -  5y  =  -9  intersect  at  A.  Find  the  equation  of  the  line 
through  A  and  the  point  (-1,-2). 

5  A  line  through  A(5.2)  meets  the  line  3x  +  2y  =  6  at  right  angles  at  B.  Find  the 
coordinates  of  B  and  calculate  the  length  of  AB. 

6  (a)  Find  the  equation  of  the  perpendicular  bisector  of  the  line  joining  A(-33)  and 

•  B(  1 ,— 5). 

(b)  If  this  bisector  meets  the  jr-axis  at  C,  find  the  coordinates  of  C. 

7  The  sides  of  a  triangle  lie  on  the  lines  y  =  -1,  2x  +  y  =  I  and  4jr  -  3y  =  -13.  Find  the 
coordinates  of  the  vertices  and  show  that  the  triangle  is  isosceles. 

8  The  intersections  of  the  lines  5x  +  6y  =  36,  x  -  2y  =  4  and  7r  +  2y  =  12  are  the  vertices 
of  a  triangle. 

(a)  Find  the  coordinates  of  these  vertices. 

(b)  Obtain  the  equation  of  the  altitude  drawn  to  the  longest  side. 

9  OABC  is  a  parallelogram  where  O  is  the  origin  and  B  is  the  point  (5.7).  C  lies  on  the 
line  x  -  2y  =  0  and  A  lies  on  the  line  2jt -y  =  0.  Calculate  the  coordinates  of  A  and  C. 

10  The  sides  of  a  triangle  lie  on  the  lines  y  =  1,  x  +  y  =  6  and  3r  -  y  =  2. 

(a)  Calculate  the  coordinates  of  the  vertices  of  the  triangle. 

(b)  Find  the  equations  of  the  three  altitudes. 

(c)  Show  that  these  altitudes  intersect  at  a  point  and  find  the  coordinates  of  this  point. 

11  A(3,l)  and  B(0,6)  are  two  points.  BC  is  perpendicular  to  AB  and  meets  the  jr-axis  at 
C.  Find 

(a)  the  equation  of  BC, 

(b)  the  coordinates  of  C, 

(c)  the  area  of  triangle  ABC. 

12  The  diagonals  of  a  rhombus  meet  at  the  point  (-13)  and  one  of  them  is  parallel  to  the 
line  2x  -  5y  =  3. 

(a)  Find  the  equations  of  the  diagonals. 

(b)  If  two  of  the  vertices  of  the  rhombus  are  (-3,10)  and  (9,9),  find  the  coordinates 
of  the  other  two. 

13  A  is  the  point  (-1,6).  Lines  are  drawn  through  A  with  gradients  3  and  -2,  meeting  the 
x-axis  at  B  and  C  respectively.  BD  is  perpendicular  to  AB  and  CD  is  perpendicular  to 
AC. 

(a)  Find  the  coordinates  of  B  and  C. 

(b)  State  the  equations  of  BD  and  CD. 

(c)  Find  the  coordinates  of  D. 

(d)  Calculate  the  ratio  BD:CD. 
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14  A(l,2)  and  C(5,4)  are  two  vertices  of  the  rectangle  ABCD.  AB  and  CD  are  parallel  to 
the  liney-jc  =  5. 

(a)  Find  the  equations  of  AB  and  BC. 

(b)  Find  the  coordinates  of  B  and  D. 

(c)  Hence  find  the  area  of  the  rectangle. 

15  ABCD  is  a  rectangle  where  A  is  (1,3)  and  D  is  (5,5).  AC  lies  on  the  line  3y  =  4*  +  5. 
Find 

(a)  the  equation  of  DC, 

(b)  the  coordinates  of  C, 

(c)  the  coordinates  of  B, 

(d)  the  area  of  ABCD. 

16  The  point  B (a,b)  is  the  reflection  of  A(5,-2)  in  the  line  2r-  3y  =  3. 

(a)  Find  the  equation  of  AB  and  show  that  3a  +  2b  =  11. 

(b)  State  the  coordinates  of  the  midpoint  of  AB  in  terms  of  a  and  b  and  show  that 
2a  -3ft  =  -10. 

(c)  Hence  find  the  values  of  a  and  b. 


SUMMARY 

•  Midpoint  of  (jc,,_y,)  and  (jr2,y2)  is  (  *'  **'  ,  )  ■ 

•  Distance  between  (jr1%y,)  and  (jr2,y2)  is  V  (jr2  -  jr,)2  +  (y;  -  y,)J. 

•  Gradient  of  line  through  (jr,,y,)  and  (J2,y2)  is  y  ~  . 

•  Parallel  lines  have  equal  gradients. 

•  Three  points  A,  B  and  C  are  collinear  if  the  gradient  of  AB  equals  the  gradient  of 
BC. 


•  If  m,  and  m,  are  the  gradients  of  perpendicular  lines.  mtm:  =  -1.  If  m,  and  m,  (m, 
*  0,  m2  *  6)  are  the  gradients  of  two  lines  and  m,m,  =  -1.  then  the  lines  arc 
perpendicular. 

•  Equation  of  line  through  (jr,,y,)  with  gradient  m  is  y  -  y,  =  m(jr  -  Jr,). 

•  Equation  of  line  through  (-v,.y,)  and  (jr2,y2)  is  y  _  t'  =  x  _  . 

•  The  form  y  =  mx  +  c  gives  the  gradient  (m)  and  the  y-inlcrccpt  (c). 
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REVISION  EXERCISE  1  (A, 


i  page  607.) 


1  Find  the  equation  of  the  line 

(a)  through  (-2,3)  with  gradient 

(b)  through  the  points  (-3,2)  and  (-1,-5), 

(c)  through  (-1,-1)  perpendicular  to  the  line  3jc  -  2y  =  1. 

2  A  and  B  are  the  points  (-2,-1)  and  (4,1)  respectively.  BC  is  perpendicular  to  AB. 

(a)  Find  the  equation  of  BC. 

(b)  If  the  gradient  of  AC  is  1,  find  the  equation  of  AC  and  the  coordinates  of  C. 

(c)  Hence  find  the  area  of  triangle  ABC. 

3  A(— 1 ,1 )  and  B(3,4)  are  two  vertices  of  triangle  ABC.  If  the  area  of  the  triangle  is  15 
units1,  find  the  distance  of  C  from  AB. 

4  The  line  y  =  2x  +  3  intersects  the  y-axis  at  A.  The  points  B  and  C  on  this  line  are  such 
that  AB  =  BC.  The  line  through  B  perpendicular  to  AC  passes  through  the  point 
D(-l,6).  Find 

(a)  the  equation  of  BD, 

(b)  the  coordinates  of  B, 

(c)  the  coordinates  of  C.  (C) 

5  (a)  The  line  |  |  =  1  meets  the  axes  at  A  and  B.  Find  the  coordinates  of  the 

midpoint  of  AB  and  the  length  of  AB. 

(b)  A  circle  is  drawn  with  its  centre  at  the  origin.  If  the  point  P(4,3)  lies  on  this  circle, 
find  the  equation  of  the  tangent  to  the  circle  at  P. 


7  A(-3,4)  and  C(4.-10)  are  opposite  vertices  of  the  parallelogram  ABCD. 
The  gradients  of  the  sides  AB  and  BC  are  -  ^  and  3  respectively.  Find 

(a)  the  equations  of  AB  and  BC, 

(b)  the  coordinates  of  B  and  D. 


8  Three  points  have  coordinates  A(l,-3),  B(5,5)  and  C(5,9).  Find  the  equation  of  the 
perpendicular  bisector  of  (a)  AB,  (b)  BC.  Hence  find  the  coordinates  of  the  point 
equidistant  from  A,  B  and  C.  (C) 


9  (a)  Find  the  equation  of  the  perpendicular  bisector  of  AB,  given  that  A  is  (2,7)  and 

B  is  (6,-1). 

(b)  The  bisector  meets  the  y-axis  at  C.  Find  the  coordinates  of  C  and  the  area  of 
triangle  ABC. 

10  A(0,6),  B(  1,3)  and  C(4,6)  are  three  points.  D  is  the  foot  of  the  perpendicular  from  A 
to  BC.  Find 

(a)  the  coordinates  of  D. 

(b)  the  length  of  AD. 


In  Fig.  1.27,  ABCD  is  a  rectangle,  and  A  and  B  are  the  points  (4,2)  and  (2,8) 
respectively.  Given  that  the  equation  of  AC  is  y  =  x  -  2,  find 

(a)  the  equation  of  BC, 

(b)  the  coordinates  of  C, 

(c)  the  coordinates  of  D, 

(d)  the  area  of  the  rectangle  ABCD.  (C) 

12  Two  points  have  coordinates  A(l,3)  and  C(7,7).  Find  the  equation  of  the  perpendicu¬ 
lar  bisector  of  AC. 

B  is  the  point  on  the  y-axis  equidistant  from  A  and  C  and  ABCD  is  a  rhombus.  Find 
the  coordinates  of  B  and  D. 

Show  the  area  of  the  rhombus  is  52  units2  and  hence  calculate  the  perpendicular 
distance  of  A  from  BC.  (C) 

C(5.1) 


ABCD  is  a  parallelogram,  lettered  anticlockwise,  such  that  A  and  C  are  the  points 
(-1,5)  and  (5,1)  respectively.  Find  the  coordinates  of  the  midpoint  of  AC. 

Given  that  BD  is  parallel  to  the  line  whose  equation  is  y  +  5x  =  2,  find  the  equation 
of  BD. 

Given  that  BC  is  perpendicular  to  AC,  find  the  equation  of  BC.  Calculate  (i)  the 
coordinates  of  B,  (ii)  the  coordinates  of  D,  (iii)  the  area  of  ABCD.  (C) 
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14  A(-2,2)  and  C(4,-l)  are  opposite  vertices  of  a  parallelogram  ABCD  whose  sides  are 
parallel  to  the  lines  -r  =  0  and  3y  =  x. 

(a)  Find  the  coordinates  of  B  and  D. 

(b)  If  P  and  Q  are  the  feet  of  the  perpendiculars  from  D  and  B  respectively  to  AC, 
find  the  coordinates  of  P  and  Q  and  show  that  PQ  =  |  AC. 

15  Fig.  1 .28  shows  a  quadrilateral  ABCD  in  which  A  is  (2,8)  and  B  is  (8,6).  The  point  C 
lies  on  the  perpendicular  bisector  of  AB  and  the  point  D  lies  on  the  y-axis.  The 
equation  of  BC  is  3y  =  4x  -  14  and  angle  DAB  =  90°.  Find 

(a)  the  equation  of  AD, 

(b)  the  coordinates  of  D, 

(c)  the  equation  of  the  perpendicular  bisector  of  AB, 

(d)  the  coordinates  of  C. 

Show  that  the  area  of  triangle  ADC  is  10  units’  and  find  the  area  of  the  quadrilateral 
ABCD.  (C) 


16  The  line  jc + y  =  3  meets  the  y-axis  at  A  and  the  Jt-axis  at  B.  AC  is  perpendicular  to  AB 
and  the  equation  of  BC  is  y  =  3x  -  9. 

(a)  Find  the  equation  of  AC  and  the  coordinates  of  C.  AD  is  parallel  to  CB  where  D 
lies  on  the  Jt-axis. 

(b)  Find  the  coordinates  of  D. 

(c)  Hence  find  the  area  of  the  trapezium  ACBD. 

17  Fig.  1.29  shows  the  quadrilateral  OABC.  The  coordinates  of  A  are  (*,2Jt)  where 
*>0,  and  the  length  of  OA  is  Vi 0  units. 

(a)  Calculate  the  value  of  k. 

AB  is  perpendicular  to  OA  and  B  lies  on  the  y-axis. 

(b)  Find  the  equation  of  AB  and  the  coordinates  of  B. 

The  point  C  lies  on  the  line  through  O  parallel  to  y  +  3.x  =  5  and  also  on  the 
perpendicular  bisector  of  AB. 

(c)  Calculate  the  coordinates  of  C. 

Calculate  the  area  of  the  quadrilateral  OABC.  (C) 
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18  The  vertices  of  a  triangle  are  (-3,5),  (4,-2)  and  (6,2). 

(a)  Find  the  equations  of  the  perpendicular  bisectors  of  the  sides. 

(b)  Show  that  they  meet  at  the  same  point  and  find  the  coordinates  of  this  point. 

(c)  Find  the  radius  of  the  circle  passing  through  the  vertices. 

19  A  and  B  are  the  points  (2,4)  and  (4,0)  respectively. 

(a)  Find  the  equation  of  the  perpendicular  bisector  of  AB. 

(b)  The  bisector  meets  the  line  through  B  parallel  to  the  y-axis  at  C.  Find  the 
coordinates  of  C. 

(c)  Calculate  the  radius  of  the  circle  which  passes  through  A  and  touches  the 
jr-axis  at  B. 

20  The  sides  AB.  BC  and  CA  lie  on  the  lines  2y  =  x  -  4,  x  +  y  =  5,  and  y  =  mx  respect¬ 
ively.  If  the  origin  O  is  the  midpoint  of  AC,  find  the  value  of  m. 


21  A (h,k)  lies  on  the  line  y  +  3-c  =  -10.  B  lies  on  the  line  x  +  y  =  4.  If  the  origin  is  the 
midpoint  of  AB,  find  the  value  of  h  and  of  k. 

22  A(l,5)  lies  on  the  line  y  =  2x  +  3.  P  lies  on  the  perpendicular  to  that  line  through  A. 

(a)  Show  that  the  coordinates  of  P  can  be  written  as  (1 1  -  2a4). 

(b)  If  OP  =  V34,  where  O  is  the  origin,  find  the  possible  values  of  a. 

23  A  line  with  gradient  m  passes  through  the  point  P(3,2)  and  meets  the  y-axis  at  A.  A 
line  perpendicular  to  the  first  also  passes  through  P  and  meets  the  x-axis  at  B. 

(a)  Express  the  coordinates  of  A  and  B  in  terms  of  m. 

(b)  If  AB  =  V65,  find  the  possible  values  of  m. 
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24  P  and  Q  are  the  points  of  intersection  of  the  line  I  +  j  =  1  with  the  x—  and  y-axes 

respectively.  The  gradient  of  QR  is  i  and  R  is  the  point  whose  x-coordinate  is  2t, 
where  /  is  positive.  Express  the  y-coordinate  of  R  in  terms  of  t  and  evaluate  t  given 
that  the  area  of  triangle  PQR  is  21  units2.  (C) 

25  A  line  through  (3,1)  has  gradient  m  (>  A ).  It  meets  the  x-axis  at  A  and  the  y-axis  at 
B.  From  A  and  B,  perpendiculars  to  the  line  are  drawn  to  meet  the  y-axis  at  C  and  the 
x-axis  at  D  respectively.  Show  that  the  gradient  of  CD  is  ^ . 

26  Afx^y,),  B(x,,y2),  C(xlty})  and  D(x4>y4)  are  the  vertices  of  a  parallelogram  ABCD. 

(a)  Show  that  x,  +  x,  =  x2  +  x4  and  y,  +  y,  =  y2  +  y4. 

(b)  If  ABCD  is  a  rhombus  show  that  (x,  -  x3)(x2  -  x4)  +  (y,  -  y3)(y2  -  y4)  =  0. 

(c)  If  however  ABCD  is  a  rectangle  show  that  x,x3  +  y,y3  =  XjX4  +  yyt. 
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Simultaneous 

Equations 


2 


Two  linear  equations,  say  3x  +  4y  =  -5  and  2x  -  3y  =  8,  can  be  solved  to  find  values  of 
x  and  y  which  satisfy  both  equations  simultaneously.  As  we  have  seen,  this  solution  gives 
the  coordinates  of  the  point  of  intersection  of  the  two  lines  represented  by  the  equations. 

In  this  Chapter  we  consider  two  simultaneous  equations  where  one  of  them  is  not  a 
linear  equation  but  is  an  equation  of  the  second  degree  such  as  xy  -  8  or  a*  +  y2  =  10,  etc. 
These  are  the  equations  of  curves. 


Example  1 


Solve  the  following  equations: 

x  +  y  =  9  (i) 

xy  =  8  (ii) 

Equation  (i)  represents  a  straight  line  but  equation  (ii)  is  the  equation  of  a  hyperbola, 
a  curve  with  two  branches  (Fig.2.1). 


Fig. 2.1 


The  line  meets  the  curve  at  two  different  points  (A  and  B)  so  we  expect  to  obtain 
solutions,  giving  the  coordinates  of  A  and  B. 

The  usual  method  is  to  eliminate  one  of  the  variables.  Make  one  variable  the  sub 
of  the  linear  equation  and  then  substitute  this  in  the  other  (non-linear)  equation.  1 
will  lead  to  a  quadratic  equation,  which  can  usually  be  solved  by  factorization. 
From  (i), x  =  9-y. 

Then  substituting  for  x  in  (ii), 

(9-y)y  =  8 

i.e.  y2-9y  +  8  =  0or(y-8)(y-l)  =  0. 

Hence  y  =  8  or  1. 

Now  find  the  corresponding  values  of  x  from  (i). 

When  y  =  8,  jr  =  I; 
when  y  =  l,  jr  =  8. 

So  the  solutions  are  x  =  1,  y  =  8  (coordinates  of  A) 
or  x  =  8,  y  =  1  (coordinates  of  B). 


Example  2 

Find  the  coordinates  of  the  points  where  the  line 
2x  +  3y  =  -I 

meets  the  curve  x(x  -y)  =  2 

We  use  the  same  method  but  the  algebra  will  be  more  complicated  as  neither  x  m 
in  (i)  has  a  coefficient  of  1. 

Choosing  y  as  the  subject,  we  obtain  from  (i) 


Then  substituting  for  y  in  (ii), 

which  simplifies  to  x(5x  +  l)  =  6or5xJ  +  jr-6  =  0. 

Hence  (Sx  +  6Xx  -  1)  =  0  giving  x  =  -f  or  1. 

From  (i),  when  x  =  -|,-y  +  3y  =  -lsoy=-^, 
and  when  x  =  1,  2  +  3y  =  -I  so  y  =  -1. 

Hence  the  coordinates  of  the  two  points  are  (~f  .33 )  and  (1,-1). 


What  is  the  geometrical  meaning  of  yarn 
From  (i),  choosing v  as  the  subject  for  si 
Then  substituting  for  x  in  (ii), 

(7  -  2v)‘  -  4(7  -  2v)  +  r  =  1 
i.c.  49  -  28 y  +  4v;  -  28  +  8y  +  vJ  =  I 
which  reduces  to  \-  -  4y  +  4  =  0 
or  (y  -  2)(y  -  2)  =  0  giving  y  =  2  or  2. 
Then  *  =  3  or  3. 

We  obtain  two  equal  solutions.  This  met 
a  tangent  to  the  curve.  It  touches  the  i 
circle,  at  the  point  (3.2)  as  shown  in  Fig 


4  straight  line  through  (O.-l)  meets  the  < 
'3.1 ).  Find  the  coordinates  of  the  secona 
First  we  find  the  equation  of  the  straight 


Example  5 

If  the  line  3x-5y  =  8  meets  the  curve  j  -  y  -4  at  A  and  B.find  the  coordinates  of 
the  midpoint  of  AB. 

First  remove  the  fractions  from  the  equation  of  the  curve: 

3y-x  =  4 xj  (i) 

From  the  linear  equation,  x  =  8  . 

Substituting  for  x  in  (i), 

3 y-  =*y(LTL) 

Clearing  the  fraction,  we  have  9y  -  8  -  5y  =  4/8  +  5y)  =  32y  +  20/ 

or  20/  +  28y  +  8  =  0, 

i.e.  5/ '+  7y  +  2  =  0  or  (5y  +  2Xy  +  1)  =  0 

Hence  y  =  -  \  or  -1. 

Then  r  =  2  or  I. 

The  coordinates  of  A  and  B  are  (2,  -  | )  and  (1,-1)  and  the  coordinates  of  the  midpoint 
are  therefore  (1 5,  “  To  )• 


Example  6 

If  the  sum  of  two  numbers  is  4  and  the  sum  of  their  squares  minus  three  times  their 
product  is  76,  find  the  numbers. 

Suppose  the  numbers  are  x  and  y. 

The  sum  of  the  numbers  is  x  +  y. 

Then  jr  +  y  =  4  (i) 

The  (sum  of  the  squares)  -  (3  x  the  product)  is  x1  +  /  -  Ixy. 

Then  /  +  /  -  3xy  =  76  (ii) 

We  solve  these  equations. 

From  (i),  jr  =  4  -  y 
Substituting  in(ii): 

(4  -  yf  +  /  -  3/4  -  y)  =76  which  is  then  expanded. 

16  -  8y  +  /  +  /  -  12y  +  3/  =  76 
or  5/  -  20y  -  60  =  0 

Hence  /  -  4y  -  12  =  0  which  gives  (y  -  6Xy  +  2)  =  0  and  y  =  6  or  -2. 

Then  from  (i),  the  corresponding  values  of  x  are  -2,  and  6. 

Therefore  the  two  numbers  are  6  and  -2. 

Arithmetically,  there  is  only  one  solution.  Geometrically,  the  line  x  +  y  =  4  meets  the 
curve  given  by  equation  (ii)  in  two  points  (6,-2)  and  (-2,6). 
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Exercise  2.1  (Answers  on  page  608.) 

1  Solve  the  following  pairs  of  simultaneous  equations: 

(a)  x  +  y  =  S,xy  =  x  +  3  (b)  * -y  =  2, My  +  2)  =  9 

(c)  Zr  +  y  =  5,xJ  +  yJ=  10  (d)  x -2y  =  2,  x1  +  xy  =  20 

(e)  2x  +  3y  =  5,y(y-x)  =  5  (f)  3x- 2y  =  7, x2  +  f  =  10 

(g)  ix-y  =  l.x2  +  xy-f=\  (h)  x  +  3y  =  l,x*-xy  +  /  =  21 

(i)  3x  +  4y  =  2,x3-3y!=  1  (j>  3*  +  2y  =  13,  3x*  +  ^  =  31 

(k)  f-f  =  1.  I  +  \  =\  (I)  | J  -3 

(m)  “ix-2y=  1 1,  (x  -  l)(y  +  3)  =  4 

2  The  line  y  =  x  +  2  meets  the  curve  y2  =  4(2x  +  1 )  at  A  and  B.  Find  the  coordinates  of 
the  midpoint  of  AB. 

3  Show  that  the  line  x  +  y  =  6  is  a  tangent  to  the  curve  x2  +  y2  =  18  and  find  the 
coordinates  of  the  point  of  contact. 

4  A  line  through  (2,1)  meets  the  curve  xl-2x-y=‘ia\  A(-2,5)  and  at  B.  Find  the 
coordinates  of  B. 

5  What  is  the  relationship  of  the  line  3x  -  2y  =  4  to  the  curve  y  =  x  - 1  ? 

6  The  perimeter  of  a  rectangle  is  22  cm  and  its  area  is  28  cm2.  Find  its  length  and 
breadth. 

7  The  line  through  ( 1 ,6)  perpendicular  to  the  line  x  +  y  =  5  meets  the  curve  y  =  2x  +  j 
again  at  P.  Find  the  coordinates  of  P. 

8  A(3,l)  lies  on  the  curve  (x  -  lXy  +  1)  =  4.  A  line  through  A  perpendicular  to 
x+2y  =  l  meets  the  curve  again  at  B.  Find  the  coordinates  of  B. 

9  The  difference  between  two  numbers  is  2  and  the  difference  of  their  squares  is  28. 
Find  the  numbers. 

10  Fencing  is  used  to  make  3  sides  of  a  rectangle:  two  pieces  each  of  length  a  m  and  one 
piece  of  length  h  m.  The  total  length  of  fencing  used  is  30  m  and  the  area  enclosed  is 
100  m2.  What  are  the  values  of  a  and  ft? 

11  The  line x-y  =  l  meets  the  curve x2  +  ji2  -x  =  21  at  A  and  B.  Find  the  coordinates 
of  the  midpoint  of  AB. 

12  The  line  through  (-3,8)  parallel  to  y  =  2x  -  3  meets  the  curve  (x  +  3)(y  -  2)  =  8  at  A 
and  B.  Find  the  coordinates  of  the  midpoint  of  AB. 
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SUMMARY 

•  To  solve  simultaneous  equations,  one  linear,  the  other  of  the  second  degree: 

(a)  make  one  of  the  variables  the  subject  of  the  linear  equation, 

(b)  substitute  in  the  second  degree  equation, 

(c)  simplify  and  then  solve  the  quadratic  equation  obtained, 

(d)  find  the  corresponding  values  of  the  second  variable. 

If  two  equal  solutions  arc  obtained,  the  line  is  a  tangent  to  the  curve  given  by 
the  second  degree  equation. 


REVISION  EXERCISE  2  (Answers  on  page  608.) 

A 

1  Solve  the  simultaneous  equations  4r  -  3y  =  11  and  ldr2  -3/  =  61. 

2  The  line  y  -  2jc  -  8  =  0  meets  the  curve  y2  +  =  0  at  A  and  B.  Find  the  coordinates 

of  the  midpoint  of  AB.  (C) 

3  A  straight  line  through  the  point  (0,-3)  intersects  the  curve  .r2  +  y2- 21  x  +  41  =  0  at 
(2,3).  Calculate  the  coordinates  of  the  point  at  which  the  line  again  meets  the  curve. 

(C) 

4  Calculate  the  coordinates  of  the  points  of  intersection  of  the  straight  line  2r  +  3y  =  10 

and  the  curve  |  +  2  =  5.  (Q 

5  Solve  the  simultaneous  equations  2x  +  3y  =  6  and  (2x  +  l)2  +  6(y  -  2)2  =  49.  (C) 

6  The  perimeter  of  the  shape  shown  in  Ftg.2.3  is  90  cm  and  the  area  enclosed  is 
300  cm2.  All  comers  are  right-angled.  Find  the  values  of  x  and  y. 


7  The  point  A(0,p)  lies  on  the  curve  y  =  (x  -  2)2.  A  line  through  A  perpendicular  to 
y  =  jc  +  3  meets  the  curve  again  at  B.  Find 

(a)  the  value  of  p, 

(b)  the  coordinates  of  B. 
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8  Two  quantities  u  and  v  are  connected  by  the  equation  u  +  2v  =  7.  A  third  quantity  P, 
is  given  by  P  =  u(v  -  3).  Find  the  values  of  u  and  v  when  P  =  -3. 

9  The  hypotenuse  of  a  right-angled  triangle  is  (2y  -  1 )  cm  long.  The  other  two  sides  are 
jr  cm  and  (y  +  5)  cm  in  length.  If  the  perimeter  of  the  triangle  is  30  cm,  find  the 
possible  values  of  x  and  y. 

10  Solve  the  simultaneous  equations  2x  +  4y  =  9  and  4jri  +  16/  =  2Qx  +  4y  -  19.  (C) 


11  Solve  the  simultaneous  equations  3x  -  2y  =  11  and  ari  +  xy  +  /  =  7. 

12  A(3,4)  and  B(7,8)  are  two  points.  P(aJ>)  is  equidistant  from  A  and  B  such  that 
AP  =  V26. 

(a)  Show  that  o  +  b-  11. 

(b)  Find  the  values  of  a  and  b. 

13  In  Fig.2.4,  ABE  is  an  isosceles  triangle  and  BCDE  is  a  rectangle.  The  total  length 
round  ABCDEA  is  22  cm  and  the  area  enclosed  is  30  cmJ. 

(a)  State  the  distance  of  A  from  BE  in  terms  of  x. 

(b)  Find  the  possible  values  of  x  and  y. 


Fig.2.4 


14  Solve  the  simultaneous  equations x  +  y  =  6  and  b  j  +  j. 

15  The  point  P(aJ>)  lies  on  the  line  through  A(-l,-2)  and  B(3,0)  and  PA  =  Vl25.  Find 
the  values  of  a  and  b. 

16  A  circle  has  centre  (4,2)  and  radius  V5  units.  P{x,y)  is  any  point  on  the  circumference. 

(a)  Show  that ■**  +  /- 8* -4y+  15  =  0. 

(b)  Fipd  the  coordinates  of  the  ends  of  the  diameter  which,  when  extended,  passes 
through  the  origin. 

(c)  Find  the  coordinates  of  the  ends  of  the  perpendicular  diameter. 
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Functions 


3 


RELATIONS  AND  FUNCTIONS 

A  relation  links  the  members  of  two  sets  together.  Relations  can  be  of  many  kinds,  e.g. 
“is  the  father  or',  "is  a  divisor  or’,  “is  the  same  age  as”,  “is  the  square  of'  etc.  Fig.  3.1 
illustrates  the  relation  “is  the  father  of”  linking  the  set  of  men  {A,  B,  C,  D)  and  the  set 
of  children  (p,  q,  r,  s,  t,  u,  v).  An  arrow  identifies  the  relation  between  a  father  and  child. 
The  diagram  shows  that  A  has  two  children  (p  and  q),  B  has  1  child  (t),  C  has  3  children 
(r,  s  and  u)  and  D  1  child  (v).  So  2  arrows  leave  from  A,  1  from  B,  3  from  C  and  1 


Fig.  3.1 


In  our  work  the  relation  will  usually  be  some  mathematical  operation.  Fig.  3.2  shows 
the  relation  “y  =  1  +  js2”  where  the  starting  values  (the  inputs)  are  chosen  values  of  x. 
These  are  linked  to  the  values  of  y  produced  by  the  relation  (the  outputs),  i.e.  the  set 
{1,2,5,26). 


Fig.  3.2 

Note  that  only  ONE  arrow  leaves  each  input,  unlike  the  relation  in  Fig.  3.1.  In  Fig.  3.2 
each  input  produces  a  unique  output.  This  is  a  special  type  of  relation  called  a  function, 
one  of  the  most  important  concepts  in  Mathematics.  The  relation  in  Fig.  3.1  is  NOT  a 
function. 
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In  Fig.  3.3,  each  member  of  set  A  is  squared  to  produce  the  set  of  outputs  B.  As  each  input 


A  B 


has  a  unique  square.  Fig.  3.3  illustrates  a  function  f.  f  is  “square  the  input”.  So,  if  x  is  the 
input,  the  output  is  x2. 

A  function  is  also  called  a  mapping  and  we  say  that  x  is  mapped  onto  x?  by  the  function 
f.  We  symbolize  this  as 

f:  *  i - -  .t2 

Read  this  as  ‘f  is  the  function  which  maps  x  onto  x2'. 

f  operates  on  the  input  x  to  produce  .r2  so  we  write  f(.r)  =  x2.  Hence  the  image  of  2  is  f(2) 
=  2!  =  4.  The  image  of -3  is  f(-3)  =  (-3)2  =  9.  The  image  of  a  is  {(a)  =  a2  and  so  on.  What 
is  the  image  of  5?  What  is  f(6),  f(-jr)  and  f(2v)?  If  f(.r)  =  49,  what  is  the  value  of  *? 
Now  look  at  the  relation  illustrated  in  Fig.  3.4(a). 


Fig.  3.4 


■V* 


(a) 


Is  this  a  function?  As  you  can  see,  each  input  has  two  outputs  (2  arrows  from  each  input). 

So  this  operation  (taking  the  square  root,  x  I - »  VI)  is  NOT  a  function.  It  does  not 

produce  a  unique  image  as  x  has  2  square  roots  +  VI  and  -VI . 

However,  if  we  defined  V  to  mean  the  positive  root  only,  then  f(jr)  =  +  Vr  would  be  a 
function  (Fig.  3.4(b)). 
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Summarizing, 

•  a  function  f  is  a  process  or  operation  which  takes  an  input  x  and  maps  it  onto  a  unique 
output  f(.r),  the  image  of  x, 

•  f:  x  i - -f(x); 

•  to  define  f,  we  write,  for  example,  f(x)  =  x1  or  f(x)  =  +i/I  or  f(x)  =  sin  x  etc. 

f  and  x  are  the  usual  letters  for  the  function  and  the  input  respectively,  but  other  letters 
can  be  used  e.g.  F(x),  g(x)  or  A(r),  etc. 

A  function  need  not  be  defined  algebraically.  It  may  be  stated  in  words,  such  as  the 
function  T  is  the  father  of  x\  or  given  in  the  form  of  a  table  such  as  a  table  of  sines. 


Example  1 

A  function  f  is  given  by  f  :  x  / - »  x2 -x  + 1.  Find 

(a)  t(2),  (b)t(-3),  (c)  the  image  of -2.  (d)f(r),  (e)  f(  *  ). 

«*)=**-*+ 1 

(a)  f(2)  =  2J -  2+1  =  3 

(b)  f(-3)  =  (-3)3-(-3)+l  =  13 

(c)  The  image  of  -2  is  f(-2)  =  (-2)*  -  (-2)  +1=7. 

<d)  f(r)  =  r3  —  r+  I 

(e)  f(f)  =  (|)2-(|)+l= 
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Example  3 

F(x)  =  x3  +  x  -  I.  IfF(x)  =  5,  find  the  values  of  x. 

F(x)  =  5  is  the  equation  x3  +  x  -1  =  5  i.e.  **+*-6  =  0  which  we  can  solve  for  the 
values  of  x. 
x1  +  jc-  6  =  0 
(x  +  3XJr-2)  =  0 
Hence  x  =  -3  orx  =  2. 

These  are  the  two  values  of  x  which  have  an  image  of  5. 

Check  by  finding  F(-3)  and  F(2). 


DOMAIN  AND  RANGE 

There  are  special  names  for  the  sets  of  inputs  and  outputs.  The  set  of  inputs  is  called  the 
domain  and  the  set  of  outputs  the  range. 

Fig.  3.5  shows  the  domain  and  range  for  the  function  f(x)  =  (1  -  jr)2.  The  domain  is  the 
set  (-1,  0,  2, 4)  and  the  range  is  the  set  ( 1, 4, 9). 


Fig.  3.5 


The  domain  can  be  any  set  of  numbers  which  have  images.  It  could  be  just  a  few 
selected  numbers  or  all  positive  numbers  or  all  real  numbers,  etc.  If  it  is  not  specified  it 
is  taken  to  be  all  real  numbers.  However,  as  we  saw  in  Example  2,  some  numbers  may 
have  no  image  and  these  must  be  stated.  They  are  excluded  from  the  domain. 


Example  4 

State  the  domain  for  the  function  f(x)  =  j . 

Every  real  number  will  have  an  image  under  this  function  except  x  =  0.  So  the  domain 
will  be  (all  real  values  of  x,x*0). 

This  is  often  briefly  stated  as  f(x)  =  j ,  x  *  0. 
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Example  5 

State  the  domain  for  f(x)  =  4x  (positive  root). 


Every  positive  number  and  0  will  have  a  square  root  but  negative  numbers  will  not. 
These  must  be  excluded.  So  the  domain  is  (all  positive  numbers  and  0|  orjustx  SO. 


Exercise  3.1  (Answers  on  page  60S.) 

1  For  each  of  the  following  functions,  find  the  images  of -3.  -1.0,  1,  2.  4: 

(a)  f(x)  =  x2  -  x  -  5  (b)  g(x)  =  (jr+l)J 

(c)  h(x)  =  ^-|  (d)  F(jc)  =  (x  +  IXx  -  2) 

2  What  value  of  x  must  be  excluded  from  the  domain  of  the  function  in  Question  1 
pan(c)? 

3  State  the  values  of  x  which  must  be  excluded  from  the  domains  of  the  following 
functions: 

(a)  f(jc)  =  ^  (b)  g(x)  = 

(c)  hW  =  x'Jx-l  (d)  FW  =  3  “  jfj 

4  f  is  the  function  ‘square  x  and  add  2’. 

(a)  Write  f  in  the  form  f(x)  =  ... 

(b)  Find  fU),  f(-l),  f(0). 

(c)  If  f(jr)  =  27.  find  the  values  of  x. 

5  F  is  the  function  ‘add  2  to  x  and  then  square’. 

(a)  Write  F  in  the  form  F(x)  =  ... 

(b)  Find  F(l),  F(-I),  F(0).  • 

(c)  If  F(x)  =  25,  find  the  values  of  x. 

(d)  Is'  this  the  same  function  as  f  in  Question  4? 

6  If  f(x)  =  3x  +  2,  what  is  the  value  of  x  which  is  mapped  onto  8? 

7  A  function  such  as  f(x)  =  5  is  a  constant  function.  State  the  values  of  f(0),  f(-l)  and 
f(5). 


8  The  function  E,  where  Eft)  =  2\  is  an  exponential  function. 

(a)  Find  the  values  of  E(l),  E<2)  and  E(5). 

(b)  If  E(x)  =  16,  state  the  value  of  x. 

9  fW  =  7TT 

(a)  What  value  of  x  must  be  excluded  from  the  domain  of  this  function? 

(b)  Find  the  positive  value  of  x  for  which  f(x)  =  x. 

10  If  fix)  =  ,  find  the  values  of  x  for  which  fix)  =  2x  to  2  decimal  places. 

11  Given  that  g(x)  =  x2  -  4x  -  6  solve  the  equation  g(x)  =  x. 

12  Given  that  fix)  =  x2  -  4x  +  1  solve  the  equations 

(a)  fix)  =  x  -  3,  (b)  f(2x)  =  13. 

13  For  the  linear  function  fix)  =  ax  +  b,  where  a  and  b  are  constants,  fi-2)  =  7  and 
f(2)  =  -I.  Find  the  values  of  a  and  b. 

14  fix)  =  ax2 +  bx  +  c,  where  a,  b  and  c  are  constants.  If  f(0)  =  7,  what  is  the  value  of  c? 
Given  also  that  fit)  =  6  and  f(-l)  =  12,  find  the  value  of  a  and  of  b. 

15  For  the  function  fix)  =  px*  +  qx  +  r,  where  p,  q  and  r  are  constants,  fiO)  =  4,  f(-l)  = 
8  and  fi-2)  =  18.  Find  the  values  of  p,  q  and  r. 

16  F(x)  =  x3  -  2x.  What  values  of  x  have  an  image  of  15? 

17  The  function  h  is  given  by  h(f)  =  It  -  2F.  Find  the  values  of  t  whose  image  is  5. 

18  fW=  Srrrb 

(a)  Find  f(2)  and  f(|). 

(b)  Find  x  if  fix)  =  0. 

(c)  What  values  of  x  must  be  excluded  from  the  domain? 

19  The  number  of  diagonals  in  a  polygon  with  n  sides  is  given  by  the  function  D(n) 


(a)  State  the  domain  of  this  function. 

(b)  Find  the  number  of  diagonals  in  polygons  with  4,  5  and  10  sides. 

(c)  If  D(n)  =  20.  find  the  value  of  n. 

20  The  domain  for  the  function  fix)  =  lx2  +  1  is  (-2,  -1, 0,  1,  2). 

Find  the  range. 

21  The  domain  of  the  function  fix)  =  ^  is  )0, 2, 4). 

Find  the  range  of  the  function. 

22  If  the  range  for  the  function  g(x)  =  x3  -  2  is  |-2,  -1,  7|,  find  the  domain. 

23  The  range  of  the  function  fix)  =  1  -  |  is  (-1,  2, 4).  Find  the  domain. 

24  S  is  the  function  Su  i - *-  sin  x°,  0  <  x  <  180. 

(a)  Find  (correct  to  2  decimal  places)  S(30),  S(50),  S(I20). 

(b)  If  S(x°)  =  1,  what  is  the  value  of  x? 

(c)  State  the  range  of  S. 
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25  Functions  f  and  g  are  given  as  f(x)  =  x1  -  x  and  g(x)  =  2x  -  3. 

(a)  Find  f(0),  f(-l),  g(0)  and  g(-l). 

(b)  If  f(x)  +  g(x)  =  3,  find  x. 

(c)  If  f(p)  +  g(-p)  =  1 ,  find  p. 

(d)  If  f(r)  =  g(z)  +  1,  find  z. 

26  Given  that  f(jr)  =  -r  -  3x  +  6  and  that  g(jr)  =  x  +  6,  solve  the  equations 

(a)  f(at)  =  2g(jr),  (b)  f(jc)  =  g(2x),  (c)  f(2x)  =  g(x)  -  3. 

27  If  f(jc)  =  , ,  find  the  value  of  k  (other  than  *  =  1)  such  that  f(Jt)  =  f(l). 

28  Given  the  function  f(jr)  =  jr2  -  3x  -  2,  express  f(2a)  -  f(o)  in  its  simplest  form  in  terms 
of  a. 

29  fjc  i - ►  x*-x+3 

Find  f (p),  f(-2 p)  and  f(p  -  1)  in  their  simplest  forms. 

30  If  f(x)  =  3x  +  1,  find  f(a),  {(b)  and  f(a  +  b). 

Is  f(a  +  b)  =  f(o)  +  f(b)7 

31  If  f(jr)  =  x*  +  jr  -  3,  find  f(jr  +  h)  where  A  is  a  constant. 

Hence  express  1(1  *  in  its  simplest  form. 

32  If  f(— jr)  =  f(jr),  f  is  called  an  even  function,  but  if  f(— jc)  =  — f(jc),  f  is  called  an  odd 
function.  Which  of  the  following  functions  are  even,  which  are  odd  and  which  are 
neither? 

(a)  2x  (b)  3^  (c)  x> 

(d)  l-x  (e)  i  (jc  vt  0)  (0  x-  j  (jr  * 0) 

GRAPHICAL  REPRESENTATION  OF  FUNCTIONS 

A  simple  way  of  illustrating  a  function  graphically  is  to  use  two  parallel  number  lines, 
one  for  values  of  the  domain,  the  other  for  the  range.  Fig.  3.6  shows  the  function 
f(jc)  =  x  -  2,  jr  =  -1 , 0, 1 , 2, 3, 4.  An  arrowed  line  joins  x  in  the  domain  to  f(rr)  in  the  range. 


0  12  3  4 
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Example  7 

Illustrate  the  function  f(x)  =x1  -x  +2  on  two  number  lines  for  the  domain 
(-2. -1.0. 1.2.3). 

Verify  that  the  range  is  {2, 4,  8).  Fig.  3.7  shows  the  result. 


Fig.  3.7 


This  method  is  only  suitable  if  the  domain  consists  of  a  few  values.  If  the  domain 
was  all  real  numbers  for  example,  it  would  be  impossible  to  show  all  the  arrowed  lines. 
Furthermore,  the  pattern  of  the  arrowed  lines  gives  no  idea  of  the  type  of  function. 


A  far  better  method  is  to  use  a  Cartesian  graph,  with  which  you  are  already  familiar. 
Here  we  use  two  perpendicular  lines,  the  jr-axis  and  the  y-axis  (Fig.  3.8).  Values  of  the 
domain  are  placed  on  the  .r-axis  and  the  range  on  the  y-axis.  Then  x  and  its  image  f(x)  give 
the  coordinates  (x.y)  of  a  point.  If  sufficient  points  are  plotted  and  joined  up.  we  have  the 
graph  of  the  function,  y  =  f(.v)  is  the  Cartesian  equation  of  the  curve. 


Fig.  3.8 


Using  this  method  of  representing  a  function,  we  find  that  the  graphs  of  various 
kinds  of  functions  have  characteristic  shapes.  Hence  functions  can  be  recognized  from 
their  graphs. 
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For  a  function,  each  value  of  x  in  the  domain  must  give  just  one  and  only  one  value  of 
y.  If  there  is  more  than  one  value  of  y  for  the  same  value  of  x  in  the  domain,  the  graph 
does  not  represent  a  function. 

(a)  is  not  the  graph  of  a  function,  as  there  are  2  values  of  y  for  each  value  of  x. 

(b)  is  the  graph  of  a  function. 

(c)  is  the  graph  of  a  constant  function  y  =  3.  The  domain  is  the  set  of  all  real  numbers 
but  the  range  is  just  3. 

(d)  is  the  graph  of  a  function  provided  x  =  0  is  excluded  from  the  domain. 

(e)  is  the  graph  of  a  function  for  the  domain  (—3.— 2,— 1.0, 1.2 ).  The  graph  consists  only 
of  the  points  marked  and  these  must  not  be  joined  up.  The  range  is  (2,1, 0,-1). 


GRAPHS  OF  TRANSFORMED  FUNCTIONS 


Example  9 

Fig.  3.11  shows  part  of  the  graph  of  a  function  y  =  f(x).  Sketch  the  corresponding 
parts  of  the  functions  (a)  y,  =  -t(x),  (b)  y2  =  t(-x),  (c)  y{  =  2  +  f(x),  (d)  y4  =  3-  f(x), 
(e)  ys  -  f(x  +  1).  (f)  yt  =  f(x  -  2). 


(a)  For  each  value  of  x,  y,  =  -y.  So  the  graph  of  of  y,  is  the  reflection  of  y  =  f(jr)  in 
the  Ar-axis  (Fig.  3.12(a)). 

Points  where  y  =  f(x)  meets  the  x-axis  are  unchanged. 


Fig.  3.12(a) 
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(b)  When  x  =  a,  y  =  f(o)  and  y2  =  f(-a). 

Now  f(-«)  is  the  value  of  y  when  x  =  -a.  For  example  when  x  =  2,  the  value  of  y, 
is  the  same  as  the  value  of  y  when  x  =  -2. 

So  the  graph  of  y  is  reflected  in  the  y-axis  to  produce  the  graph  of  y2  (Fig.  3. 12(b)). 
Points  where  y  =  f(jr)  meets  the  y-axis  will  be  unchanged. 


(c)  Here  2  is  added  to  each  value  of  y. 

So  the  original  graph  is  shifted  upwards  through  2  units  (Ftg.  3.12(c)). 


You  will  be  able  to  work  oul  that  yh  is  the  original 
right  (Fig.  3.12(0). 


shifted  2 


2  Each  of  the  diagrams  in  Fig.  3.14  shows-part  of  the  graph  of  a  function  f(x).  Copy  each 
diagram  and  sketch  the  corresponding  pans  of 

(i)  y,  =  f(-Jt)  (ii)  y2  =  f(*-l) 

<iii)y,  =  f(x+l)  (iv)y4=l+f(*+I) 


Fig.  3.14  {c) 


3  On  another  copy  of  the  diagrams 

in  Fig.  3. 14,  sketch  the  corresponding 

pans  of 

(i)  y}  =  f(x  -  2) 

(ii)  y,  =  2  -  f(x  -  2) 

(iii)  y,  =  f(  1  -x) 

4  Fig.  3.15  shows  part  of  the  graph  of 
y  =  f(x)  with  three  graphs  derived 
from  it.  State  y,,  y2  and  y3  in  terms 
off(x). 


Fig.  3.  IS 


rechtlich  geschutztes  Material 


5  The  domain  of  a  function  f(jt)  is  -I  to  4  inclusive.  What  would  be  the  corresponding 
domain  for  the  following? 

(a)  y,  =  f(-x)  (b)  y;  =  f(x  -  2) 

(c)  y,  =  f(jt  +  1) 

6  The  range  of  the  function  y  =  f(jr)  is  0  to  5  inclusive.  What  is  the  corresponding  range 
for  the  following? 

(a)  y,  =  -f(jr)  (b)  >j=l+  f(jr) 

(c)  y,  =  f(jr  -  3)  (d)  y,  =  f(x)  -  3 


THE  MODULUS  OF  A  FUNCTION 

If  y = x,  the  values  of  y  are  negative  when  x  is  negative.  They  can  be  converted  to  positive 
values  by  using  the  modulus  y  =  Ul.  read  as  ‘y  =  mod  x\  LI  gives  the  numerical  or 
absolute  value  of  x.  For  example  1-3.51  =  3.5.  It  does  not  alter  0  or  any  positive  number: 
lol  =0,  |2|  =2  etc.  LI  is  never  negative. 

So  we  define  the  modulus  of  x  as 


Similarly  the  modulus  of  a  function  f(x)  written  |f(x)|  is  the  numerical  value  of  f(jr). 


Example  10 

Stale  the  values  of  / 1 

-x  Iforx  =  -3, 2. 4. 

When x  =* -3,  |  1  -x\ 

|  =  |1  +  3|  =4. 

When  x  =  2,  |l-x| 

1  =  1  »-2|  =  1. 

When  x  =  4,  |  1  -  jr  | 

1  =  1  1  -  4  |  =  3. 

Example  11 

f(x)  =  x3  -  x  -  6.  Find  the  values 

of  1  f<x)  Iforx  =  -1.0, 2, 4. 

-10  2  4 

fix) 

-4  -6  -4  6 

1  foo  1 

4  6  4  6 
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Example  12 

What  is  the  least  value  of  x  if  j2x  -  3  /  =  2x  -  3? 

1 2x  -  3  |  will  be  equal  to  2x  -  3  if  2x  -  3  is  0  or  greater  than  0.  Hence  the 
of  x  will  be  when  2jr  -  3  =  0,  i.e.  when  j:  =  1 !. 

least  value 

Example  13 

Draw  the  graph  of  y  -  lx  -  1 1  for  the  domain  -2  £x  <  3  and  state  the  r 
-2  £  x  £  3  means  that  x  can  take  any  value  between  -2  and  3  (inclusive). 

We  make  a  table  for  the  integer  values  of  xr. 

ange  of  y. 

x  -2-10123 

x  -  1  -3-2-1012 

>  —  1  Jr  —  1  1  3  2  10  12 

Plotting  the  points  given  by  x  and  y,  the  graph  is  seen  to  consist  of  the  tw 

'0  tines  AB 

and  AC  (Fig.  3.16).  The  range  is  0  <  y  <  3. 

However,  if  we  extend  B  A  to  D  (shown  dotted)  where  D  is  (-2,  -3)  we  sec  that  the  part 
AC  is  the  reflection  of  AD  in  the  jr-axis.  So  a  quicker  method  of  drawing  the  graph  is 
to  draw  y  =  x  -  1  for  the  given  domain  first  and  then  reflect  any  negative  part  in  the 


To  draw  a  graph  of  the  type  y  =  |  fCr)  |,  draw  y  =  f(x)  first  and 
then  reflect  any  negative  part  in  the  x-axis. 


Example  14 

Draw  the  graph  of  y  =  (2  -  x  j for  the  domain  -I  <x< 3  and  state  the  range  of  y. 
Draw  the  line  y  =  2  -x  first  (Fig.  3.17).  (The  negative  part  is  dotted). 


Fig.  3.17 


Then  reflect  the  negative  part  in  the  x-axis. 

The  graph  consists  of  two  lines  meeting  on  the  x-axis  where  x  =  2. 
The  range  is  0  <,  y  <  3. 


MODULAR  INEQUALITIES 

Suppose  we  know  that  |  x  |  >  3.  Suggest  some  values  that  x  could  lake  to  satisfy  the 
inequality. 

From  the  definition  of  a  modulus.  |  x  |  >  3  means  that  cither  x  >  3  or  -x  >  3.  -x  >  3 
means  that  x  <  -3  (dividing  by  -1  and  reversing  the  inequality  sign).  So  the  range  of  x  is 
x  <  -3  or  x  >  3.  We  can  show  the  range  on  a  number  line: 


57 


x  must  lie  on  the  thick  lined  parts,  o  means  this  value  is  excluded. 

So  if  |  x  |  >  k  then  x  <  -k  or  x  >  k. 

Next  suppose  |  x  |  <  3.  Then  x  <  3  or  -x  <  3  i.e.  x  >  -3.  Hence  x  lies  between  -3  and  3 
(not  inclusive)  and  we  write  -3  <  x  <  3. 


So  if  |*  |  < k  then  -k  <x  <k. 

These  rules  apply  also  to  linear  and  quadratic  functions. 


Exercise  3.3  (Answers  on  page  610.) 

1  State  the  values  of 

(a)  | -6 1  (b)|-||  (c)  |  cos  120"  |  (d)|3*-6J| 

2  By  testing  with  jt  =  -3,0, 2  verify  that  |  1— jt|  =  |jr— 1  |. 

3  What  is  the  least  value  of  x  for  which  |  2x  -  1  |  =  2x  -  1? 

4  For  what  domain  will  the  graph  of  y  =  |  3  —  jr  |  be  the  same  as  the  graphofy  =  jr-3? 

5  Find  and  show  on  a  number  line  the  range  of  values  of  x  which  satisfy  the  inequalities: 

(a)  |  2x - 3  |  >  5  (b)|i^i|s4 

(c)|^i|>2  (d)jl-f|<3 
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(c)  y  =  -\x- 2  I 


6  For  the  domain  -3  £  x  <,  4,  draw  the  graphs  of 

(a)  >=M  (b)  y=  I  x+  1  I 

(d)y=|2*-l|  (e)y=|3-x| 

7  State  the  range  for  each  of  the  functions  in  Question  6. 

8  Using  the  graph  you  have  drawn  for  part  (a)  in  Question  6,  add  the  graph  of  y  =  -  \  x  \. 

9  On  the  same  piece  of  graph  paper,  draw  the  graphs  of  y  =  |  3x  |  and  y  =  |  x  -  3  |  for 
the  domain  -2  £  x  <,  3.  Hence  solve  the  equation  |  3x  |  =  |  x  -  3  |. 

10  By  drawing  two  graphs,  solve  the  equation  |  x  -  1  |  =  |  2x  -  5  |. 

(Take  0  S  x  i  7  as  domain). 

11  The  range  of  the  function  y=|x-l|isOSy£3.  Find  a  possible  domain.  What  is 
the  widest  possible  domain? 

12  The  domain  of  the  function  y  =  |  2x  -  3  |  ends  where  x  =  2.  If  the  upper  limit  of  the 
range  is  7,  what  is  the  least  value  of  the  domain? 

13  Draw  the  graph  of  y  =  \  x  -  I  |  for  the  domain  -I  <  x  <  2.  Now  add  the  graph  of 
y  =  2  -  |  x  -  1  |  for  the  same  domain.  State  the  range  of  this  function. 

THE  INVERSE  OF  A  FUNCTION 

Fig.  3.18  shows  the  mapping  of  the  domain  (-3, 0,  1,  2)  by  the  function 
f : x  \ - •-  3jt  -  2.  Verify  that  the  range  is  (-11,-2,  1, 4|. 


Fig.  3.18 


Is  there  a  function  that  will  map  the  range  back  to  the  domain? 

The  function  f  in  Fig.3. 18  mapped  .r  onto  y  where  y  =  3x  -  2.  Now  we  wish  to  start  with 
>•  and  return  to  x.  If  3x  -  2  =  y,  then  x  = 

So  this  new  function  will  map  y  onto 
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Example  16 

Find  the  inverse  function  to  f:x  t- - *•  '  t~  . 

f  maps  x  onto  y  where  y  =  '-jr  . 

Make  x  the  subject  of  this  equation. 
iy2  =  y  so  *  -  3  =  2y  and  *  =  2y  +  3. 

Hence  f-' :  y  i - •-  2 y  +  3. 

Changing  to  the  usual  letter  jt,  f“' :  x  t - ►  2*  +  3. 

Suppose  -4  was  a  value  in  the  original  domain.  Then  f  will  map  this  onto  3i.  f-'  will 
now  map  this  value  onto  2(— 3} )  +  3  =-4,  which  is  the  original  value.  Repeat  this  check 
with  other  values  of  x,  say  0,  1  and  3. 


Example  17 

Given  the  function  { :x  t - ►  +  j  (x  JJ.  where  p 

fa)  find  the  value  ofpif((5)  =  H, 

f  b)  find  f~‘  in  a  similar  form, 

fc)  state  the  value  of  x  for  which  f~‘  is  undefined. 

(a)  f(5)=Ll£  =  ii 

Then  5  +  p  =  3  and  p  =  -2. 

(b)  From  (a),  f(jr)  =  jfy  i.e.  y  =  ffy 

or  yx  -  3y  =  jt  -  2,  and  xiy  -  1)  =  3y  -  2. 


Example  18 

Find  the  inverse  off  :x  / - ►  3  -  x. 

f  maps  x  onto  y  where  y  =  3  -  jr. 

So  j:  =  3  -  y  and  the  inverse  function  will  be  f^1 :  x  t- — 3  -  x,  which  is  the  same 
!  function  as  f. 

I  Check  this  by  taking  x  =  3,  -1  and  5. 

Such  a  function  f  is  called  self-inverse,  i.e.  it  is  its  own  inverse. 


Functions  With  No  Inverse 

Some  functions  do  not  have  an  inverse.  Take  the  function  f :  x  l - *■  x2  (Fig.  3.19). 


Fig.-  3.19 


Two  arrows  arrive  at  1  in  the  range.  An  inverse  would  have  two  paths  to  return  from  1  to 
the  domain  and  so  could  not  be  a  function.  There  is  no  inverse  function. 

An  inverse  function  can  only  exist  if  the  original  function  is  a  one-to-one  function 
(Fig.  3.20(a)),  i.e.  there  is  only  one  arrow  reaching  each  member  of  the  range.  There  will 
be  no  inverse  if  the  function  is  a  many-to-one  function  (Fig.  3.20(b)),  i.e.  more  than  one 
arrow  reaches  some  members  of  the  domain. 
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Graphical  Illustration  of  an  Inverse  Function 

Verify  that  the  inverse  of  f :  x  i - ►  lx  -  3  is  f'1 :  x  i - ►  . 

Now  draw  the  lines 

y  =  2r-3  (i) 

and  y  =  (ii) 

on  graph  paper  (Fig.  3.21).  Add  the  line  y  =  x  (shown  dotted). 


How  do  the  two  lines  (i)  and  (ii)  appear  in  relation  to  the  line  y  =  jc? 

Consider  the  point  where  x  =  4  (point  A)  on  (i).  The  image  of  4  from  f  is  5,  so  the 
coordinates  of  A  are  (4,5). 

Now  if  we  take  x  =  5,  its  image  in  f~'  will  be  4.  This  gives  point  A'(5,4)  which  lies 
on  line  (ii). 

The  gradient  of  AA’  is  -1  so  AA’  is  perpendicular  to  the  line  y  =  x  and  the  midpoint 
of  AA'  (4S ,  4 1)  lies  on  the  line  y  =  x.  Hence  A  and  A’  are  reflections  of  each  other  in  the 

We  can  repeat  this  for  any  other  point.  The  coordinates  will  be  interchanged  by  the 
inverse  function,  so  the  two  points  are  reflections  of  each  other.  Hence  lines  (i)  and  (ii) 
are  reflections  of  each  other  in  the  line  y  =  x.  You  can  also  test  this  by  folding  the  graph 
paper  along  the  line  y  =  x. 

The  graphs  of  y  =  f(jr)  and  y  =  f'(*)  are  reflections  of  each  other  in  the  line  y  =  x. 
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Exercise  3.4  (Answers  on  page  611.) 


1  Find  the  inverses  of  the  following  functions  in  the  same  form 


(a)  f 
(c)  f 
(e)  f 
(g)  f 
(i)  f 
<k)  f: 
.  (m)f: 


» - -  8-2* 

i - ►  §  (x  *  0) 


2  Which  of  the  functions  in  Question  1  are  self-inverse? 

3  Given  F1 :  x  i - »-  2*  -  3,  find  f  in  the  same  form. 

4  If  f'1 :  x  i - *■  ,  find  f  in  the  same  form. 


5  f :  x  i - »  a  -  x,  where  a  is  a  constant,  is  a  self-inverse  function.  Given  that 

f-'(4)  =  3,  find  the  value  of  a. 

6  Given  the  function  h :  x  i - ►  yff  U  *  4),  find  the  value  of  h'(-3). 


7  Given  the  function  g  : *  i - ►  yjy  (*  *■  -2),  find  g''(-l). 

8  Given  the  function  f :  *  i - *-  (*  *  1)  and  that  f(2)  =  5. 

find  (a)  the  value  of  d ,  (b)  f"1. 

What  can  be  said  about  this  function? 


9  f :  *  i - k-  jgj- .  where  r  and  s  are  constants  and  f(4)  =  6,  f(-l)  =  -  |.  Find 

(a)  the  values  of  r  and  ,v, 

(b)  the  value  of  *  for  which  f  is  undefined, 

(c)  f  in  the  same  form, 

(d)  the  value  of  *  for  which  f  is  undefined. 


10  Fig.  3.22  shows  part  of  the  graph 
of  a  function  y  =  f(x).  Copy  the 
diagram  and  sketch  the  graph  of  f. 


Fig.  322 
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11  On  graph  paper,  draw  the  graph  of  f :  a:  < - »  3  -at.  Construct  the  reflection  of  this 

graph  in  y  =  x.  Explain  your  result. 

12  (a)  Find  the  inverse  of  f :  x  i - ► 

(b)  On  graph  paper.draw  the  graph  of  y  =  . 

(c)  Construct  the  reflection  of  the  graph  in  part  (b)  in  y  =  x.  Show  that  this  is  the 
graph  of  f1. 

13  The  function  f  is  defined  as  f :  x  i - *■  {  *  +  ^  for  .tiO 

L  2r  +  3  for  at  <  0 

Sketch  the  graphs  of  f  and  f  '. 

14  Copy  Fig.  3.23  and  sketch  the  inverse  of  the  function  y  = 


Fig.  3.23  0 

15  (a)  If  f(x)  =  3  - 1 ,  solve  the  equation  f(Ar)  =  jr. 

(b)  Draw  the  graph  of  f(jr)  for  5  &x<2. 

(c)  Add  a  sketch  of  the  graph  of  f"'(jr)  for  -1  S  at  S  2. 

Composite  Functions 

Consider  the  function  f:  x  t - -  2a:  -  3  (Fig.  3.24).  4  is  mapped  onto  5. 


Fig.  3.24 


Lei  g  be  another  function  such  that  g :  x  i - ►  x  +  1. 

We  now  use  g  on  f(4)  to  obtain  g[f(4)]  =  6.  So  4  has  been  mapped  onto  6  by  f  followed 
by  g  (Fig.  3.25). 


Fig.  3.25 


Can  we  find  a  single  function  h  which  combines  f  and  g? 

x  is  mapped  onto  lx  -  3  by  f  and  this  is  the  starting  value  for  g.  So  g  maps  2x  -  3 

onto  (2*  -  3)  +  I  =  Zx  -  2.  Hence  h  :  x  i - »■  2x  -  2.  If  x  =  4.  the  final  result  is  6  as 

we  have  seen,  h  is  called  the  composite  (or  combined)  function  g[f(x)]  which  we  write 
briefly  as  h  =  gf. 

second — '  ' — first 

Note  carefully  that  the  first  function  is  written  on  the  right. 

Now  suppose  we  do  g  first,  followed  by  f,  i.e.  fg. 

jr  i  *  «-  x  +  1  i  f  ►  2(x  +  X)  -  3  =  2r  -  1 

t - fg - - - \ 

The  result  is  different,  fg  is  not  the  same  function  as  gf.  We  say  the  combination  of 
functions  is  not  commutative,  i.e.  the  order  in  which  they  are  done  is  important  and 
cannot  (in  general)  be  interchanged.  However  for  some  values  of  x,  fg  may  be  equal  to  gf. 

NB:  Take  care!  fg  does  NOT  mean  f  x  g  when  dealing  with  functions. 


Example  19 

Iff:  x  i - \x  -  3.  find  (a)  f  and  (b)  f'f. 

(a)  y  =  2r-3sojr  =  ^ 

Therefore  t' :  x  i - ► 


(b)  f'T  means  that  we  do  f  first,  f'1  second. 


So  f~'f :  x  i - ►  x 

i.e.  f"'f(jr)  =  x 

Verify  that  ff"1  gives  the  same  result. 
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important 


This  follows  from  the  definition  of  the  inverse  function,  f  maps  x  onto  the  range  giving 
f(x).  f1  operates  on  f(.v)  to  return  to  the  original  element  x.  So  f'f(.r)  =  x.  Similarly,  if  we 
start  from  the  range,  ff  '(jt)  =  x. 
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(d)  (gf)"'  is  the  inverse  of  gf. 
Verify  that  (gf)'1 :  x  i - 


:-2. 


(e)  If  gf  =  fg,  then  =  jjy-f  ,jr*-l,  3. 

So2x  +  2  =  (3jr-l)(4-2r)  =  -6r3+  14^-4or6x1-  12x  +  6  =  0. 
Then  jr2  -  2x  +  1  =  0  or  (jr  -  l)(x -  1)  =  0  giving  x  -  1. 

This  is  the  only  value  of  x  for  which  gf  =  fg. 


Example  22 

Using  the  functions  f  and  g  in  Example  21,  find  f'1  and  g"1.  Show  that  (fg)'1  =  g'f1. 
Suggest  and  test  a  similar  result  for  (gf)'1. 

Verify  that  t' :  x  a - and  g"1 :  x  a - »■ 

From  (c)  in  Example  21,  (fg)"1 :  x  I - 4i2. 

g-'f  is  given  by  x  i  »■  i  *  ►  — ■ t-?-2.  =  1±£. 

Hence  (fg)'1  =  gr'f-‘. 

So  the  inverse  of  fg  is  the  inverse  of  f  followed  by  the  inverse  of  g.  This  suggests  that 
(gf)'1  =  f"'g''.  Show  that  this  is  correct  using  (gf)'1  from  Example  21. 


The  results  of  Example  22  are  true  in  general: 


(fgr^g-'f1 
(gf)-1  *  f-y 
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Example  26 

Express  in  terms  of  the  functions  f :  x  I - ►  x  +  3  and  g  :  x  i - *■  Jt2, 

(a)  x!  +  3,(b)x!  +  6x  +  9.  (c)  x  +  6.  (d)  x2  +  6x  +  12.  (e)  x!-6x  +  9. 

(a)  This  is  fg. 

(b)  Note  that  jr2  +  (uc  +  9  =  (*  +  3)2.  f  gives  (jt  +  3).  g  gives  the  square.  So  this  is  gf. 

(c)  Here  g  is  not  involved  as  there  is  no  square.  Try  ff. 

(d)  Note  that  x*  +  fix  +  12  =  (x  +  3)2  +  3.  We  get  Or  +  3)2  from  gf. 

If  we  now  use  f,  we  obtain  the  result.  The  answer  is  therefore  fgf  (first  f,  then  g 

and  lastly  f  again). 

(e)  x1  -  fix  +  9  =  (x  -  3)2.  Now  f  docs  not  produce  Or  -  3)  but  O'  :  x  I - *-  x  -  3. 

Hence  the  answer  is  gf '. 


Exercise  3.5  (Answers  on  page  613.) 

1  Using  the  functions  f :  x  i - ►  x  +  2  and  g  :  x  i - *■  Jt  -  3,  find  in  the  same  form 

(a)  fg,  (b)  gf,  (c)  ff.  (d)  gg. 

2  S  :  x  i — sin  x°  and  T :  x  i - •-  2x  arc  two  functions. 

Find  (a)  ST(20),  (b)  TS(20). 

3  Taking  f  :  x  l - ►  x  +  2  and  g  :  x  l - »■  3jc  —  1,  find  (a)  fg,  (b)  gf,  (c)  O', 

(d)  g'1,  (e)  O',  (0  gr'f. 

4  If  f :  x  i - ►  x  +  I,  find  (a)  P,  (b)  P  and  deduce  (c)  P,  (d)  P-  (e)  P. 

5  Taking  the  function  f  as  f : x  i - ►  yyy  ,  x  *  -2,  find  (a)  O',  (b)  P,  (c)  (P)*1.  In 

each  case,  state  the  values  of  x  which  must  be  excluded  from  the  domain. 

6  If  f :  x  l - ►  jr2  —  2  and  g  :  x  \ - ►  x  +  3,  find  (a)  fg,  (b)  gf. 

For  what  value  of  x  is  fg  =  gf  ? 

7  Given  that  g  :  x  i - *-  x  +  2  and  h :  x  i - *-  jr2  -  3,  find  the  value  of  x  for  which 

gh  =  hg. 

8  For  the  functions  f :  x  i - -  x  -  4  and  g  :  x  i - *■  3x  -  2,  find  similarly  (a)  f ', 

(b)  g-',  (c)  fg-’,  (d)  (fg)-1. 

9  Functions  f  and  g  are  defined  by  x  i - 2x  +  1  and  x  i - ►  1  —  3jc  respectively. 

For  what  value  of  x  is  fg-'  =  O'g? 

10  Functions  f  and  g  are  defined  as  f :  x  i - »  — and  g  :  x  i - ►  j  (x  *  0) 

respectively.  Find  similarly  (a)  fg,  (b)  g-‘f,  (c)  O'g-'.  In  each  case,  state  the  values  of 
x  which  must  be  excluded  from  the  domain,  (d)  For  what  values  of  x  is  gr'f  =  O'g"'? 

11  The  functions  f  and  g  are  defined  as  f :  x  i - 3x  +  2  and  g  :  x  i - »-  j  Or*  0). 

Find  similar  expressions  for  (a)  fg,  (b)  gf,  (c)  O'g,  (d)  gf  '.  In  each  case,  state  the 
values  of  x  which  must  be  excluded  from  the  domain. 

Find  the  value(s)  of  x  for  which  (e)  fg  =  gf,  (f)  O'g  =  gf"'. 
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12  Given  f :  x  i - ►  1-  j  .  x  *  0,  and  g  :  *  i - ■-  -pL- ,  x  *  I,  find  fg(x)  and 

gf(x).  Hence  state  the  inverses  of  f  and  g. 

13  f  is  the  function  that  maps  x  onto  77-}-  (x  *  1). 

(a)  Show  that  f  is  self-inverse. 

(b)  FindP. 

(c)  Show  that  P  =  f. 

14  f :  x  1 - »-  ax  +  b  (a,  b  constants)  and  g  :  x  1 - ►  2x  +  3  are  two  functions. 

(a)  If  fg  =  gf,  find  a  relation  between  a  and  ft. 

(b)  Given  that  f-'(7)  =  -1,  find  the  values  of  a  and  ft. 

15  If  f  maps  x  onto  5  -  §  and  g  maps  x  onto  2x  +  1 .  show  that  fg  and  gf  are  both  self- 

16  f :  x  1 - ►  7VT  ,x*-l 

(a)  Find  P.  Slate  the  value  of  x  which  must  be  excluded  from  the  domain. 

(b)  If  P(jr)  =  -I,  find  the  value  of  x. 

17  If  f(x)  =  77J .  x  *  -2,  find  P  and  P.  In  each  case,  state  the  values  of  x  which  must 
be  excluded  from  the  domain.  Solve  the  equation  P(x)  =  1. 

18  f :  x  1 - »-  3x  +  1 .  Find  a  function  g  so  that  gf :  x  1 - ►  3x  +  2. 

19  If  f :  x  1 - »-  2x  +  3,  find  a  function  g  so  that  fg  :  x  1 - ►  2x  -  I. 

20  Express  the  following  in  terms  of  the  functions  g :  x  1 - ►  jr  +  2  andh  :  x  1 - ►  3x. 

(a)  x  1 - ►  3x  +  2  (b)  x  1 - ►  3x  +  6 

(c)  x  1 - ►  x  +  4  (d)  x  1 - ►  3x  +  12 

(e)  x  1 - ►  9*  (f)  x  1 - ►  9x  +  2 

(g)  jm - *■*-2  (h)  jm - -3x-6 

21  Given  f :  x  1 - »-  x  +  3  and  g  :  x  1 - *-x3  -  1,  state  the  following  in  terms  of  f 

and  g. 

(a)  x  1 - ►jr1  +  2  (b)  x  1 - ►jp  +  fa  +  g 

(c)  x  I - ►  X  +  6  (d)  X  1 - ►  Jp  +  12jc  +  35 

(e)  x  1 - »■  :P - 6cr  +  8  (l)n - ~jp-4 

22  Given  f :  x  1 - ►  Vx  (positive  root)  and  g :  x  1  »  x  +  2,  express  the  following 

in  terms  of  f  and  g: 

(a)  x  1 - ►  Vx  +  2  (b)  x  1 - ►  V7+  2 

(c)  x  1 - » x  +  4  (d)  x  1 - ►  V7+4 

(e)  x  1 - »■  VjT-2  (0  x  1 - ►  jP  +  4x  +  4 

(g)  x  1 - »■  jp  -  4x  +  4  (h)  x  1 - »-  jp  +  8Jr  +  16 

23  If  f :  x  1 - »  x- 3,  what  is  the  function  g  which  makes  gf  :x  1 - ►x2-6ir+10? 

24  f:xl - »-2+  1.  and  g :  x  i - x  +  4.  Find  the  inverse  of  fg  in  a  similar 

25  f  is  given  by  f :  x  1 - ►  jfy  (x  #  3) .  Find  (a)  P,  (b)  P,  (c)  P.  Deduce  P. 

In  each  case,  state  the  values  of  x  that  must  be  excluded  from  the  domain. 
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SUMMARY 

•  A  function  f  maps  an  input  x  (domain)  onto  a  unique  image  y  (range). 

f:x  i - ►>  =  f(Jt) 

•  y  =  f(jt)  is  the  equation  of  the  graph  of  the  function. 
y  =  -f(x)  is  the  reflection  of  y  =  f(jr)  in  the  x-axis. 

y  =  f(— or)  is  the  reflection  of  y  =  f(jr)  in  the  y-axis. 
y  =  a  +  f(.r)  shifts  the  graph  upwards  through  a  units  if  a  >  0,  and 
downwards  if  a  <  0. 

y  =  f(x  +  a)  shifts  the  graph  through  a  units  to  the  left  if  a  >  0.  and  to  the 
right  if  a  <  0. 

•  Modulus  of  x  :  \  x  |  =  jr  for  x  >  0, 

=  -x  for  jr  <  0. 

•  If  |x|>*.thcnx<-*orx>*; 
if  |  x  |  < *,  then -k<x<k 

•  To  draw  the  graph  of  y  =  |  f(jr)  |,  first  draw  the  graph  of  y  =  f(x)  and  then 
reflect  any  negative  part  in  the  jr-axis. 

•  If  f  is  one-to-one,  the  inverse  function  f  exists. 
ff-'U)  =  f-'f(x)  =  x 

•  If  f  =  f"',  f  is  self-inverse. 

•  The  graphs  of  y  =  f(jr)  and  y  =  f'(jr)  are  reflections  of  each  other  in  the  line  y  ■ 

•  Functions  may  be  combined,  but  the  order  is  important. 

gf :  x  i — f(jr)  i — g|f(x)l 
second  — I  I —  first 

fg  :  X  I  $  ►  g(x)  I — flg(x)| 

•  P  means  ff,  and  so  on. 

•  (fg)'1 2  =  r'f-1;  (gf)'1  =  f'g'1 


REVISION  EXERCISE  3  (Answers  on  page  614.) 


1  f :  x  i - *•  2x  -  3.  Find  the  domain  of  x  if  -5  <  f(x)  <  3. 

2  f  is  a  function  given  by  f : x  i - ►  ,  (x  *  3). 

(a)  Find  f1. 

(b)  State  the  value  of  x  for  which  is  undefined. 
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3  (a)  Solve  these  inequalities  and  show  the  results  on  a  number  line  for  each  one: 

(i)  |  4ar  -  3  |  22  (ii)|l-&|<4 

(b)  Given  that  |  ax  +  b  |  <  5  where  a  and  b  are  constants  and  that-4<jr<  1,  find  the 
value  of  a  and  of  b. 

4  On  the  same  diagram,  sketch  the  graphs  of 

(a)  y  =  |  x-2  |, 

(b)  >•  =  2  |  .r  -  2  | , 

(c)  y  =  2  -  |  x  -  2  |  for  the  domain  -2  <  *  <  4. 

5  On  graph  paper,  sketch  the  graphs  of 

(a)  y  =  |  x  +  I  |, 

(b)  y=\3-x\. 

Hence  solve  the  equation  |  x  +  I  |  =  |  3  -  x  \. 

6  Fig.  3.26  shows  part  of  the  graph  oty  =  f(x).  Copy  the  diagram  and  add  the  graphs  of 

(a)  y,  =  f(-Jt), 

(b)  y2  =  ftr  -  1), 

(c)  y}  =  f(l-jr). 


Fig.  3.26 


7  Given  the  function  f :  j:  i - ►  3x  -  ^ ,  x  *■  0,  find  the  value  of  f(2)  and  the  values 

of  x  whose  image  under  f  is  1 . 

8  g:jri - »■  ,xf2.  Show  that  ggU)  =  .t  for  all  values  of  x  except  jr  =  2. 

9  For  the  functions  f :  x  t — ■ — *-  jc1  —  4  and  g  :  x  \ - *-  2jt  +  3,  find  in  a  similar  form 

(a)  fg,  (b)  gf. 

(c)  Find  the  values  of  x  for  which  fg  =  gf. 

10  The  function  R  maps  x  onto  the  remainder  when  16  is  divided  by  x.  If  the  domain  is 
1 2,  3.  5, 7 1.  state  the  range.  Does  R~'  exist? 

11  A  function  f  is  defined  as  f :  x  i - ►  ,x*-\.  Prove  that 

P :  x  i - »■  2*  +  t".  **  -l,  j  •  Obtain  a  similar  expression  for  f5  and  hence  suggest 

a  possible  expression  for  f".  (C) 

12  Given  that  f :  x  i - x  +  2  and  gf :  x  i - *-  x1  +  Ax  +  2,  find  the  function  g. 

Hence  express  x  i - ►  x1  -  Ax  +  2  in  terms  of  f  and  g. 
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13  (a)  The  function  f :  x  i - »■  3*  +  a  is  such  that  ff(6)  =  10.  Find  the  value  of  a  and 

of  f'(4). 

(b)  Functions  f  and  g  are  defined  by 

f:jCl - -  JTl-**3,  g:jc' - 2x~ 3 

(i)  Find  expressions  for  f,  fg  and  gf. 

(ii)  Find  the  value  of  x  for  which  fg(x)  =  gf(x). 

(c)  The  function  f :  x  i - *■  2x  -  5  is  defined  for  the  domain  x  2  1.  State  the  range 

of  f  and  the  corresponding  range  of  ff  (C) 

14  Fig.  3.27  illustrates  part  of  the  function  f :  x  l - *■  >■,  where  y  =  ax  +  b. 

Calculate  the  value  of  a  and  of  b. 


!  5 


Find  the  end-points  of  the  shortest  arrow  that  can  be  drawn  for  this  function. 

15  (a)  Functions  f  and  g  are  defined  by  f :  x  i - 3x  -  2  and  g  :  x  i - >■  -y  -  4 

(x  *  0).  Find  an  expression  for  the  function  (i)  ff,  (ii)  fg,  (iii)  g~'. 

(b)  The  function  h :  x  i - *-  jr3  +  ax  +  b  is  such  that  the  equation  h(x)  =  x  has 

solutions  of  x  *>  2  and  x  =  3.  Find  the  value  of  a  and  of  b.  (C) 

16  The  functions  f  and  g  are  defined  over  the  positive  integers  by  f :  x  i - ►  6-2r  and 

g:x  i - ►  -§-.**0. 

Express  in  similar  form  (a)  fg,  (b)  gf,  (c)  f,  (d)  g-1,  (e)  (fg)1. 

Find  the  value  of  x  for  which  ff(x)  =  gg(x). 

17  Express  in  terms  of  the  functions  f :  x  i - *■  Vi ,  x  i  0  and  g :  x  i - *-  x  +  5 

(a)  x  i  >  'Ix  +  S.xZ-S  (b)  x  i - -jr-5 

(c)  JC  i - ►JT+10  (d)  x  i - *<x+  lo.arao 

<e)  JT  i - ~j<*  +  5  (C) 
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18  Fig.  3.28shows  part  of  the  mapping  ofx  to  y  by  the  function  f:x  i - »•  9x  -  a  and 

part  of  the  mapping  of  y  to  z  by  the  function  g :  y  \ - ►  ,  y  *  12. 

(a)  Find  the  values  of  a  and  b. 

(b)  Express  in  similar  form  the  function  which  maps  an  element  x  to  an  element  z. 

(c)  Find  the  element  x  which  is  unchanged  when  mapped  to  z. 

(C) 


Fig.  3.28 


19  Given  that  f :  x  ■ - *»  (*  #  3)  and  that  f(4)  -  9,  find 

(a)  the  value  of  p,  * 

<b)  r‘(-3). 

(c)  Obtain  a  similar  expression  for  P. 

(d)  Find  the  valuefs)  of  x  which  have  the  same  image  under  P  and  f. 

20  The  function  P  maps  x  onto  ,  x  *  - § . 

(a)  Given  that  P(3)=  2  and  P(-3)  =  -6,  find  the  values  of  a  and  b. 

(b)  Find  the  value  of  x  whose  image  under  P  is  | . 

(c)  Obtain  a  similar  expression  for  P-'. 

21  (a)  Given  the  functions  f :  x  i - lx  -  5  and  g  :  x  \ - ►  |  (for  x  *  0),  find  in 

a  similar  form  (i)  fg,  (ii)  gf. 

Hence  solve  the  equation  fg(x)  =  gU). 

(b)  Functions  p  and  q  arc  defined  as  p  :*  i - ►  -j-iy  ,x^-3,andq  \x  i - *■  J. 

Find  in  a  similar  form  (i)  p~'q  and  (ii)  pq1. 

(c)  The  function  h  is  defined  by  h :  x  i - »■  (x  *  1). 

Find  the  value  of  (  for  which  the  equation  h(x)  =  x  has  the  solution  x  =  3. 


22  The  function  f  is  defined  as  f :  x 
Sketch  the  graphs  of  f  and  f. 


f  2for*20 
ljt  +  2forx<0 


23  If  f(x)  =  3  +  | ,  x  *  0,  sketch  the  graph  of  f(x)  for  1  <  x  <  4. 
Now  add  a  sketch  of  the  graph  of  f'(x)  for  3‘  £  x  <,  5. 
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24  (a)  Given  that  f  :  *  i - ►  (x  *  2)  find  f'(x)  and  P(x).  Hence  solve  the 

equation  P(x)  +  2t'(x)  =  5. 

(b)  If  g  :  x  I - —  (x  *  2),  find  the  values  of  a  if  g:(-l)  +  2gr‘(— 1)  =  -3. 

B 

25  For  the  domain  -3  fix  S3,  sketch  the  graph  of  y  =  |  [jr]  |,  where  [x]  means  the  greatest 
integer  less  than  or  equal  to  x  (for  example,  [3.4]  =  3,  [-3.4]  =  -4  etc).  State  the  range 
of  this  function  for  this  domain. 

26  Draw  the  graph  of  y  =  |  1  -  |  2  -  x  1 1  for  the  domain  -3  <  x  <  5. 

27  Fig.  3.29  illustrates  the  function  y  =  f(x)  over  the  domains  -1  <  x  <  0  and  0  <  x  <  3. 
The  function  is  undefined  for  all  other  values  of  x.  Sketch  the  functions  given  by 

(a)  y,  =  «x)  +  1. 

(b)  y2  =  f(x  +  1). 


Rg.  3.29 

28  f,  g  and  h  are  functions  defined  by  f :  x  I - »  Vx7  g  :  x  l - ►  j  and 

htx  t  —  x  +  1.  Express  in  terms  of  f,  g  and  h: 

(a)  x  i - ►  \ISJT'  0»)  x  ' - *■  **  V*1 

(C)  x  i - ►  2(x+  If  (d)  x  i - ►  2x>  +  1 

29  The  functions  f  and  g  are  defined  by 

f :  x  i - »-  remainder  when  x*  is  divided  by  7, 

g  :  x  i - remainder  when  x2  is  divided  by  5. 

(a)  Show  that  f(5)  =  g(3). 

(b)  If  n  is  an  integer,  prove  that  f(7n  +  x)  =  f(x)  and  state 
forg. 


the  corresponding  result 
(C) 
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30  The  function  T  maps  (x,y)  onto  (x  +  y,  x  -  2 y). 
the  point  (2,1).  T  maps  A  onto  B  and  B  onto  C.  Find  the  coordinates  of  B 

nt  D  is  mapped  onto  E(l,7)  by  T.  Find  the  coordinates  of  D. 

■  point  F  is  mapped  onto  G(0,9)  by  T2.  Find  the  coordinates  of  F. 

(d)  Express  F'  in  the  same  form  as  T. 

31  Given  that  the  range  of  y  =  f(l  -  x)  -  1  is  -2  <  y  <  3,  find  the  range  of  (a)  fix), 
(b)  fix  +  1)+1. 
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The  Quadratic 
Function 


You  have  solved  quadratic  equations  such  as  X*  -  4x  -  5  =  0  in  previous  work.  In  this 
Chapter  we  study  the  quadratic  function 

f :  xi - ►  ax*  +  bx  +  c  (a*0) 

First  we  review  some  essential  techniques  for  solving  quadratic  equations.  These  will 
always  give  two  solutions  or  roots,  though  sometimes  they  may  be  equal. 

SOLVING  QUADRATIC  EQUATIONS 

I  By  factorization 

This  is  the  simplest  method  if  it  is  possible.  For  example  x*  -  4x  -  5  =  0  gives 
(x  -  5)  (x  +  1)  =  0  so  x  =  5  or  -I.  However,  certain  quadratic  equations,  like 
x2  -  4x  -  4  =  0  for  example,  cannot  be  factorized. 

It  is  useful  to  remember  that  the  equation  with  roots  a  and  f)  is 
(x-ctKx-P)  =  0. 


II  By  completing  the  square 

To  solve  x*  -  4x  —  4  =  0,  we  can  complete  the  square  i.e.  we  make  the  x*  -  4x  part  into 
a  square. 

Rewrite  x3  -  4x  as  (x  -  2)*  -  4.  (Check  by  expanding  this.) 

Then  a*  -  4x  -  4  =  0  becomes  (x  -  Z?  -  8  =  0  or  (x  -  2)1  =  8. 

Now  lake  the  square  root  of  each  side:  x  -  2  =  ±  V8  and  x  =  2  ±  giving  x  =  4.83  or 

-0.83  (correct  to  2  decimal  places). 
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for  the  roots  of  any  equation  as  follows. 


ax2  +  bx  +  c  =  0 
so  ^+^+£=0 
Then  x>+hdx  =  -'d 

Completing  the  square:  (jr  +  *)'-£~s 


where  D  =  tr  -  4ac.  D  is  called  the  discriminant.  You  will  find  out  why  later. 

When  using  the  formula  note  carefully  that  it  begins  with  -b  and  that  the  denominator 
is  2a. 

Note:  The  formula  is  the  preferred  method  but  it  is  essential  to  know  the  technique  of 
completing  the  square  for  later  use. 


Example  1 

Solve  2x*  -3x- 1  =  0. 

Check  that  the  left  hand  side  does  not  factorize. 
Using  the  formula,  a  =  2,  b  =  -3,  c  =  —  1. 


3)  ±  V(-3y  -4(2M-1>  3±Vl7 

Thcnx - ^ - - — 

giving  x  =  1.78  or  -0.28  (2  decimal  places). 


Example  2 

Solve  2x*  -  3x  +  4  =  0. 

x_  3  t  V9- 4(2X4)  _  3  t  >£-23 


But  -23  has  no  (real)  square  root.  Hence  the  equation  has  no  real  roots.  We  shall  see 
the  significance  of  this  later.  Such  an  equation  is  said  to  have  complex  roots.  We  shall 
not  however  use  complex  numbers  in  our  work. 
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GRAPH  OF  THE  QUADRATIC  FUNCTION 
f(x)  =  ax2  +  bx  +  c 

As  you  will  have  noticed  in  drawing  such  graphs,  the  graph  of  a  quadratic  function, 
y  =  ax1  +  bx  +  c,  has  a  characteristic  shape.  It  is  a  curve  called  a  parabola  (Fig.4.1). 


When  a  >  0,  as  in  2**  -  3jt  -  1 ,  the  parabola  has  a  minimum  value  at  the  bottom  of  the 
curve. 

When  a  <  0,  as  in  1  -  x  -  2x \  the  graph  has  a  maximum  value  at  the  lop  of  the  curve. 

The  position  of  the  curve  relative  to  the  x-axis  depends  on  the  type  of  the  roots  of  the 
equation  f(x)  =  0.  These  roots  are  the  values  of  x  where  the  curve  meets  the  x-axis. 

TYPES  OF  ROOTS  OF  a*  +  bx  +  c  =  0 

The  roots  are  given  by  x  =  where  D  =  &  -  4ac. 

I  IfD  is  negative  (D  <  0  i.e.  b2  <  4 ac),  then  there  is  no  value  of  Vd.  The  equation  has  no 
real  roots  and  the  curve  docs  not  meet  the  x-axis  (Fig.4.2). 
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Example  3 

What  type  of  roots  does  the  equation  Sxr  -  3x  +  I  =  0  have  ? 
Using  the  formula,  a  =  5,  b  =  -3,  c  =  1. 

Then  D  =  (-3)1  —  4<5)< I)  =  -1 1. 

As  D  <  0,  the  equation  has  no  real  roots. 


II  IfD  is  positive  (D>  0  i.e.  If  >  4 ac),  then  VfJ  has  two  values.  The  equation  has  two 
different  real  roots  and  the  curve  meets  the  jr-axis  at  two  points  (Fig.4.3). 


If  D  is  a  perfect  square,  Vo  will  be  an  integer.  Then  the  roots  will  be  rational  numbers, 
i.e.  fractions  and  whole  numbers. 


Example  5 

What  type  of  roots  does  the  equation  2x*  +  3x  -  5  =  0  have? 
D  =  V-  4(2)(-5)  =  49 

As  D  is  positive,  the  equation  has  two  different  real  roots. 
The  roots  are  ~3*7  =  I  or  -  | . 

The  equation  could  have  been  solved  by  factorization. 


Ill  IfD  =  0  (i.e.  br  =  4ac),  then  .v  =  -jj- .  This  means  that  the  roots  are  equal  (also  called 
repeated  or  coincident  roots).  The  curve  touches  the  x-axis  with  the  two  roots  merging 
into  one  (Fig.4.4). 


Example  6 

(a)  For  what  values  of  Ic  will  the  x-axis  he  a  tangent  to  the  cun 
y  =  kx2  +  (I  +  k)x  +  k? 

( b )  With  these  values,  find  the  equations  of  the  curves. 

(a)  On  the  x-axis,  y  =  0.  So  the  roots  of  lot2  +  ( 1  +  k)x  +  *  =  0 
x-axis  is  to  be  a  tangent.  Then  h-  =  4 ac  where  a  =  k.  h  =  \  ■ 
Therefore  (1  +*)!  =  4 kk  =  4 Ic2. 


So  1  +  2k  +  k2  =  4k>  or  3*=  -  2k  -  1  =  0. 
Solving  this  we  gel  (3*  +  l)(i  -  1)  =  0  giving  k 
(b)  If  it  =  1,  the  equation  is  y  =  x3  +  2x  +  I. 

If  k  =  —  5 ,  the  equation  is  y  =  -  '  ~  *  1 . 


ist  be  equal  if  the 


Summarizing  the  conditions  for  the  various  types  of  roots  of  the  equation 
ax2  +  hx  +  c  =  0: 


D  <0 
b2  <  4ac 


No  real  roots 


Different 
if  b‘>  Aac 


D20 
tfZAac 
Real  roots 


- 1 

Equal 
if  h2  =  Aac 


have  learnt.  D  is  called  the  discriminant:  it  discriminates  between  the  types  of 


Example  7 

The  equation  pjr  -  2(p  +  3  lx  +  p  -  I  =  0  has  real  roots.  What  is  the  range  of  \-alues 
ofp? 

For  real  roots,  ft2  >  4 ac. 

Here  a  =  p,b  =  -Up  +  3)  and  c  =  p  -  I. 

Then  [-2 (p  +  3)]2  2  4 pip  -  1). 

Simplifying,  Mp1  +  6p  +  9)  >  4 p2  -  Ap 
or  6p  +  9  2  -p. 

Hence  7p  2  -9  and  p  2  - 

Example  8 

Find  the  range  of  values  of  p  for  which  the  line  2 x-y  =  p  (i) 

meets  the  curve  x(x-y)  =  4. 

(U) 

The  line  may  meet  the  curve  at  two  points  or  touch  the  curve.  The  coordinates  of  these 
points  will  be  the  solutions  of  Ihe  simultaneous  equations  (i)  and  (ii). 

From  (i),  y  =  2x  -p. 

Substituting  in  (ii),  xfjt  -  2x  +  p)  =  4 
which  simplifies  to  jr2  -  px  +  4  =  0. 

The  roots  of  this  equation  are  the  ^-coordinates  of  the  point(s) 
curve.  These  must  be  real.  So  it2  2  4 ac  where  a  =  I,  b  =  -p 
Then  (-p)2  2  4(1)(4)  or  p2  2  16  which  gives  p  2  4  or  p  £  -4 


(b)  If  m  -  | ,  find  the  equation  of  ihe  tangent  and  the  coordinates  of  its  point  of 
contact. 

(c)  Find  the  equations  of  the  two  tangents  to  this  curve  which  pass  through  the  point 


(a)  As  in  Example  8,  we  solve  the  simultaneous  equations. 

Substituting  y  =  mx  +  *  in  the  equation  of  the  curve: 

(mx  +  *)2  =  8j 

Then  mV  +  2mkx  +  **  -  8r  =  0  i.e.  mV  +  (2m*  -  8f>  +  *’  =  0 
Now  this  equation  must  have  equal  roots  as  the  line  is  a  tangent. 

Then  b-  =  4 ac  where  a  =  m2,  6  =  (2m*  -  8)  and  c  =  k*.  so  (2m*  -  8)2  =  4m2*2  or 
4m2*2  -  32 m*  +  64  =  4m2*2  which  gives  m*  =  2.  the  relation  required. 

(b)  If  m  =  j  .  then  *  =  4.  The  equation  of  the  tangent  is  therefore  y  =  j  +4. 

To  find  the  coordinates  of  the  point  of  contact,  we  solve  this  equation  with  that  of 
the  curve. 

Then  ( \  +  4)2  =  8*  i.e.  f  +  4x  +  16  =  ix 
or  x2  -  Ifir  +  64  =  0. 

Hence  (jr  -  8)2  =  0  giving  x  =  8. 

The  corresponding  value  of  y  is  §  +4  =  8. 

Hence  the  coordinates  of  the  point  of  contact  are  (8,8). 

(c)  As  m*  =  2,  the  equation  of  any  tangent  is  y  =  mr  + 

If  (-3,-5)  lies  on  the  tangent,  then  -5  =  -3m  +  ^ 
which  simplifies  to  3m!  -  5m  -  2  =  0. 

Solving  this,  (3m  +  l)(m  -  2)  =  0  giving  m  =  2  or  -  5 . 

Hence  the  equations  arc  y  =  2x  +  1  and  y  =  -  5  -  6  i.c.  x  +  3y  =  -18. 


Exercise  4.1  (Answers  on  page  616.) 

1  Without  solving  these  equations,  state  the  type  of  roots  they  have  i.e.,  real,  real  and 
equal  or  not  real: 

(a)  jr  -  lOfct  +  25  =  0  (b)  x2- 6*  +  10  =  0 

(c):r2  =  4x  +  7  (d)  2x2-.x  +  2  =  0 

(e)  3*1  +  *  =  1  (0  4jt2-2Or  +  25  =  0 

(g)i+j^j=2  (h)  J  +  1  =  ji-j  -  1 

(i)  Iv2  =  px  +  p2  (j)  ax1  -  x  =  a  (a  >  0) 

2  Find  the  values  of  *  if  the  equation  x2  +  (*  -  2)x  +  10  -  *  =  0  has  equal  roots. 

3  What  is  the  largest  value  m  can  have  if  the  roots  of  3X2  -  Ax  +  m  =  0  are  real? 

4  For  what  values  of  p  does  the  equation  jr2  -  2px  +  (p  +  2)  =  0  have  equal  roots? 

5  The  equation  x2  -  2r  +  1  =  p(x  -  3)  has  equal  roots.  Find  the  possible  values  of  p. 

6  Show  that  the  equation  <rV  +  ax  +  1  =  0  can  never  have  real  roots. 

7  Find  the  values  of  *  if  the  line  x  +  y  =  *  is  a  tangent  to  the  circle  jr2  +  y2  =  8. 
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8  The  equation  kx1  +  2(4  +  a)x  +  k  =  a  has  equal  roots.  Express  k  in  terms  of  a.  Show 
that  the  line  y  =  4(x-3)  is  a  tangent  to  the  curve  y  =  ktf-lx  +  1)  for  any  value  of  k 
except  0. 

9  (a)  Find  the  range  of  values  of  m  for  which  the  line  y  =  mx  +  5  meets  the  curve 

y  =  x2  +  9  in  two  distinct  points. 

(b)  If  this  line  is  to  be  a  tangent,  find  the  two  possible  equations  of  the  tangent  and 
the  coordinates  of  the  points  of  contact. 

10  The  line  y  =  mx  +  I  is  a  tangent  to  the  curve  y2  =  2x  -  3.  Find  the  values  of  m. 

11  The  line  y  =  2x +p  is  a  tangent  to  the  curve  x(x  +  y)  +  12  =  0.  Find  the  possible  values 

12  (a)  Find  the  relation  between  m  and  c  if  the  line  y  =  mx  +  c  is  a  tangent  to  the  curve 

y  =  2r. 

(b)  Hence  find  the  equations  of  the  two  tangents  to  this  curve  which  pass  through  the 
point  (2,2: ). 

13  What  is  the  range  of  values  of  c  if  the  line  y  =  2*  +  c  is  to  meet  the  curve  x2  +  2y2  = 
8  in  two  distinct  points? 

14  The  equation  (p  +  3  lx2  +  2 px  +  p  =  1  has  real  roots.  Find  the  range  of  values  of  p. 

15  If  the  equation  .v2  -  (p  -  2)x  +  1  =  p(x  -  2)  is  satisfied  by  only  one  value  of  .v,  what 
are  the  possible  values  of  p? 

16  If  the  equation  x1  -  2 kx  +  3*  +  4  =  0  has  equal  roots,  find  the  possible  values  of  k  and 
solve  the  two  equations. 

17  Find  the  values  of  k  for  which  the  line  x  +  y  =  4  is  a  tangent  to  the  curve 
x(x  -  y)  +  2  =  0. 

MAXIMUM  AND  MINIMUM  VALUES  OF  A 
QUADRATIC  FUNCTION 

The  maximum  or  minimum  values  of  the  function  fix)  =  ax*  +  bx  +  c  are  the  yalues  of 
fix)  at  the  top  or  bottom  of  the  curve.  These  arc  also  called  the  turning  points  of  the 


By  completing  the  square,  we  find  that  ax2  +  bx  +  c=  a^r  +  ^  +  c,  where 

a  >  0.  Now  the  least  or  minimum  value  of  this  expression  will  be  when  the  squared  term 
is  0  (it  cannot  be  negative)  as  the  other  terms  are  fixed.  This  occurs  when  x  =  - 
Hence  the  minimum  value  of  fix)  =  ox2  +  bx  +  c  (a  >  0),  i.e.  at  the  bottom  of  the"curve, 
isfi-A). 

If  a  <  0.  the  turning  point  will  be  a  maximum  (the  top  of  the  curve)  where  x  =  -  ^ . 
This  can  be  proved  in  a  similar  way  and  is  illustrated  in  Example  1 1. 
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Example  1 1 

Express  5 -x-2x*  in  the  form  a-b(x  +  cf  and  hence  or  otherwise  find  its  maximum 
value  and  the  value  of  x  where  this  occurs. 

5-x-2x‘  =  5-2(x‘+  |) 

=  5  -  2^jc  +  i j  by  completing  the  square 

Now  the  least  value  of  (x  +  is  0  when  x  =  -A  so  the  maximum  value  of  the 
expression  is  5  i  when  x  =  -A. 

Alternatively  as  the  question  allows  us  to  use  another  method  (otherwise)  we  can  use 
the  rule  stated  above.  Here  a  =  -2.  h  =  -  I .  Verify  that  the  same  result  is  obtained.  This 
is  illustrated  in  Fig.  4.6.  The  equation  of  the  axis  of  summetry  is  x  =  -  i. 


SUMMARY 

To  find  the  maximum/minimum  value  of  f(.r)  =  ar5  +  bx  +  c,  rewrite  f(.r)  as 
o(aj  +  ^  +  j)  and  complete  the  square  on  jr2  + 
f(.v)  is  then  converted  to  a |^jr  +  -  £  +  jjj. 

The  turning  point  of  f(x)  is  a  °  *o  and  occurs  where  x  = 

The  “  value  is  f(-^-). 

SKETCHING  THE  GRAPH  OF  A 
QUADRATIC  FUNCTION 

To  draw  the  graph,  we  need  a  table  of  values.  For  a  sketch,  we  need  only  know: 

(1)  the  shape  of  the  curve; 

(2)  where  it  cuts  the  y-axis.  This  is  given  by  f(0); 

(3)  the  positions  of  the  roots  (if  any).  If  f(.v)  factorizes,  the  roots  are  easily  found;  other¬ 
wise,  approximate  values  will  be  sufficient; 

(4)  the  position  of  the  turning  point.  Remember  that  the  curve  is  symmetrical  about  the 
axis  through  this  position. 


Example  12  ,(x)  Fig.4.7 

Sketch  the  graph  of  f(x)  =  2xr’  -3x-4. 

f(x)  -2x*-3x-4 

(1)  As  a  >  0,  the  shape  is  \J .  \ 

(■))  f(ri)  =  _  4  c\ 

/  ■ 

This  is  the  point  A  (Fig.4.7).  -0.8  \ 

0  /2.3 

\ 

A 

0  (  J.-Sj  ) 

(3)  f(jr)  does  not  factorize. 

The  roots  of  ffr)  =  0  arc  given  by  x  =  «  2 

(points  B  and  C  respectively). 

22!-  -  2.3  and  -0.8 

(4)  f(jr)  =  2(z3-^-2) 

=  2[(*-j)’-£-2] 

=2(*-2)’-¥- 

So  the  minimum  is  at  point  d(|,  -  y)  - 

The  curve  can  now  be  sketched  through  these  points. 

86 


Example  13 

Sketch  the  curve  y  =  -2  +  2x  - 

(1)  a  <  0  so  the  shape  is  . 

(2)  When  .i  =  0,  y  = -2 
(point  A  in  Fig.  4.8). 

(3)  b1  <  4ac  so  the  curve 
does  not  meet  the  x-axis. 

(4)  f(jr)  =  -(x3  -  2x  +  2) 

=  -t<Jr  -  1  )*  -  1  +  2) 

So  the  maximum  is  at  (1,-1)  (point  B). 


Example  14 

Sketch  the  graph  off(x)  = 

r’-x 

-21. 

To  sketch  this  graph,  we  use 

the  same  method  as  before. 

First  sketch  f(x)  =  x1  -  x  -  2 

and  then  reflect  the  negative  part  in  the  x-axis. 

x*-x-2-(x-  2)(x  +  1)  so 

the  g 

raph  meets  the  .v-axis  at  -l  and  2  (Fig.4.9). 

It  meets  the  v-axis  at  -2  and 

the  minimum  is  at  (  £ ,  -2^)  . 

When  reflected,  these  values 

become  2  and  (  j,  2|)  respectively. 

t(x) 

2 

<M> 

\  m  -  i  *-  *-21 

" 

\ 

0  /  2  * 

J 

Fig.  4.9 

(f. 
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RANGE  OF  A  QUADRATIC  FUNCTION 


Example  15 

Find  the  range  of  f(x)  =  xr  -2x  -3  for  the  domain  -2  <x<5. 

At  the  end  points,  f(-2)  =  (-2)J  -  2(-2)  -  3  =  5  and  f(5)  =  5J  -  2(5)  -  3 
We  might  be  tempted  to  say  that  the  range  is  5  to  12.  but  does  the  curve  i 
ously  from  5  to  12?  It  may  go  down  to  the  minimum  and  then  rise. 
Verify  that  the  minimum  is  -4  at  x  =  1  and  sketch  the  curve  (Fig.4.10). 
The  minimum  lies  within  the  domain. 

So  the  actual  range  is  -4  <  f(jc)  <  12. 

Hence  for  such  questions  it  would  be  wise  to  make  a  sketch. 


Example  16 

Sketch  the  graph  of  3  -  5x  -  2x?  and  state  the  range  of  the  functic 
f:  x  e - ►  3 -Sx-2x‘  for  real  x. 

As  a  <  0,  the  curve  has  a  maximum  where 

X-  A  -  a  5 

2a  2(-2)  4* 

The  maximum  value 

Fig.  4. 1 1  shows  the  sketch.  As  x  can  take  any 
real  value,  the  function  takes  values  S6l  so  the 


Example  17 

Find  the  range  of  the  function  f(x)  =  jx(x  -  2)  Ifor  the  domain  j  <  x  <  2j. 

First  sketch  the  graph  (Fig.4.12). 

The  minimum  of  x(x  -  2)  is  -1  at  x  =  1  which  becomes  t 

value  of  1  when  reflected. 

f(x)  =  lx(x-2)l 

\  3  i 

/,! 

VT^7 

°\  u  A 
H  / 

r 

Fta.4. 12  !  domain 

At  the  end  points.  f(  j)  =  1 1  (-  §  )  |  =  |  and  f(2j)  =  |  - 

i  <5>|  =  1- 

At  x  =  2  however,  f(2)  =  0. 

Hence  the  range  is  0  <  f(x)  <  li. 

Exercise  4.2  (Answers  on  page  616.) 

1  Find  Ihe  maximum  or  minimum  values  of  the  following  functions  and  the  values  of 
x  where  this  occurs: 

(a)  x?  -  6x  -  1  (b)  x1  +  2x  -  3 

(c)  1  —  4jr  —  2jc*  (d)  3-X-2X2 3 4 5 6 

(e)  2xs-x-4  (0  Xs  +  3 

(g)  4x*  -  3x  -  1  (h)  5  -  2x  -  4x* 

(i)  (l-xXx  +  2)  (j)  x'  +  Btx  +  c 

2  Sketch  the  graphs  of  the  functions  in  Question  I  (except  part  (j)). 

3  The  graph  of  a  quadratic  function  meets  the  x-axis  where  x  =  3  and  x  =  k.  If  the  turning 
point  of  the  function  occurs  where  x  =  | ,  find  the  value  of  k. 

4  Sketch  the  graph  of  f(x)  =  |  x2  -  4x  +  3  |  and  find  the  range  for  the  domain  0  Sx  S  2. 

5  Sketch  the  graph  of  f(x)  =  |  x(2  -  x)  | .  State  the  range  if  the  domain  is  -2  <  x  <  3. 

6  Sketch  the  graph  of  the  function  f(x)  =  |  x2  +  x  -  2  |  and  find  its  range  for  0  2  x  <  2. 


8  (a)  A  function  V  is  given  by  V(r)  =  2F  -  8r  +  30.  Find  the  minimum  value  of  V  and 

the  value  of  r  where  this  occurs. 

(b)  What  is  the  range  of  this  function  for  0  £  f  £  3? 

9  Find  the  range  of  the  function  f :  x  \ - *•  2c2  -  fix  -  1  for  real  values  of  x. 

10  Find  the  range  of  the  functions  (a)  1  -  3x  -  x*  and  (b)  2x*  -  x  -  3  for  the  domain 
-1  £  jr  £  2. 

11  Find  the  range  of  (a)  2x*  - x  -  3  and  of  (b)  l  -  lx- x2  for  the  domain  -2  £ x  £  2. 

12  Convert  y  =  j  [(x  +  4)*  +  (x  -  2)*]  to  the  form  y  =  (x  +  p)J  +  q  and  hence  find  the 
minimum  value  of  y  and  the  value  of  x  where  this  occurs. 

13  (a)  Express  7  -  x  -  3x*  in  the  form  a  -  b(x  +  c)2,  showing  the  values  of  a,  b  and  c. 

Hence  state  the  range  of  the  function  f :  x  i - *-  7  -x  -  3x*  for  all  real  values 

of  x. 

(b)  If  the  minimum  value  of  x2  +  4x  +  *  is  -7  find  the  value  of  k. 

14  The  height  ( h  m)  of  a  ball  above  the  ground  is  given  by  the  function  h(r)  =151-51* 
where  t  is  the  time  in  seconds  since  the  ball  left  ground-level.  Find  the  range  of  the 
height  for  1  £  I  £  3. 

15  A  spot  of  light  is  made  to  travel  across  a  computer  screen  in  a  straight  line  so  that,  at 
r  seconds  after  starting,  its  distance  from  the  left  hand  edge  (d  cm)  is  given  by  the 
function  d(r)  =  It  - 11  +  2.  Find  the  furthest  distance  the  spot  travels  and  how  long  it 
takes  to  travel  this  distance  . 


16  The  function  f(x)  =  1  +  bx  +  ax2  has  a  maximum  value  of  4  where  x  =  -1.  Find  the 
value  of  a  and  of  b. 

17  The  function  f(x)  =  ax2  +  bx  +  c  has  a  minimum  value  of  -5  A  where  x  =  A  and 
f(0)  =  -5.  Find  the  value  of  a,  of  b  and  of  c. 


18  A  rectangular  enclosure  is  made  against  a  straight  wall 
using  three  lengths  of  fencing,  two  of  length  x  m  (Fig.4. 13). 
The  total  length  of  fencing  available  is  50  m. 

(a)  Show  that  the  area  enclosed  is  given  by  5Qx  -  lx2. 

(b)  Hence  find  the  maximum  possible  area  which  can  be 
enclosed  and  the  value  of  x  for  this  area. 


QUADRATIC  INEQUALITIES 


Fig.  4.13 


For  D  >  0  and  a  >  0,  the  equation  f(x)  =  ax2 +  bx  +  c  =  0  will  have  unequal  roots.  Call  these 
a  and  P  (where  a  <  f)).  Then  we  see  from  the  graph  of  such  a  function  (Fig.4.14)  that 
for  x  <  a  ,  f(x)  >  0 
for  a  <  x  <  p,  f(x)  <  0 
for  x  >  P,  f(x)  >  0 
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Keep  the  graphical  illustrations  in  mind  when  dealing  with  such  inequalities. 
If,  however,  D  <  0  (Fig.4.16)  then 

f(jr)  is  always  positive  if  a  >  0 
fU)  is  always  negative  if  a  <  0 


(a)  D< 0,a»0 


Fig.  4.16 


(b)  0  <  0.  a  <  0 


- - - 1 

Example  18 

Show  that  3x*  -2x  +4  is  always  greater  than  1. 

This  means  we  have  to  show  that  ix1  -  2x  +  3  is  always  greater  t 
Now  for  this  function,  D  -  b1  -  4 ac  =  4  -  36  <  0.  Therefore  the 
positive.  (Similar  to  Fig.4.I6  (a)). 

han  0. 

function  is  always 

Example  19 

For  what  domain  of  values  of  x  is  3x*  -2xi  I? 

This  is  equivalent  to  3**  -  2x  -  1  <  0  i.e.  (3jt  +  I  )(a-  —  I )  <  0. 
The  roots  of  the  function  are  a  =  -  5  and  p  =  1. 

Then  3j^  -  2x  -  1  is  0  or  negative  if  —5  £  x  £  1  (Rg.4.17). 


Alternative  method 

This  method  uses  the  signs  of  the  two  factors  (3*  +  1 )  and  (x  -  l) 
the  product  (3*  +  IX*-  l). 


On  the  first  number  line,  3a-  +  1  will  be  negative  for  .v  <  - j ,  0  at  x  =  - 3  and  positive 
thereafter. 

On  the  second  number  line,  (.r  -  1)  will  be  negative  if  x <  1, 0  at  x  =  I  and  positive 
thereafter. 

The  signs  of  the  product  are  shown  on  the  third  number  line.  Hence  we  sec  that 
(lr+  1)  (jt  -  DSOfor-j  5r<  1  as  before. 


Example  20 

For  what  range  of  values  of  p  will  the  equation  x2  -  (p  +  2)x  +  p!  +  3p  =  3  have  real 

The  equation  is  x2  -  (p  +  2)x  +  p2  +  3p  -  3  =  0. 

For  real  roots,  b2  2  4ac  where  a  -  1,  h  =  -fp  +  2)  and  c  =  p2  +  3p  -  3. 

Then  (-(/>  +  2)]J  2  4<pJ  +  3p  -  3) 
i.e.  p!  +  4p  +  4  2  4p*  +  12p  -  12 
which  simplifies  to  ip1  +  ip  -  16  £  0 
i.e.  (3p  -  4)(p  +  4)  <  0. 

Hence,  as  in  Fig.4. 14,  -4  <,  p  S 


Example  21 

Find  the  domain  of  x  for  which  /x2  -3x-7  j<3. 

Extending  the  result  for  |  *  |  <  k  found  in  Chapter  3,  if  |  x2  -  3x  -  7  |  <  3,  then 
-3<.xl-3x-li3. 

Take  these  separately: 

(1)  -3  S  jr2  -  3x  -  7 
gives  x2  -  3x  -  4  >  0 
i.e.  (jt-4)(x  +  1)2  0 

This  is  true  if  x  S  -1  or  x  >  4. 

(2)  x2-3x-m 
gives  x2  -  3*  -  10  <  0 
i.e.  (x  -  5M-X  +  2)  <  0 
This  is  true  if  -2  S  x  <  5. 

These  inequalities  are  shown  on  number  lines. 

- If  ■ 
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Exercise  4.3  (Answers  on  page  617.) 

1  Find  the  domain  of  x  if 

(a)  4-c22  (b)  **  +  *£6 

(c)  4  +  5c>6  <d)24£jr+l 

(e)  46*-5)S-l  (0  4S4* 

(g)  34£jc  +  2  (h)  0r  +  3)(c+l)>24 

(i)  34  <  4  -  1  lc  (j)  24  +  7r>4 

2  If  84  +  4c  +  *  is  never  negative,  find  the  least  possible  value  of  k. 

3  Find  the  range  of  values  of  l  if  the  equation  34  -  3tr  +  (F  -  /  -  3)  =  0  has  real  roots. 

4  If  the  roots  of  p(4  +  2)  =  1  -  2r  are  real,  find  the  range  of  values  of  p. 

5  If  the  equation  px Or  -  1)  +  p  +  3  =  0  has  real  roots,  find  the  range  of  values  of  p. 

6  Find  the  domain  of  x  if 

(a)  |4  +  jt-  7 1  <  5  (b)  |4-5c-IO|24 

(c)  |  4  +  jr  -4 1  £  2 

7  Find  the  range  of  values  of  p  if  the  roots  of  the  equation  pV  -  (p  +  2)x  +  1  =  0  are 
real. 

8  Show  that  the  equation  (f  +  3X4  +  (2/  +  5Xv  +  (/  +  2)  =  0  has  real  roots  for  all  values 
of  /. 

9  Show  that  the  equation  p4  +  (2p+  l)x  +  (p  +  I)  =  0  has  real  roots  for  all  values 
of  p. 

10  A  rectangle  has  sides  of  length  (2x-  +  3)  cm  and  (jr  +  I)  cm.  What  is  the  domain  of  x 
if  the  area  of  the  rectangle  lies  between  10  cm1  and  36  cm1  inclusive? 
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11  If  the  equation  .v2  +  3  =  f{x  +  I)  docs  not  have  real  roots,  find  the  range  of  values 
of  /. 

12  For  what  domain  of  at  is  1 2**  -  x  -  3 1  <3?  Illustrate  your  result  on  a  sketch  of 
y=  |2x*-x-3|. 

13  If  |  (x  +  3)(.r-  2)  |  <  6.  find  the  domain  of  .r  and  show  your  result  on  a  sketch  graph. 

14  Stale  the  domain  of.v  for  which  3.v  -  2  and  x  +  3  arc 

(a)  both  positive. 

(b)  both  negative. 

Hence  find  the  domain  of.v  for  which  3x!  +  7.v  <  6. 

15  The  equation  px!  +  p. v  +  2p  =  3  has  real  roots.  Find  the  range  of  values  of  p. 

16  The  function  r  +  3.v  +  k  is  never  negative.  Find  the  least  whole  number  value  of  k. 
If  it  =  4.  find  the  minimum  value  of  the  function. 


SUMMARY 

•  The  roots  of  ax2  +  bx  +  c  =  0  are  given  by  x  =  1  ^  ~  . 

•  Types  of  roots:  if  b2  >  Aac,  the  roots  are  real  and  different 

if  br  =  4oc,  the  roots  are  real  and  equal 
if  fr2  <  4oc.  the  equation  has  no  real  roots. 

•  If  a  >  0,  the  function  ax2  +  bx  +  c  has  a  minimum  value; 
if  a  <  0,  it  has  a  maximum  value. 

•  To  find  the  maximum/minimum,  write  as  atV  +  ^  +  5)  and  complete  the  square 

on  x»+  £. 

If  the  roots  of  fix)  =  ax2  +  bx  +  c  =  0  arc  a  and  [)  (where  a  <  [)),  then 


>  0  for  x  <  a  "1 
<0fora<x<P  r* 

>  0  for  x  >  p  J 


fix)  <  0  for  x  <  a  1 
fix)  >  0  for  a  <  x  <  P  r 
fix)  <  0  for  x  >  P  J 


when  br  >  4ac  and  a  >  0  (Fig.4. 19) 


*1 

K 

a<,<p 

-/ 

0  p 

L 
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If  b*<  4 ac  and  a  >  0,  fix)  is  always  >  0. 
If  b2  <  4ac  and  a  <  0,  f(jr)  is  always  <  0. 


(b)  0<  0.  a  <  o 


REVISION  EXERCISE  4  (Answers  on  page  6 17.) 

A 

1  Without  solving  the  following  equations,  state  the  nature  of  their  toots: 

(a)  lx1 -x=  I  (b)  (x  +  l)(x-2)  =  5 

(e)  (I -jc)  =  (d)  i  +  3  = 

(e)  (2x  +  5X2*  +  3)  =  2(6x  +  7) 

2  Find  the  range  of  values  of  jc  for  which  3**  <  I  Ox  -  3. 

3  Show  that  the  equation  (f- 3 lx2  +  (2/-  !)x +  (/  + 2)  =  0  has  rational  roots  for  all  values 
of  l. 

4  Show  that  the  equation  (p  +  1  Jix2  +  (2p  +  3)x  +  (p  +  2)  =  0  has  real  roots  for  all  values 

of  P-  (C) 

5  The  quadratic  equation  jr  +px  +  q  =  0  has  roots  -2  and  6.  Find  (i)  the  value  of  p  and 

of  q,  (ii)  the  range  of  values  of  r  for  which  the  equation  x2  +  px  +  q  =  r  has  no  real 
roots.  (C) 

6  Express  8  +  2x  -  x2  in  the  form  a  -  (x  +  b)'.  Hence  or  otherwise  find  the  range  of 
8  +  2x  -  jc2  for  -1  S  x  S  5. 

7  (a)  Find  the  range  of  values  of  x  for  which  fix2  -  1  lx  >  7. 

(b)  Find  the  coordinates  of  the  turning  point  of  the  curve  y  =  (2x  -  3)2  +  6  and  sketch 

the  curve.  (C) 

8  Find  the  range  of  the  function  2r  -  7x  +  3  for  the  domain  0  <  x  <  4. 

9  State  the  range  of  values  of  k  for  which  2k  -  I  and  k  +  2  are  (i)  both  positive,  (ii)  both 
negative.  Hence,  or  otherwise,  find  the  range  of  values  of  k  for  which  2k2  +  3*  <  2. 

(C) 
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10  (a)  Find  the  value  of  p  for  which  the  line  y  =  6  is  a  tangent  to  the  curve 

y  =  xI  +  (l  -p)x  +  2p. 

(b)  Find  the  range  of  values  of  q  for  which  the  line  x  +  2y  =  q  meets  the  curve 
Mx  +  y)  +  8  =  0.  (C) 

11  Find  the  domain  of  x  for  which  |  2x*  -  4x  -  3  |  >  3. 

12  (a)  The  quadratic  equation  tx2  +  2(k  +  a)x  +  (k  +  b)  =  0  has  equal  roots.  Express  k 

in  terms  of  a  and  b. 

(b)  The  quadratic  equation  ip  +  ljur2  +  2px  +  (p  +  2)  =  0  has  real  roots.  Find  the  range 
of  values  of  p.  (C) 

13  The  function  2ax!  -  4x  -  a  has  a  maximum  value  of  3.  Find  the  values  of  a. 

14  Sketch  the  graph  of  the  function  |  X2  -  x  -  6  |  and  find  its  range  for  0  £  x  £  3. 

15  The  curve  y  =  ax‘  +  fcr  +  chasa  maximum  point  at  (2, 1 8)  and  passes  through  the  point 

(0,10).  Evaluate  a,  b  and  c.  (C) 

16  The  two  shortest  sides  of  a  right-angled  triangle  have  lengths  (x  +  I)  cm  and 
(jf  +  2)  cm.  If  the  area  A  cm2  of  the  triangle  is  such  that  15  <  A  <  28,  find  the  range 
of  values  of  x. 

17  The  equation  of  a  curve  is  y  =  4X2  -  8x  -  5.  Find 

(i)  the  range  of  values  of  x  for  which  y  >  0, 

(ii)  the  coordinates  of  the  turning  point  of  the  curve. 

State  the  coordinates  of  the  maximum  point  of  the  curve  y  =  |  4.x2  -  8x  -  5  |  and  sketch 
the  curve  y  =  1 4.x2  -  &x  -  5  |.  (C) 

18  A  square  has  side  x  cm  and  a  rectangle  has  sides  x  cm  and  2(.v  +  I)  cm. 

For  what  range  of  values  of  x  is  the  total  area  not  less  than  1  cm2  and  not  more  than 
5  cm2? 

19  (a)  Find  the  value  of  p  for  which  the  equation  ( 1  -  2p)jr  *  8 px  -(2  +  8p)  =  0  has  two 

equal  roots. 

(b)  Show  that  the  line  x  +  y  =  q  will  intersect  the  curve  x2  -  2r  +  2y!  =  3  in  two 
distinct  points  if  q1  <  2q  +  5.  (C) 

20  (a)  The  function  f :  x  l - •-  x2  +  px  +  q  is  negative  only  between  the  values  .v  =  2 

and  x  =  5. 

(i)  Find  the  value  of  p  and  of  q. 

(ii)  If  f(x)  =  -2,  find  the  value  of  x. 

(b)  The  function  ax2  +  bx  +  c  is  positive  only  when  -2  <  x  <  2  and  meets  the  y-axis 
where  y  =  6.  Find  the  value  of  a,  of  b  and  of  c. 

21  Find  the  domain  of x  if  V5x  — 2-2 x1  is  real. 

22  f(x)  =  0.3X2  -  0.2x.  If  0.1  5  f(x)  £  0.5,  find  the  domain  of  x. 


23  Find  the  domain  of  x  if  2  <  VfZr2" 


3)  <  3. 


24  If  (he  equation  x2  +  3  =  k(x  +  1 )  has  real  roots,  And  the  range  of  values  of  k.  Hence 
find  the  two  values  of  x  for  which  the  function  777  has  (i)  a  maximum,  (ii)  a 

25  The  function  f(x)  =  ax1  +  bx  +  c  has  a  minimum  value  of  5  when  x  =  1  and  f(2)  =  7. 
Find  the  values  of  a,  b  and  c. 

26  The  roots  of  the  quadratic  equation  x2  +  lx  +  3  =  pix2  -  2x  -  3)  are  real.  Show  that  p 
cannot  have  a  value  between  -1  and  | . 

27  The  function  x5  +  px  +  q  is  negative  for  2  <  x  <  4.  Find 

(a)  the  values  of  p  and  q, 

(b)  the  domain  of  x  if  15  <  x2  +  px  +  q  £  48. 

28  (a)  Solve  the  equation  jrJ  +  2ar  +  2  =  2a2  +  5ato  obtain  x  in  terms  of  a. 

(b)  If  these  values  of  x  are  real,  find  the  range  of  values  of  a. 

29  If  a  and  p  are  the  roots  of  tv?  +  bx  +  c  =  0,  show  that  a  +  P  =  -jj  and  that 

c«P  =  5.  Hence  show  that  a!  +  p*  =  and  that  a  -  P  =  ~'b'  ~  4ac. 
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Binomial 

Expansions 


A  binomial  is  an  expression  of  iwo  terms,  such  as  (x  +  v),  (a  -  ft ).  etc.  If  the  binomial 
(o  +  ft)  is  squared,  the  result  is  the  expansion  of  (a  +  ft)2.  Write  down  this  expansion. 
Now  examine  the  pattern  obtained  if  we  expand  (a  +  b)'.  ( a  +  ft)4,  etc. 

(a  +  ft)’  =  (u  +  b)\a  +  ft) 

=  (a2  +  2aft  +  ft’Xti  +  ft) 

To  find  this,  multiply  each  term  of  (a2  +  lab  +  ft2)  by  a,  then  by  ft  and  add  the  results. 
Multiplying  by  a:  a’  +  2a2ft  +  aft2 
Multiplying  by  ft:  a2ft  +  2aft2  +  ft’ 

Adding:  a2  +  3a2ft  +  3air  +  ft5 

Note  that  the  powers  of  a  and  ft  add  up  to  3  and  that  the  coefficients  are  1  3  3  1. 
Now  find  (a  +  ft)4  =  (a  +  ft)’(a  +  ft)  in  the  same  way. 

You  should  obtain  a*  +  4 a’ft  +  baft)1  +  4aft’  +  ft4. 

The  powers  add  up  to  4  and  the  coefficients  are  l  4  6  4  1. 

Once  more,  find  the  expansion  of  (a  +  ft)5.  Can  you  see  the  pattern? 

1  2  I  coefficients  of  (a  +  ft)2 

13  3  1  coefficients  of  (a  +  ft)’ 

1  4  6  4  1  coefficients  of  (a  +  ft)4 

1  5  10  10  5  1  coefficients  of  (a  +  ft)5 
Each  line  starts  and  ends  with  1.  Go  along  the  (a  +  ft)2  line  and  add  the  coefficients  in 
pairs.  You  will  find  that  the  sum  of  each  pair  gives  the  coefficient  in  the  next  line.  Repeat 
for  the  other  lines.  Hence  find  the  coefficients  for  (a  +  ft)6  and  (a  +  ft)’. 

Note  that  the  coefficients  are  symmetrical  and  that  the  second  coefficient  is  equal  to 
the  power  of  the  expansion.  For  (a  +  by  there  are  («  +  I )  terms,  where  n  is  an  integer. 
Make  a  copy  of  the  triangle  up  to  a  power  of  8  to  keep  for  reference. 

This  pattern  is  called  Pascal’s  Triangle  after  the  French  mathematician  Pascal  (1623 
-  1662)  but  it  was  known  in  China  long  before  his  time.  By  working  through  the  triangle 
we  can  find  the  coefficients  for  any  power  n  of  (a  +  ft). 

Later  in  this  chapter,  we  will  introduce  the  Binomial  Theorem  which  gives  a  formula 
for  the  coefficients,  but  for  most  of  our  work  the  triangle  will  be  sufficient. 
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Example  1 

Expand  (a  +  bf. 

From  the  triangle  the  coefficients  are  1  8  28  56  70  56  28  8  1. 

Then  ( a  +  ft)'  =  la«  +  8a’f>  +  28  aW  +  56a  V  +  IQtYbY  +  56aV  +  28  a26‘  +  8 ah7  +  U>* 
Note  that  the  powers  of  a  decrease  from  8  to  0  while  the  powers  of  b  increase  from  0 
to  8.  The  sum  of  these  powers  is  always  8. 

(a  +  b)  is  the  model  binomial  but  we  can  replace  a  or  ft  by  other  expressions. 


Example  2 

Expand  (2x  -  If. 

The  initial  coefficients  are  1  4  6  4  1.  Here  a  =  2x,  b  =  -1. 

Then  (2jc  -  1)-  =  l(2x)4  +  4{2x)3(-l)  +  6(2x)l(-l)J  +  4<2r)(-l)J  +  i(-l)4 
=  16x4-32x3  +  24xJ-8x  +  1 

The  coefficients  are  now  quite  different.  The  powers  of  x  are  in  descending  order. 


Example  3 

Find  in  ascending  powers  of  x  the  expansion  of{2-\  f. 

The  initial  coefficients  are  1  6  15  20  15  6  1.  The  expansion  is 
2*  +  «(25)(-  f)  +  15(2*) (-  ff  +  20(2’)(-  ij  +  15(2:)(-  gf  +  «2<-  x{f  +  (-  ff 
=  64  -  6(24>r  +  15(2J)xJ  -20^+  15$)  -  6$)  +  £ 

=  64-96x  +  60r2-2Qr1+i^  -  ^  £ 

Exercise  5.1  (Answers  on  page  618.) 

1  Find,  in  descending  powers  of  x,  the  expansions  of: 

(a)  (x-2)4  (b)  (2x  -  3)J  (c)  (2x  +  l)5 

(d)(x-i)J  (e)  (*+i)‘  (0  (!-2)‘ 

2  Expand,  in  ascending  powers  of  x\ 

(a)  (1  -  2x)5  (b)  (2  -  3x)4  (c)(2-f)‘  (d)(l-x¥ 

3  Find,  in  ascending  powers  of  x,  the  first  four  terms  in  the  expansion  of: 

(a)  (2  -xY  (b)  (1  -  2x)7  (c)  ( 1  -  f)‘  (d)  (4  -  f)5 
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4  Find  the  expansions  of  (a)  (3*  -  2y)'  (b)  (x  -  j) . 

5  Expand  (a  +  b)\  If  a  =  |  and  *  =  ±  find  the  value  (as  a  fraction)  of  the  fourth  term 
of  the  expansion. 

6  Write  down  the  first  four  terms  of  the  expansion  of  (1  — jr)®  in  ascending  powers  of  x. 
Using  these  terms,  find  an  approximate  value  of  (0.99)6. 

7  (a)  Write  down  the  expansions  of  (l  +  x)}  and  (1  -x)3. 

(b)  Hence  simplify  (1  +  x)3  +  (1  -  x)5.  Use  your  result  to  find  the  exact  value  of 

(1+V2)3  +  (1-V2)J. 

8  By  using  the  expansions  of  (2  +  xY  and  (2  -  x)\  find  the  exact  value  of 

(2  +  V3)4  +  (2  -  V3)4. 

9  (a)  Write  down  the  expansions  of  (1  +  x)4  and  (1  -x)4. 

(b)  Hence  simplify  the  expression  (I  +  x)4  -(l-x)4.Useyourresulttofindthevalue 
of  1.014-0.99* 

10  (a)  Obtain  the  expansions  of  (x  +  |)5  and(x  -  j)s. 

(b)  Hence  simplify  (x  +  I)5  -  (x  -  i)\ 

(c)  Choosing  a  suitable  value  of  x.  find  the  value  of  2.55  -  1.55. 


Example  4 

(a)  Expand  (I  +yY  in  ascending  powers  of  y. 

(b)  Hence  find  the  expansion  of  (I  +x~  jtY  as  far  as  the  term  in  x3. 

(a)  (1  +  y)4  =  1  +  4y  +  6/  +  4/  +  y4 

(b)  Now  substitute  (x  -  x5)  for  y. 

(I  +  x-x3)4  =  1  +  4(x  -  x5)  +  6(x  -  x2)2  +  4(x  -  x2)3  +  (x  -  x3)4 
=  1  +  4x  -  4x*  +  6IX3  -  It3...)  +  4<x>...)  +  ... 

(where  we  do  not  keep 
any  terms  higher  than  x3) 

=  1  +  4x  -  4X2  +  6.r  -  I2x5  +  4.r'  (up  to  the  term  in  x3) 
=  1  +  4x  +  2X3  -  8X3  (up  to  the  term  in  x3) 


Example  5 

(a)  Find,  in  ascending  powers  of  x,  the  expansions  of  (I  -  2xY  and  (2  +xY. 

(b)  Hence  find  the  first  four  terms  of  the  expansion  of  <1  -  2x/(2  +xY. 

(a)  (1  -  2x)3  =  1  +  3(-2x)  +  3(-2x)J  +  (-2x)3 

=  1  -&t  +  IZ^-at3 

(2  +  xY  =  24  +  4(23)(x)  +  6(2JKx-’)  +  4(2)(x3)  +  x4 
=  16  +  32x  +  24X3  +  8x3  +  x4 
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(b)  (l-2*)5(2  +  *)4  =  «-&*  +  12*!-8*JX16  +  32*  +  24*J  +  8*3  +  *4) 

The  first  four  terms  will  go  up  to  the  power  of  r\  So  we  multiply  the  terms  in  the 
first  bracket  by  16,  32*.  24^  and  8**  and  leave  out  any  terms  higher  than  *~\ 
Multiplying  by  16  16  -  96*  +  192*2  -  128*3 

Multiplying  by  32*  32*  -  192*3  +  384** 

Multiplying  by  24**  24**  -  144*5 

Multiplying  by  8**  8*’ 

Adding  16  -  64*+  24**  +  120*' 

Example  6 

(a)  Find  the  terms  in  x1  and  x ‘  in  the  expansion  of(3-j  fin  ascending  powers  of  x. 

(b)  Hence  find  the  coefficient  of  if  in  the  expansion  of  (I  -  j)(3  -  jf. 

(a)  (3  -  f )‘  =  3‘  +  6(35)(-  f )  +  15(3‘X-  f  ?  +  20(3’)(-  f  )3  +  15(3J)(-  f )4... 

So  the  *'  term  is  -20*3  and  the  x>  term  is  +  yp 

(b)  Then  (1  -  f  )<3  -  f )‘  =  (1  -  \ )(...-  2Q*3  +  Sf...) 

The  term  in  **  is  found  by  multiplying  the  relevant  terms  as  shown,  and  is 
IQ*4  +  -y-  giving  a  coefficient  of  y. 

Example  7 

Write  down  and  simplify  the  first  three  terms  in  the  expansions  (in  ascending  powers 
of  x)  of  (a)  (1- Iff  and  ( b)  (2  +  xf. 

Hence  find  the  coefficient  of  x1  in  the  expansion  of  (2  -  2x  -  ^y)s. 

(a)  (1  -  %)'  =  I  +  5(-y)  +  lOf-^)2 ...  =  1  -  1|*  + 

(b)  (2  +  x?  =  2s  +  5(24)(*)  +  lOGW  ...  =  32  +  80*  +  80*2 
We  notice  that  (2  -  2*  -  is  the  product  of  (a)  and  (b) 

=  [(1-  ^)(2+*)]! 


=  [1-  !|£+  ^...l(32  +  80*  +  8Q*J...l 


The  term  in  x2  will  be  the  sum  of  the  products  linked  together,  so  the  coefficient  of  x3 
is  80  -  ( ‘J  x  80)  +  x  32)  =  200. 


in  the  expansions  of 


Example  8 

Find,  in  ascending  powers  of  x,  the  first  three  terms 

(a)  (I  +2xf  and  (b)  (1  +pxf. 

(c)  If  the  coefficient  of  x?  in  the  expansion  of  (l  +2xf(l  +pxf  is  -26,  find  the  value 
ofp. 

(a)  The  first  three  terms  of  (1  +  2xf  are  I  +  5(2x)  +  I0(2x)2  =  1  +  lQx  +  40*2. 

(b)  The  first  three  terms  of  (1  +  px)*  are  1  +  Mpx)  +  6(px)2  =  1  +  4 px  +  6pV. 


(c)  (1  +  2jr)5(l  +  px)*  =  (1  +  lQx  +  40x2)(l  +  4 px  +  6pV) 

We  only  require  the  term  in  x1  so  we  pick  out  the  terms  (linked  together  above) 
whose  products  produce  x2: 

1  x  6pV  =  6 p*x* 

10k  x  4px  =  AOpx2 
40c2  x  1  =40^ 

giving  (6 p2  +  40 p  +  40)*2. 

Hence  6p2  +  40p  +  40  =  -26 

i.e.  3/r2  +  20p  +  33  =  0  or  (3p  +  llXp  +  3)  =  0 

and  so  p  =  -  y  or-  3. 


Example  9 

(a)  Find  the  first  three  terms  in  the  expansion  of(l-  3xf  in  ascending  powers  of  x. 

(b)  If  the  first  three  terms  in  the  expansion  of(p  +qx)(l  -3xf  are  3 +rx  +300x3,  state 
the  value  of  p  and  find  the  values  of  q  and  r. 

(a)  The  first  three  terms  of  (1  -  3xf  are  1  +  5(-3jr)  +  KX-3jt)2  =  1  -  15jc  +  90c2. 

(b)  The  first  three  terms  of  (p  +  <?*)(!  -  3x)s  will  come  from  (p  +  <?.*)(  1  -  15*  +  90.*2). 
The  first  term  is  p  so  p  =  3. 

The  term  in  x  is  qx  -  15 px  soq-l5p  =  r  (i) 

The  term  in  x2  is  90pj:2  -  15^  so  90 p  -  15<?  =  300  (ii) 


Exercise  5.2  (Answers  on  page  61V.) 

1  Write  down  the  expansion  of  (1  -  x )4.  Use  your  result  to  find  the  expansion  of 
(1  -  x  +  y)4  in  ascending  powers  of  .t  as  far  as  the  term  in  x2. 

2  Use  the  expansion  of  (1  +  x)s  to  find  the  first  three  terms  in  the  expansion  of 
(1  +  |  -x2)’  in  ascending  powers  ofx. 

3  Find  the  first  three  terms  in  the  expansions  in  ascending  powers  of  x  of  (a)  (2  -  x)4  and 
(b)  (3  -  |)*.  Hence  find  the  coefficients  of  x  and  x2  in  the  expansion  of  (6  -  4x  +  y  )4. 

4  (a)  Write  down  the  expansion  of  ( 1  +  x)s  in  ascending  powers  of  x  as  far  as  the  term 

in  x3. 

(b)  Hence  find  the  first  four  terms  in  the  expansion  of  (1  +  x  -x2)’. 
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5  Expand  in  ascending  powers  ofx,  (a)  (1  +  It)4  and  (b)  (1  -x )5. 

Hence  find  the  first  three  terms  in  the  expansion  of  (I  +  2x)4(l  -  x)\ 

6  Write  down  the  expansions  of  (1  +  2x)’  and  (2  -  f  )4  in  ascending  powers  of  x.  Hence 
find  the  coefficient  of  the  term  in  x2  in  the  expansion  of  (1  +  2x)J(2  -  |  )4. 

7  Find  the  coefficient  of  jc5  in  the  expansion  of  (1  -  2x)'(l  +  y )“. 

8  Expand  each  of  the  binomials  (1  +  .t)!  and  (2  -  x)5  as  far  as  the  term  in  x3.  Hence  find 
the  coefficient  of  x3  in  the  expansion  of  (2  +  x  -  x2)5. 

9  In  the  expansion  of  (a +  fex)4  in  ascending  powers  ofx,  the  first  two  terms  are  16-9fix. 
Find  the  values  of  a  and  b. 

10  The  coefficient  of  the  third  term  in  the  expansion  of  (ox  -  i  )5  in  descending  powers 
of  x  is  80.  Find  the  value  of  a. 

11  (a)  Expand  ( 1  +  ax)3  and  (fc  +  x)4  in  ascending  powers  of  x. 

(b)  If  the  first  two  terms  in  the  expansion  of  ( 1  +  ax)'(b  +  x)4  are  1 6  -  64x,  state  the 
value  of  b,  where  b  >  0.  and  find  the  value  of  a. 

12  In  the  expansion  of  {p  +  r/x)4  in  ascending  powers  ofx,  the  first  two  terms  are  16  -!l. 
Find  the  values  of  p  (>  0)  and  q.  Hence  find  the  third  term  in  the  expansion.  3 

13  (a)  Expand  (1  +  px)'  and  (1  +  qx)'  as  far  as  the  terms  in  x2. 

(b)  Given  that  the  coefficient  of  x2  in  the  expansion  of  ( 1  +  px)\  1  +  qx)3  is  -6  and  that 
p  +  q  =  1,  find  the  values  of  p  and  q. 

14  (a)  State  the  expansions  of  (i)  (1  +  ax)3  and  (ii)  (1  +  bx)*  in  ascending  powers  of  x. 
(b)  If  the  second  and  third  terms  in  the  expansion  of  (1  +  ox)5(l  +  bx)'  are  5x  and  3x2 

respectively,  find  the  values  of  a  and  b. 

15  (a)  Find  the  coefficients  of  x4  and  x5  in  the  expansion  of  (2x  -  j  )7. 

(b)  Hence  find  the  coefficient  of  x5  in  the  expansion  of  (5  -  2)(2x  -  j  )7. 

16  Find  the  coefficients  of  x3  and  x4  in  the  expansion  of  (|  -  x)6. 

Hence  find  the  coefficient  of  X*  in  the  expansion  of  (1  +  3x)(|  -x)6. 

17  Write  down 

(a)  the  first  four  terms  in  the  expansion  of  (1  -  2x)4,  and 

(b)  the  first  three  terms  in  the  expansion  of  (1  -x)*. 

If  the  sum  of  the  terms  in  (a)  equals  the  sum  of  the  terms  in  (b)  where  x  *  0,  find  the 
value  of  x. 

18  State  the  first  three  terms  in  the  expansion  of  (1  +  x)4  and  hence  find  the  first  three 
terms  in  the  expansion  of  (1  +  ax  +  bx1)*.  If  these  are  1  +  8x  +  12X2,  find  the  values 
of  a  and  h. 

19  If  the  expansion  of  (1  -  x-x2)10  is  used  to  find  the  value  of  (0.89)10,  what  value  ofx 
should  be  substituted? 

20  Write  down  the  first  three  terms  in  the  expansion  of  (I  -x)‘  in  ascending  powers  of 
x.  Use  this  expansion  to  find  the  value  of  (0.999)*  correct  to  5  significant  figures. 
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THE  BINOMIAL  THEOREM 


The  expansion  of  ( a  +  by  is  given  in  full  by  a  formula  known  as  the  Binomial  Theorem. 
The  formula  is  as  follows: 

{a  +  by  =  o’  +  (l)arlb  +  (^)ar2b‘  +...+  (  nr)arbr  +  ...  +  V 

where  (  ?)  =  ^-2)An-r*  I)  ^ 

r!  is  factorial  r  and  r!  =  1  x  2  x  3  x  4  x  ...  x  r. 

For  example,  2!  =  1  x  2,  3!  =  1  x  2  x  3, 5!  =  1  x  2  x  3  x  4  x  5  etc. 

*-(?)=  ?.(?)=  *^.(?)  =  and*>on. 

There  are  (n  +  1 )  terms  in  the  expansion  of  (a  +  by.  The  coefficients  of  the  expansion  are 

i  (?)  (3)  ...  (?)  -.  i 

term  1st  2nd  3rd  (r  +  l)th  (n  +  l)th 

The  first  and  last  coefficients  are  always  1  when  n  is  a  positive  integer  (which  it  always 
will  be  in  our  work).  Note  that  the  coefficient  for  the  (r  +  l)th  term  is  (" ). 

Some  calculators  give  the  numerical  value  of  (? )  (shown  as  "C)  but  the  formula  needs  to 
be  known  for  algebraic  terms. 


Example  11 

Show  that  ('f)  =  ('f). 

(»>)=  i|°xx29xx38  =  120 

(  7°)  =  =  120  af,er  cancelling  4  x  5  x  6  x  7. 

We  could  have  expected  this  as  the  coefficients  of  ( a  +  ft)10  are  symmetrical. 
This  is  an  example  of  a  general  rule:  (?)=(„” r) 

Hence  to  find,  say  ('g2)  it  is  easier  and  quicker  to  find  (’42). 


Example  12 

Using  the  theorem,  find  the  coefficients  in  the  expansion  of  ( a  +  bf. 

The  coefficients  are  1, 

(l).GX?>a).G).a)andl. 

(T)-f-* 

(2)  =  =  2,:  (3)  g  1x2x3  =35; 

(«-«)-» 

GMI)-*:  (»-(!)-» 

So  the  coefficients  are 
triangle. 

1, 7, 21,  35,  35,  21, 7  and  1  as  we  have  found  from  Pascal’s 
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Pascal's  Triangle  is  the  easier  and  quicker  way  of  finding  coefficients  provided  n  is  not 
too  large.  If  n  is  large  or  is  not  known,  then  the  Binomial  Theorem  must  be  used.  The 
theorem  is  essential  in  more  advanced  work  when  n  may  not  be  a  positive  integer. 


Example  13 

Find  the  first  four  terms  in  the  expansion  of  (x  -  2)11. 

Here  a  =  x.  b  =  -2  and  n  =  12. 

The  first  four  terms  are 

Jt,,  +  ('12>"(-2)  +('22>,0<-2)1+(l32>,(-2)’ 

=  jtij+  y  jr"(-2)  +  r'°(4)  +  jt’<-8) 

=  x'1  -  24x"  +  264.t10  -  neat’ 


Example  14 

Find  the  5th  and  6th  terms  in  the  expansion  of  (2x  -  j 
Here  a  =  2x,b  =  -\  and  n  =  10. 

The  5th  term  is  given  by  r  =  4  and  the  6th  term  by  r  =  5. 

The  5th  term  =(l4°)(2t)1«(-|r  =  '?*l*j*l  (2*)‘(^)4  =  840a*. 
Verify  that  the  6th  tetm  =  *x4iT/  (-j)5  =  -252c5. 


Example  15 

Write  down  (without  simplifying)  the  first  three  terms  i 

n  the  expansion  of  (x  +  by 

where  n  is  a  positive  integer.  If  the  coefficients  of  the  second  and  third  terms  are  S 

and  30  respectively,  find  the  values  of  n  and  h. 

(x  +  by  =  x"  +  (nl)x~lb  +  d)xrilF 

Hence  the  coefficients  of  the  second  and  third  terms  are  ni 

and  "\"x  2"  b2  respectively. 

Then  nb  =  S 

(i) 

and  2S2fJi6J  =  30i.e.fl(n-I)6J  =  60 

We  solve  these  equations  for  n  and  b. 

In  (ii),  substitute  b  =  tt, 

(>i) 

n(n-l)£=60  or-!4-L  =  fe 

Then  64n  -  64  =  60n  from  which  we  find  n  =  16. 

From  (i),  b=  ] §  =  -  j. 
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Example  16 

Find  the  term  independent  of  x  in  the  expansion  of  (2.x  -  j 
From  the  theorem,  the  (r  +  l)th  term  is 
C®)(2 x)«*(-  iy  =  (I0)2>*rx«^-iy(i  y. 

If  this  term  is  to  be  independent  of  x,  then  the  x's  must  cancel  i.e.  the  powers  of  x  in 
the  numerator  and  denominator  must  be  equal. 

Then  10-r  =  rorr  =  5. 

So  the  6th  term  is  independent  of  x. 

This  term  is  therefore  (,s°)25(-l)5  =  '\*2x3xlx5  x  (~32)  =  -8064- 


Exercise  5.3  (Answers  on  page  619.) 

1  Find  the  value  of  (a)  3!,  (b)  4!,  (c)  |f  (d)  . 

2  Find  the  value  of  (a)  (‘),  0»)(5).  <c)  (*2).  <d)(||). 

3  What  is  the  value  of  x  if  (  ^ 7  )? 

4  Write  down  and  simplify  the  first  three  terms  of  (a)  (1  +jr)10,  (b)  (jr-  j)IJ,  (c)  (jr-  I)8 9. 

5  For  the  following  expansions,  find 

(a)  the  coefficient  of  the  ninth  term  in  (2x  -  l)12; 

(b)  the  coefficient  of  the  fourth  term  in  (1  -  3x)'°; 

(c)  the  coefficient  of  the  fifth  term  in  (x  -  j )’. 

6  The  coefficient  of  the  second  term  in  the  expansion  of  (1  +  2xT  in  ascending  powers 
of  x  is  40.  Find  the  value  of  n. 

7  If  the  first  three  terms  in  the  expansion  of  (1  +  axY  in  ascending  powers  of  x  are 
1  +  6lx  +  l&r3,  find  the  values  of  n  and  a. 

8  In  the  expansion  of  ( 1  +  px)"  in  ascending  powers  of  x,  the  second  term  is  I8.t  and  the 
third  term  is  135jt.  Find  the  values  of  n  and  p. 

9  Find  the  term  independent  of  x  in  the  expansion  of  (x  -  2?)’ 

10  If  the  ratio  of  the  3th  to  the  6th  term  in  the  expansion  of  ( a  +  {)"  is  5jt  :  1,  find  the 
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SUMMARY 

•  The  coefficients  in  the  expansion  of  ( a  +  b)\  where  n  is  a  positive  integer  can 
be  found  from  Pascal's  Triangle: 

12  1  (a  +  h)7 

13  3  1  (a  +  f>)3 4 5 

14  6  4  1  (a  +  by 

1  5  10  10  5  1  ( a  +  by 

etc. 

•  The  powers  of  a  decrease  from  n  to  0.  the  powers  of  b  increase  from  0  to  n.  The 
sum  of  these  powers  is  always  n. 

•  Alternatively,  the  expansion  of  (a  +  by  can  be  found  using  the  Binomial 
Theorem,  where  n  is  a  positive  integer: 

(a  +  6)"  =  cr  +  (?)a»-'6  +  (")a-W  +  ...  +  (  "  )a~lf  +  ...  +  br 
where  (  ”  )  =  >1 ,  and  r!  =  1  x  2  x  3  x ...  x  r. 


REVISION  EXERCISE  5  (Answers  on  page  619.) 

A 

1  Find,  in  ascending  powers  of  x.  the  first  four  terms  in  the  expansion  of  (i)  (1  -  3x)5, 
(ii)  (1  +  5.x)7.  Hence  find  the  coefficient  of  x2  in  the  expansion  of  (1  -  3x)5(l  +  5x)7. 

(C) 

2  Obtain  the  first  three  terms  in  the  expansion  of  (a  +  5  )6  in  ascending  powers  of  x.  If 
the  first  and  third  terms  are  64  and  respectively,  find  the  values  of  a  and  b  and 
the  second  term. 

3  Find  the  first  three  terms  in  the  expansion  of  (I  -  2x)s  in  ascending  powers  of  .x, 
simplifying  the  coefficients. 

Given  that  the  first  three  terms  in  the  expansion  of  (a  +  fex)(  1  -  2x)5  are 
2  +  ex  +  lflx2.  state  the  value  of  a  and  hence  find  the  value  of  h  and  of  c.  (C) 

4  (a)  Expand  (1  +  2x)5  and  (1  -  2x)5  in  ascending  powers  of  x. 

(b)  Hence  reduce  (1  +  2x)s  -  (1  -  2x)5  to  its  simplest  form. 

(c)  Using  this  result,  evaluate  (1.002)5  -  (0.998)'. 

5  Find,  in  ascending  powers  of  t,  the  first  three  terms  in  the  expansions  of  (i)  (1  +  a  r)5, 

(ii)  (1  -  fit)'.  Hence  find,  in  terms  of  a  and  p,  the  coefficient  of  1 2  in  the  expansion  of 
(l+ot)5(l-P/)*.  (C) 

6  The  first  three  terms  in  the  expansion  of  (1  +  p )"  in  ascending  powers  of  x  are 
1  +  *  +  Iff  -  Find  the  values  of  n  and  p. 
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7  Write  down  and  simplify  the  expansion  of  (1  -  p)J.  Use  this  result  to  find  the 
expansion  of  ( 1  -  x  -  x3)3  in  ascending  powers  of  x  as  far  as  the  term  in  x3.  Find  the 
value  of  x  which  would  enable  you  to  estimate  (0.9899)5  from  this  expansion. 

(C) 

8  Find  which  term  is  independent  of  x  in  the  expansion  of  (x  -  -jp-  )15. 

9  Obtain  and  simplify 

(i)  the  first  four  terms  in  the  expansion  of  (2  +  x3)4  in  ascending  powers  of  x, 

(ii)  the  coefficient  of  x4  in  the  expansion  of  (1  -  x2)(2  +  x3)4.  (C) 

10  In  the  expansion  of  (1  -x)'°,  the  sum  of  the  first  three  terms  is  |  when  a  certain  value 
of  x  is  substituted.  Find  this  value  of  x. 

11  Evaluate  the  coefficients  of  x3  and  x4  in  the  binomial  expansion  of  (|  -  3)7.  Hence 

evaluate  the  coefficient  of  Xs  in  the  expansion  of  ( j  -  3)’(x  +  6).  (C) 

12  If  the  first  three  terms  in  the  expansion  of  (I  +  kx)n  in  ascending  powers  of  x  arc 
1  -  6x  +  ^=r,  find  the  values  of  k  and  n. 

13  Find,  in  ascending  powers  of  x,  the  first  three  terms  in  the  expansion  of  (1  +  ax)6. 
Given  that  the  first  two  non-zero  terms  in  the  expansion  of  (1  +  bx)(l  +  ax)6  are  1  and 

find  the  possible  value  of  a  and  of  b.  (C) 

14  Find  the  ratio  of  the  6th  term  to  the  8th  term  in  the  expansion  of  (2x  +  3)"  when 
x  =  3  . 

15  In  the  expansion  of  (1  +  px)(  1  +  qx)6  in  ascending  powers  of  x,  the  coefficient  of  the 
x  term  is  -5  and  there  is  no  x3  term.  Find  the  value  of  p  and  of  q. 

16  If  the  fifth  term  in  the  expansion  of  (x  +  j)"  is  independent  of  x  find  the  value  of  n. 


17  In  the  expansion  of  (x3  +  y)7,  find  which  term  will  have  the  form  y  where  A  is  an 
integer.  Hence  find  the  value  of  A. 

18  The  first  three  terms  in  the  expansion  of  (1  +  x  +  ax2)"  are  1  +  7x  +  14x2.  Find  the 
values  of  n  and  a. 

19  (a)  Obtain  the  expansions  of  (1  +  x)5  and  (1  +  x3)5  in  ascending  powers  of  x. 

(b)  Show  that  (l+x)(l+x3)=l+x  +  x3  +  x3. 

(c)  Hence  find  the  first  four  terms  in  the  expansion  of  ( 1  +  x  +  x3  +  x3)5  in  ascending 
powers  of  x. 

20  For  what  value  of  x  is  the  fifth  term  of  (1  +  2x)10  equal  to  the  sixth  term  of  (2  +  x)*7 

21  Show  that  (a)(x-  j)3  =  x3  -  -p-  - 3(x -  j )  and 
(b)  (x-i)5  =  x3-Jr-5(x3-Jr)+10(x-i). 

Hence  show  that  x3  -  y  =  p3  +  5p3  +  5p  where p-x-  j . 
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Radians,  Arcs 
and  Sectors 


The  practical  unit  of  measurement  for  angles  is  the  degree  (»)  which  is  th  of  a  com¬ 
plete  revolution.  The  number  360  comes  from  Babylonian  times  but  it  is  an  arbitrary 
choice.  There  is  another  system  of  measurement  called  circular  or  radian  measure 
which  is  more  suitable  for  further  mathematics,  particularly  in  Calculus.  This  system  does 
not  depend  on  the  choice  of  any  particular  number. 


RADIAN  MEASURE 


Rg.6.la 


In  a  circle  of  radius  r,  centre  O.  we  take  an 
arc  AB  also  of  length  r  (Fig.  6.1a).  Then 
the  angle  AOB  is  the  unit  of  radian 
measurement,  one  radian. 

In  Fig.  6.1b,  for  example,  arc  PQ  =  ir  so 
ZPOQ  =  i  radian.  If  arc  PR  =  2 r,  then 
ZPOR  is  2  radians,  and  so  on.  If  the  arc  is 
kr  then  the  angle  subtended  is  k  radians. 
Note  that  the  size  of  1  radian  does  not 
depend  on  the  length  of  roron  any  arbitrary 
number. 

So  we  define  1  radian  thus: 


Fig.  B  ib 
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One  radian  is  the  angle  made  by  ai 
equal  to  the  radius. 


or  length 


0  radians  is  sometimes  written  0  rad  or  O'  or  0*  but  normally 
just  as  0.  So  wc  write  sin  0  meaning  sin  (0  radians).  If  degree 
measure  is  used,  the  degree  symbol  «  must  be  written. 

Now  the  circumference  of  a  circle  of  radius  r  has  length  2nr  (Fig.6.2). 


So  a  complete  revolution  is  2n  radians  =  360°. 

Therefore  rt  rad  =  180° 

Hence  f  rad  =  90°,  f  rad  =  45°,  etc. 
or  rad  =(1x£)°  and  jr°  =  y|g  rad. 

As  rt  rad  =  180°,  then  l  rad  =  (1|9)0  »  57.3°. 

This  value  cannot  be  found  exactly  as  rt  is  an  irrational  number.  Usually  radian  measures 
are  left  as  multiples  of  rt,  for  example  |  rt. 

Tables  or  calculators  may  be  used  if  necessary  for  conversion.  When  we  use  a 
calculator  to  work  with  trigonometrical  ratios  (sine,  cosine  and  tangent)  involving  radi¬ 
ans,  it  is  convenient  to  put  the  calculator  in  the  ‘radian’  mode.  The  input  and  output  of 
angles  will  then  be  in  radians. 


Example  1 

Convert  (a)  36°  to  radian  measure  and  (b)  to  degree  measure. 

(a)  180°  =  rt  rad  so  36°  =  jfg  x  36  =  f  rad. 

(b)  rt  rad  =  180°  so^rad=^x  ^  =  150°. 
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Example  2 

Find  the  value  of  (a)  sin  0.4  (b)  tan  15. 

Put  the  calculator  in  ‘radian’  mode  and  key  in  the  appropriate  function. 

(a)  sin  0.4  =  0.389 

(b)  tan  1.5  =  14. 1 


Example  3 

Find  the  value  of  0  (in  radians)  for  0  <  0  <  j  if 
(a)  cos  0  =  0.5  (b)  tan  0=0.5 

Again  put  the  calculator  in  the  ‘radian’  mode. 

(a)  cos  0  =  0.5 

0  =  cos'1  0.5  =  1.05  rad 

(b)  tan  0  =  0.5 

0  =  tan-1  0.5  =  0.46  rad 


Exercise  6.1  (Answers  on  page  619.) 


1  Convert  the  following  radians  to  degree  measure: 


(a)  § 

(b) 

ft 

(c) 

7 

(d)  4tt 

(e)  | 

(0  jj 

(g)  x 

(h) 

>i! 

(i) 

5n 

0)  | 

(k)  2 

(1)  1.5 

2  Convert  the  following  tc 

>  radian 

measure 

as  a  multiple  i 

af  Jt: 

(a)  30° 

(b) 

135° 

(c) 

270° 

(d)  540° 

(e)  105° 

(0  40° 

(g) 

200° 

(h) 

221° 

(i)  400° 

Cl)  75° 

3  Find  the  value  of 

(a)  sin  f 

(b) 

cos  f 

(c) 

tan  | 

(d)  cos  * 

(e)  sin  f 

(f) 

sin  2 

(g) 

cos  0.5 

4  Find  the  value  of  0  (in  radians)  for  0  <  0  £  f  if 

(a)  sin  0  =  0.5  (b)  cos  0  =  0.6 

(c)  tan  0=1.5  (d)  cos  0  =  0.25 

5  Find  the  value  of  0  -  sin  0  if  0  =  0.75  rad. 

6  Using  a  calculator,  investigate  the  value  of  when  0  is  small. 
(Take  0  =  0.5,  0.3, 0.1, 0.05, 0.01  for  example). 
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Fig.  6.3 


LENGTH  OF  AN  ARC 

In  Fig.6.3,  the  arc  AB  is  of  length  s  in  a  circle  with  centre  O 
and  radius  r.  The  arc  subtends  an  angle  of  0  radians  (ZAOB) 
at  the  centre. 

As  we  saw  above,  an  arc  of  length  kr  subtends  an  angle  of  k 
radians.  Here  the  arc  length  is  s  so  s  =  kr  and  k  =  5  =  0. 


So  s  =  r6;  0  =  J 


This  formula  is  only  valid  if  0  is  in  radians. 

If  ZAOB  =  0°,  then  s  =  Kr  x  .  The  formula  is  simpler  in 
radian  measure. 


Example  4 

In  a  circle  of  radius  8  cm.  find 

(a)  the  length  of  the  arc  which  subtends  an  angle  of  -j  radians  at  the  centre. 

(b)  the  angle  subtended  by  an  arc  of  length  6  cm. 

(a)  s  =  tfi  =  8  x  f  =  6lt  cm  (-  18.8  cm) 

(b)  From  the  formula,  0  =  ?  =  §  =  0.75  tad  (=  0.75  x  -1!9  =  43.0°) 


AREA  OF  A  SECTOR  OF  A  CIRCLE 

In  Fig.6.4,  AOB  is  a  sector  of  angle  0  rad  in  a  circle  with 
centre  O  and  radius  r.  ZAOB  =  0  rad. 

The  area  of  the  sector  will  be  proportional  to  0. 

Hence  **£$££*  =  £  and 
area  of  sector  =  ^  x  nr2  =  jH0. 

Area  of  sector  of  angle  0  =  ^ 

Once  again,  this  formula  is  only  valid  if  0  is  in  radians. 

Example  5 

In  Fig.63, 0  is  the  centre  of  a  circle  of  radius  r  and  ZAOB  =  ft  State 

(a)  the  area  of  sector  AOB 

(b)  the  area  of  AAOB. 

Hence  deduce  the  area  of  the  segment  which  is  shaded. 

(c)  Find  the  difference  in  length  between  the  arc  AB  and  the  chord  AB. 
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(c)  Length  of  arc  AB  =  rO 

The  length  of  the  chord  AB  is  found  from  the 
isosceles  AAOB  (Fig.6.6),  where  AD  is  the 
perpendicular  bisector  of  AB. 


ZDOA  =  § 

Then  AD  =  r  sin  §  and  AB  =  2r  sin  §. 


Hence  the  difference  in  length  between  arc  AB 
and  chord  AB 

=  r0  -  2r  sin  §  =  r(0  -  2  sin  §). 


Example  6 

O  is  the  centre  of  a  circle  of  radius  6  cm.  AOB  is  a 
sector  of  angle  j  ( Fig.6.7).  Find 

(a)  the  area  of  sector  AOB, 

(b)  the  area  of  segment  ABC. 

(c)  the  difference  in  length  between  arc  AB  and 
chord  AB. 

(a)  Area  of  sector  =  jrH)  =  j  x  36  x  5 

=  6 n  (-  18.8  cm2) 

(b)  Area  of  segment  =  area  of  sector  -  area  of  A 

=  6Jt-j  x 62 x sin  5 
=  6ji  -  18  x  0.866  =  3.26  cm2 

(c)  Difference  in  lengths  =  rO  -  2r  sin  5 

=  6x  5  -  12 sin  | 

=  2tt  -  6  (as  sin  g  =  0.5)  *■  0.28 


Example  8 

A  circular  disc,  centre  O  and  radius  30  cm,  rests  on  two  vertical  supports  AB,  CD, 
each  20  cm  tall  and  45  cm  apart  (Fig.  6.  JO).  Calculate,  correct  to  3  significant  figures 

(a)  ZAOC  in  radians. 

( b )  the  height  of  the  lowest  point  of  arc  AC  above  BD, 

(c)  the  fraction  of  the  area  of  the  disc  that  lies  above  the  level  of  AC. 


Fig.  6.10 


Take  ZAOC  =  0. 


(a)  In  Fig.  6.1 1.  OM  bisects  ZAOC,  AM  =  22.5,  OA  =  30  and  ZAOM 
OM-  =  30s  -  22.5!  giving  OM  =  19.8  cm. 

sin  f  =  ^  so  f  =  0.848  rad  and  6  =  1.70  rad. 

(b)  L  is  the  lowest  point  of  AC.  OL  =  30  and  OM  =  19.8  so  ML  =  10.2 
Then  ML  +  jc  =  20  so  *  =  9.8  cm. 

(c)  Area  of  the  disc  =  itr  =  900k  cm!. 

Area  of  segment  ALC  =  i  x  30s  x  0  -  i  x  302  x  sin  0 
=  450(  1 .70  -  sin  l  .70)  =  3 1 8.8  enr 

Then  area  above  AC  =  900k  -  318.8  and  fraction  of  area  above  AC 

_  900ft  -  31&8  _  q  ggy 


Example  9 

The  area  of  the  sector  OAB  (Fig.6.I2)  is  ISO  cm?.  Calculate 
(a)  0  (in  radians). 


Fig. 6.1 3 


Example  10 

A  sector  of  a  circle  has  radius  r  and  angle  0.  Find  the  value  of  0  correct  to 
3  significant  figures  if  the  perimeter  of  the  sector  equals  half  the  circumference  of 
the  circle. 

The  perimeter  of  the  sector  =  r  +  r  +  r6  =  r(2  +  0). 

Then  r(2  +  8)  =  w  and  2  +  6  =  7t  giving  0  =  n  -  2  -  1.14  rad. 


Example  11 

A  sector  of  angle  0  in  a  circle  of  radius  r  cm  has 
is  9  cm.  Find  the  values  of  r  and  0. 

an  area  of  5  cm1  and  its  perimeter 

Area  =  jH8  =  5  so  H8  =  10 

(0 

Perimeter  =  r  +  r  +  r8  =  2r  +  r0  =  9 

(ii) 

We  solve  these  two  equations. 

From  (i),  0  = 

Substitute  in  (ii),  2r  +  r^=9  which  gives  2/*  + 
Hence  (2r-5Xr-2)  =  0  and  r  =  2!  or  2  cm. 

10  =  9r  or  2H  -  9r  +  10  =  0. 

From  (i),  the  corresponding  values  of  8  are  1.6  or 

2.5  rad. 

Exercise  6.2  (Answers  on  page  619.) 

Where  the  answer  is  not  exact,  3-figure  accuracy  is  sufficient. 

1  The  length  of  an  arc  in  a  circle  of  radius  5  cm  is  6  cm.  Find  the  angle  subtended  at  the 
centre. 
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2  An  arc  of  length  5  cm  is  drawn  with  radius  3  cm.  What  angle  does  it  subtend  at  the 
centre? 

3  The  area  of  a  sector  of  a  circle  is  9  cm3.  If  its  radius  is  6  cm  find  the  angle  of  the  sector 
and  the  length  of  its  arc. 

4  The  area  of  a  sector  of  a  circle  is  IS  cm3  and  the  length  of  its  arc  is  3  cm.  Calculate 

(a)  the  radius  of  the  sector  and  (b)  its  angle. 

5  Find  the  missing  values  in  the  following  table  for  sectors: 


(cm) 

Z  of  sector 
(radians) 

Length  of  arc 
(cm) 

Area  of  sector 
(cm3) 

(a)  4 

1.3 

(b) 

0.8 

8 

(c)  8 

16 

(d) 

3 

18 

(e) 

0.4 

7.2 

6  A  sector  of  a  circle  of  radius  4  cm  has  an  angle  of  1.2  radians.  Calculate 

(a)  the  area  of  the  sector, 

(b)  its  perimeter. 

7  In  Fig.  6.14,  DOBC  is  a  semicircle,  centre  O  and  radius  6  cm.  AC  is  perpendicular  to 
DOB  where  AB  is  2  cm. 

Calculate 

(a)  the  length  of  AC, 

(b)  ZCOA  in  radians  and 

(c)  the  perimeter  of  the  shaded  region. 

(d)  Express  the  area  of  the  shaded  region  as  a  percentage  of  the  area  of  the  semicircle. 


D  6  O  A  2  B 
Fig.  6.14 


8  If  the  area  of  a  sector  is  6.4  cm3  and  its  angle  is  0.8  radians,  calculate  the  radius  of  the 
sector. 

9  A  chord  AB  is  8  cm  long  in  a  circle  of  radius  5  cm.  Calculate 

(a)  the  angle  it  subtends  at  the  centre  of  the  circle, 

(b)  the  length  of  the  shorter  arc  AB. 
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10  The  perimeter  of  a  sector  is  128  cm  and  its  area  is  960  cm2. 

Find  the  possible  values  of  the  radius  of  the  sector  and  its  angle. 

11  A  wheel  of  radius  0.6  m  rotates  on  its  axis  at  a  rate  of  4.5  radians  per  second. 
Calculate  the  speed  with  which  a  point  on  its  rim  is  moving. 

12  A  disc  is  rotating  at  331  revolutions  per  minute. 

(a)  At  what  rate,  in  radians  per  second,  is  it  rotating? 

(b)  At  what  speed,  in  metres  per  second,  is  a  point  on  the  rim  moving,  if  the  radius 
of  the  disc  is  15  cm? 

13  Fig.6.15  shows  a  cross-section  through  a  tunnel,  which  is  part  of  a  circle  of  radius 
5  m.  The  width  AB  of  the  floor  is  8  m.  Calculate 

(a)  the  angle  subtended  at  the  centre  of  the  circle  by  the  chord  AB, 

(b)  the  length  of  the  arc  ACB. 


Fig.6.15  A  8  m  B 

14  Fig.6.16  represents  the  action  of  a  windscreen  wiper  of  a  car.  It  rotates  about  O  and 
travels  from  AB  to  A'B’and  back.  Calculate 

(a)  the  area  AA'B'B  swept  clear, 

(b)  the  perimeter  of  this  area. 


15  A  cylindrical  barret  floats  in  water  (Fig.  6.17).  The  diameter  of  the  barrel  is  120  cm 
and  its  highest  point  P  is  80  cm  above  the  water  level  AB. 

(a)  Calculate  z^AOB  in  radians,  where  O  is  the  centre  of  the  circular  face. 

(b)  What  fraction  of  the  volume  of  the  barrel  is  below  the  water  line? 
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16  In  a  circle  centre  O,  AOB  and  COD  are  two  concentric  sectors  as  shown  in  Fig.6. 18. 
The  lengths  of  the  arcs  AB  and  DC  arc  2.8  cm  and  2  cm  respectively  and  AD  =  2  cm. 
Calculate 

(a)  the  length  of  OC. 

(b)  ZAOB  in  radians, 

(c)  the  area  of  ABCD. 


Fig.  6. 18  0 

17  In  Fig.6.19,  the  chord  AB.  of  length  8  cm,  is  parallel  to  the  diameter  DOC  of  the 
semicircle  with  centre  O  and  radius  5  cm.  Calculate 

(a)  ZAOB  in  radians,  E  Fig.6.19 

(b)  the  area  of  the  segment  ABE, 

(c)  what  fraction  the  area  of  the  segment 
ABE  is  of  the  area  of  the  semicircle. 

D 

O  5cm 

18  A  wheel  of  radius  20  cm  rolls  without  slipping  on  level  ground.  A  point  P  on  the  rim 
is  in  the  position  P,  at  the  start  (Fig.6.20).  When  the  centre  of  the  wheel  has  moved 
through  50  cm,  P  is  now  in  the  position  P,.  Calculate  the  angle  (in  radians)  through 
which  the  wheel  has  turned. 


Fig.  6.20 
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'  of  a  circle  of  radius 


19  A  piece  of  wire,  10  cm  long,  is  formed  into  the  shape  of  a  sector 
r  cm  and  angle  0  radians. 

(a)  Show  that  0= 

(b)  Show  also  that  the  area  A  cm2  of  the  sector  is  given  by  A  =  5r  -  r2. 

(c)  If  4  i  A  £  6  and  0  S  3,  find  the  limits  within  which  r  must  lie. 


20  In  Fig.6.21, 0  is  the  centre  of  the  circle  containing  the  sector  OAB.  DC  is  a  parallel 
arc  and  BC  =  3  cm. 


If  OC  =  r  cm  and  ZAOB  =  0  rad,  show 

(a)  the  shaded  area  =  |  (6r  +  9)  cm1, 

(b)  the  perimeter  of  the  shaded  area  equals  6  +  0(2r  +  3)  cm. 

(c)  Given  that  the  shaded  area  is  three-quarters  of  the  area  of  the  sector  OAB, 
calculate  the  value  of  r. 

(d)  If,  however,  the  total  perimeter  of  the  shaded  area  equals  the  total  perimeter  of 
the  sector  OAB,  find  the  value  of  0. 


SUMMARY 

•  I  radian  is  the  angle  subtended  by  an  arc  of  length  equal  to  the  radius. 

•  rt  rad  =  180° 

•  Length  s  of  an  arc  of  radius  r  subtending  an  angle  0  is  s  =  r0  (0  in  radians). 

•  Area  A  of  a  sector  of  radius  r  and  angle  0  is  A  =  jHO  (0  in  radians) 


REVISION  EXERCISE  6  (Answers  on  page  620.) 

Where  the  answer  is  not  exact,  3-figure  accuracy  is  sufficient. 


1  In  Fig.6.22,  ADB  is  a  semicircle  with  centre  O  and  radius  20  cm.  DC  is  perpendicular 
to  AB  where  C  is  the  midpoint  of  OB.  Calculate  _ _ D  Rg  622 

(a)  ZDOC  in  radians,  '*■ 

(b)  the  area  of  the  shaded  region. 
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4  In  Fig.6.25,  ADC  is  an  arc  of  a  circle,  centre  0,  radius  r  and  ZAOC  =  26  radians. 
ABC  is  a  semicircle  on  AC  as  diameter.  Show  that  AC  =  2 r  sin  0. 

Find  expressions,  in  terms  of  r  and  0,  for  the  areas  of 

(i)  the  sector  OADC, 

(ii)  the  segment  ADC, 

(iii)  the  shaded  region.  (C) 


B 


5  OBD  is  a  sector  of  a  circle  with  centre  O  and  radius  6  cm.  ZBOD  =  y 
A  is  a  point  on  OB  where  OA  =  2  cm  and  C  is  a  point  on  OD  such  that  OC  =  4  cm. 
Find  the  area  of  the  region  bounded  by  BA,  AC,  CD  and  the  arc  BD. 
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6  Fig.6.26  shows  a  circle,  centre  O,  radius  5  cm  and  two  tangents  TA  and  TB,  each  of 
length  8  cm.  Calculate 

(i)  ZAOB, 

(ii)  the  length  of  the  arc  APB, 

(iii)  the  area  of  the  shaded  region.  (Q 


7  Fig.6.27  shows  part  of  a  circle  centre  O  of  radius  6  cm. 

(i)  Calculate  the  area  of  sector  BOC  when  0  =  0.8  radians. 

(ii)  Find  the  value  of  0  in  radians  for  which  the  arc  length  BC  is  equal  to  the  sum  of 

the  arc  length  CA  and  the  diameter  AB.  (C) 


Fig.  6.27 


8  In  Fig.6.28,  OAB  is  an  equilateral  triangle  of  side  10  cm.  The  arc  ADB  is  drawn  with 
centre  O.  A  semicircle  is  drawn  on  AB  as  diameter.  Kind  the  area  of  the  shaded 
region. 


9  Fig.6.29  shows  the  circular  cross-section  of  a  uniform  log  of  radius  40  cm  floating  in 
water.  The  points  A  and  B  are  on  the  surface  and  the  highest  point  X  is  8  cm  above 
the  surface.  Show  that  ZAOB  is  approximately  1.29  radians.  Calculate 

(i)  the  length  of  the  arc  AXB, 

(ii)  the  area  of  the  cross-section  below  the  surface, 

(iii)  the  percentage  of  the  volume  of  the  log  below  the -surface.  (C) 
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Fig.  6. 29 


10  Fig.6.30  shows  two  arcs,  AB  and  CD,  of  concentric  circles,  centre  O.  The  radii  OA 
and  OC  are  1 1  cm  and  14  cm  respectively  and  ZAOB  =  0  radians. 

Express  in  terms  of  0  the  area  of 

(i)  sector  AOB, 

(ii)  the  shaded  region  ABCD. 

Given  that  the  area  of  the  shaded  region  ABCD  is  30  cm3,  calculate 

(iii)  the  value  of  0, 

(iv)  the  perimeter  of  the  shaded  region  ABCD.  (C) 


D 


11  Fig.  6.31  shows  a  semi-circle  ABC.  with  centre  O  and  radius  4  m.  such  that  angle 
BOC  =  90°. 

Given  that  CD  is  an  arc  of  a  circle,  centre  B,  calculate 

(a)  the  length  of  the  arc  CD, 

(b)  the  area  of  the  shaded  region.  (C) 


Fig.  6.31 
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B 

12  In  Fig.6.32,  ABCD  is  a  square  of  side  4  cm.  Equal  arcs  AE  and  EB  are  drawn  with 
radius  4  cm  and  centres  B  and  A  respectively.  Calculate  the  area  of  the  shaded  region. 


D  C 


Fig.  6.32  A  4  cm  B 


13  The  two  circles  in  Fig.6.33  have  centres  A  and  B  and  radii  5  cm  and  12  cm 
respectively.  AB  =  13  cm.  Calculate  the  area  of  the  shaded  region. 


Fig  6.33 


14  A  sector  of  a  circle  radius  r  has  a  total  perimeter  of  12  cm.  If  its  area  is  A  cm2,  show 
that  A  =  6r-r*.  Hence  find  the  value  of  r  for  which  A  is  a  maximum  and  the  corre¬ 
sponding  value  of  the  angle  of  the  sector  in  radians. 


15  In  Fig.6.34,  the  sector  OAB  has  centre  O  and  radius  6  cm  and  ZAOB  =  5  radians. 
OC  is  the  bisector  of  .^AOB  and  P  is  the  midpoint  of  OC.  An  arc  DE  of  a  circle  is 
drawn  with  centre  P  to  meet  OA  and  QB  at  D  and  E  respectively. 

(a)  Find  the  size  of  ZOPD. 

(b)  Calculate  the  area  of  the  shaded  region. 
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16  In  Fig.6.35,  ABCD  is  a  rhombus  of  side  *  and  ZA  =  0  radians.  Arcs  each  of  radius 
|  are  drawn  with  centres  A,  B,  C  and  D.  If  the  shaded  area  is  half  the  area  of  the 
rhombus,  show  that  sin  0  =  y  and  find  the  two  possible  values  of  0. 


Fig.  6.35 


17  A,  B  and  C  are  three  points  in  that  order  on  the  circumference  of  a  circle  radius  5  cm. 
The  chords  AB  and  BC  have  lengths  8  cm  and  4  cm  respectively.  Find  the  ratio  of  the 
areas  of  the  minor  segments  on  AB  and  BC. 
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Trigonometry 


7 


TRIGONOMETRIC  FUNCTIONS 
FOR  A  GENERAL  ANGLE 


The  trigonometric  functions  sine,  cosine  and  tangent  of  an  angle  6  were  originally  defined 
as  ratios  of  the  sides  of  a  right-angled  triangle,  i.e.  for  a  domain  0°  £  0  £  90°.  We  now 
extend  the  definition  to  deal  with  any  angle  (the  general  angle). 

The  actual  values  of  sin  0,  cos  0  and  tan  0  for  any  given  angle  can  be  found  directly 
using  a  calculator.  To  solve  equations,  however,  we  must  know  how  to  use  these 
definitions  inversely. 

Suppose  the  arm  OR  (of  unit  length)  in  Fig.7.1  can  rotate  about  O  in  an  anticlockwise 
direction  and  makes  an  angle  0  with  the  positive  jr-axis.  We  divide  the  complete 
revolution  into  4  quadrants  and  take  the  positive  y-axis  at  90°.  Let  (r,y)  be  the  coordi¬ 
nates  of  R.  x  and  y  will  be  positive  or  negative  depending  on  which  quadrant  R  lies  in. 


R  (*.» 


We  define 


Note  that  both  |  sin  6 1  and  |  cos  6  |  are  less  than  or  equal  to  1  as  both  jjr  |  and  |  y  |  are 
less  than  or  equal  to  1,  but  that  tan  0  can  have  any  value.  In  the  first  quadrant,  where 
0°  <  0  <  90°,  each  of  these  functions  will  be  positive  (Fig.7.2). 


R 


In  the  second  quadrant  (Fig.7.3),  where  90°  <  0  S  180°,  the  angle  0  is  linked  to  the 
corresponding  angle  180°  -  0  in  the  first  quadrant. 

sin  0  =  +y  =  sin(180°  -  0)  FlS-73 

cos  0  =  —x  =  —  cos(180°  — 0)  | 

tan  0  =  =  -  tan(180°  -  0)  R 


For  the  third  quadrant  (Fig.7.4),  where  180°  <  0  <  270°,  the  corresponding  angle  in  the 
first  quadrant  is  0  -  180°. 
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For  the  fourth  quadrant  (Fig.7.5),  where  270°  <  8  S  360°.  the  corresponding  angle  in 
the  first  quadrant  is  360°  -  8. 


=  -y  =  -  sin(360°  -  8) 
=  +Jt  =  008(360° -8) 

=  ?  =  -  tan(360°  -  8) 


SIN  + 

All  + 

sin  8  =  sin(180°  -  8) 

sin  8 

cos  8  =  -cos(180o  -  8) 

cos8 

lan8  =  -tan(180°  -8) 

tan  8 

2nd 

1st 

3rd 

4th 

sin8  =  -sin(8-  180°) 

sin  8  =  -sin(360°  -  8) 

cos  8  =  -cos(8  -  180°) 

cos  8=  cos(360°  -  8) 

tan  8=  tan(8  -  180°) 

tan  8  =  -tan(360°  -  8) 

TAN  + 

COS  + 

Each  function  is  positive  (+)  in  the  first  quadrant  and  one  other. 

Each  function  is  negative  (-)  in  two  quadrants. 

Note  on  Special  Angles  30°,  45°,  60° 

As  these  angles  are  often  used,  it  will  be  useful  for  future  work  to  have  their  trigonom¬ 
etrical  ratios  in  fractional  form. 

45 ° 

In  Fig.7.6(a),  ABC  is  an  isosceles  right-angled  triangle  with  AB  =  BC  =  1.  Hence 
AC  =  ^2  and  ZA  =  ZC  =  45°. 


C  C 
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Then 


;  45° 


in  45°  =  t?  =  cos 


30°,  60° 

In  Fig.7.6(b),  ABC  is  an  equilateral  triangle  with  side  2. 

CD  is  the  perpendicular  bisector  of  AB  so  AD  =  1  and  CD  =  VI. 
=  60°  and  ZACD  =  30°. 


Then  sin  60°  =  cos  30°  =  ^ 

sin  30°  =  cos  60°  =  j 
tan  60°  =  VI,  tan  30°  =  -jj 


Using  the  special  ratios  above,  the  ratios  for  other  angles  related  to  30°.  45°  and  60°  can 
be  found  in  a  similar  form  if  required. 

For  example,  cos  210°  =  -cos(210°  -  180°)  =  -cos  30°  =  -  V? 

Copy  and  complete  this  table: 


NEGATIVE  ANGLES 

If  the  arm  OR  rotates  in  a  clockwise  direction  (Fig.7.7),  it  will  describe  a  negative  angle, 
-8.  To  find  the  value  of  a  function  of  a  negative  angle,  convert  the  angle  to  360°  -  0  or 
2tt  -  6,  if  working  in  radians. 
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BASIC  TRIGONOMETRIC  EQUATIONS 

We  apply  the  above  trigonometric  functions  to  the  solution  of  basic  trigonometric 
equations,  i.e.  equations  in  one  function  such  as  sin  0  =  0.44,  cos  9  =  -0.78  or  tan  9  = 
1.25.  As  we  shall  see  later,  all  other  equations  are  reduced  to  one  (or  more)  of  these.  A 
basic  equation  will  usually  have  two  solutions  for  0°  S  9  S  360°. 

To  solve  a  basic  equation,  such  as  sin  9  =  k, 
step  1  And  the  1st  quadrant  angle  a  for  which  sin  a  =  |  k  |; 
step  2  find  the  quadrants  in  which  9  will  lie; 
step  3  determine  the  corresponding  angles  for  those  quadrants. 

Unless  exact,  angles  in  degrees  are  to  be  given  to  one  decimal  place. 


Example  1 

Solve  (a)  sin  0  =  0J7.  (b)  sin  0  =  -038 for  0°  SOS  360°. 

(a)  If  sin  a  =  0.57,  then  a  =  34.75°. 

9  will  lie  in  the  1st  and  2nd  quadrants  (9  and  180°  -  9) 

Then  9  =  34.75°  or  180°  -  9  =  34.75°  i.e.  9  =  145.25°. 

The  solutions  are  34.8°  and  145.3°. 

(b)  From  sin  a  =  +0.38,  a  =  22.33°. 

9  will  lie  in  the  3rd  and  4th  quadrants. 

Then  9  -  180°  =  22.3°  or  360°  -  9  =  22.3°  giving  9  =  202.3°  and  337.7°. 


Solutions  for  the  equations  cos  9  =  *  and  tan  9  =  k  are  found  in  the  same  way. 


Example  2 

Solve  (a)  cos  0  =  -03814.  (b)  tan  0  =  135  for  OP  1  OS  360°. 

(a)  The  1st  quadrant  angle  for  cos  a  =  +0.3814  is  67.58°. 

9  lies  in  the  2nd  and  3rd  quadrants. 

Then  180°  -  9  =  67.58°  or  9  -  180°  =  67.58°  giving  9  =  1 12.4°  and  247.6°. 

(b)  The  1st  quadrant  angle  for  tan  9  =  1.25  is  51.34°. 

9  lies  in  the  2nd  and  3rd  quadrants. 

Then  9  =  51.34°  and  9  -  180°  =51.34°  i.e.  9  =  231.34°. 

Hence  the  solutions  are  9  =  51.3°  and  231.3°. 


Example  3 

Solve  the  equation  3  cos1  0  +  2  cos  0=0  for  0°  SOS  360°. 

The  left  hand  side  factorizes  giving  cos  9(3  cos  9  +  2)  =  0  which  separates  into  2  basic 
equations: 


132 


0  =  0 


and  3  cos  0  +  2  =  0  which  gives  cos  6  =  -  \  =  -0.6667. 

Note:  Do  not  divide  through  by  the  factor  cos  6.  This  would  lose  the  equation 
cos  0  =  0.  Never  divide  by  a  factor  containing  the  unknown  angle. 

For  cos  0  =  0, 6  =  90°  or  270°. 

For  cos  0  =  -0.6667,  6  lies  in  the  2nd  and  3rd  quadrants. 

The  1st  quadrant  angle  is  48.19°. 

Then  180°  -  0  =  48.19°  and  0  -  180°  =  48.19°  giving  0  =  131.8°  and  0  =  228.2°. 
Hence  the  solutions  are  90°,  131.8°,  228.2°  and  270°. 


OTHER  TRIGONOMETRIC  FUNCTIONS 

There  are  three  other  functions  which  are  the  reciprocals  of  the  sine,  cosine  and  tangent. 
They  are 


secant:  sec  0  = 

cotangent:  cot  0  =  ^  ^ 
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Exercise  7.1  (Answers  on  page  620.) 

1  Solve  the  following  equations  for  0°  S  0  S  360° 

(a)  sin  0  =  j  (b)  cos  8  =  0.762 

(d)  cos  0  =  -0.35  (e)  sin  8  =  -0.25 

(g)  sin  8  =  -0.1178  (h)  sin  0  = -0.65 

(j)  tan  0  = -1.5  (lc)  cosec  8  =1.75 

(m)  sec  0  =  -1.15  (n)  cot  8  =  0.54 

2  Solve  the  following  equations  for  0°  S  0  S  360°: 

(a)  5  sin2  0  =  2  sin  0  (b)  9  tan  0  =  cot  0 

(c)  3  tan2  0  +  5  tan  0  =  2  (d)  4  cos2  0  +  3  cos  0  =  0 

(e)  5  sin2  0  =  2  (f)  6  sin2  0  +  7  sin  0  +  2  =  0 

(g)  cos(0  +  20°)  =  -0.74  <h)  tan(0  -  50°)  =  -1 .7 

(i)  3  sin2 0  =  sin  0  (j)  4sec20  =  5 

(k)  cos2  0  =  0.6  fl)  6  sin2  0  =  2  +  sin  0 

(m)  2  sec2  0  =  3  -  5  sec  0  (n)  sec(0  -  50°)  =  2.15 

(o)  sin(0  +  60°)  =  -0.75 

3  Find  0  for  0°  S  0  £  360°  if  3  cos2  0-2  =  0. 

4  If  5  tan  0  +  2  =  0,  find  0  in  the  range  0"  <  0  S  360°. 

5  Solve  the  equation  5cos0-3sec0  =  OforO°S0i  360°. 

6  Find  all  the  angles  between  0°  and  180°  which  satisfy  the  equations 

(a)  sin  x  =  0.45  (b)  cos  y  =  -0.63  (c)  tan  0  =  2.15 

7  Find  the  values  of 

(a)  sin(-30°)  (b)  cos(-|)  (c)  tan(-200°)  (d)  sec(-150°) 

(e)  cot(-300°)  (f)  sin(-y)  (g)  cosec(-  2f  ) 

8  Show  that 

(a)  sin(-0)  = -sin  0.  (b)  cos(-0)  =  cos  0,  (c)  tan(-0)  =  -tan  0. 


(c)  tan  0  =  1.15 
(0  tan  0  = -0.81 
<i)  cos  0  =  0.23 
0)  cos  0  = -0.14 
(o)  sec  0  =  2.07 
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(b)  sin(— 0)  =  -0.27 
(d)  ian(-8)=  1.34, 


9  Solve  the  equations 
(a)  sin(-O)  =  0.35, 

(c)  cos(-8)  =  -0.64 
for  0°  £  0  £  360°. 

GRAPHS  OF  TRIGONOMETRIC  FUNCTIONS 

sin  6  and  cos  6 

Complete  the  following  table  of  values  of  sin  0  and  cos  0,  taking  a  domain  of  0°  to  360° 

at  30°  steps: 

0  |  0°  30°  60°  90°  120°  150°  180°  „,  270°  ■„  360° 

sin  0  0  05  I  0  ~l  0~ 

cos  0  !  1  0.5  0  -1  I 


Plot  these  values  on  graph  paper  using  scales  of  say  1  cm  a  30°  on  the  0-axis  and 
4  cm  a  1  unit  on  the  function  axis  (Fig.7.8). 
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The  graph  shows  one  cycle  of  each  function. 


The  sine  curve  has  a  maximum  of  1  when  0  =  90°  and  a  minimum  of  -1  when  0  = 
270°.  The  cosine  curve  is  identical  to  the  sine  curve  but  is  shifted  90°  to  the  left.  This 
difference  is  called  the  phase  difference  between  the  two  functions. 

For  angles  greater  than  360°  or  less  than  0°  the  curves  repeat  themselves  in  successive 
cycles  (Fig.7.9).  Functions  which  repeat  themselves  like  this  are  called  periodic  func¬ 
tions.  The  sine  and  cosine  functions  each  have  a  period  of  360°  (or  2tt).  Hence 
sin(0  +  n360°)  =  sin  0  or  cos(0  +  Inn)  =  cos  0 


where  n  is  any  integer.  This  means  that  we  can  add  or  subtract  360°  from  any  solution  of 
sin  0  =  k  or  cos  0  =  k  and  obtain  other  solutions  outside  the  domain  0°  <  0  <  360°. 

For  example,  if  the  solutions  of  sin  0  =  0.5  for  0°  <,  0  £  360°  are  30°  and  150°,  then 
30°  +  360°  =  390°  and  150°  -  360°  =  -210°  are  also  solutions  of  the  equation.  These 
solutions  are  marked  by  dots  on  the  graph  of  sin  0  in  Fig.7.9. 
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tan  0 

Values  of  tan  6  begin  at  0  for  0  =  0°,  increase  to  1  when  0  =  45°  and  then  increase  rapidly 
as  0  approaches  90°.  tan  90°  is  undefined.  Between  90°  and  270°  the  function  increases 
from  large  negative  values  through  0  to  large  positive  values.  The  curve  approaches  the 
90°  and  270°  axes  but  never  reaches  them.  Hence  the  curve  consists  of  3  separate 
branches  between  0°  and  360°  (Fig.7.10). 


tan  0  is  also  a  periodic  function  but  with  a  period  of  180°.  Hence  tan(0  +  nit)  or 
tan(0  +  n!80°)  =  tan  0  where  n  is  an  integer. 
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MULTIPLE  ANGLE  FUNCTIONS 

Functions  such  as  sin  20,  cos  §,  etc.  are  multiple  angle  functioi 


(a)  Sketch  the  graph  of  y  =  sin  26. 

(b)  Solve  the  equation  sin  26=  0.55 for  0°  <6<  360°  and  show  the  solutions 
graph. 

(a)  If  the  domain  of  0  is  0°  to  360°,  20  will  take  values  from  0°  to  720°.  Hei 
curve  completes  two  cycles  as  0  increases  from  0°  to  360°  (Fig.7.1 1). 


so  we  obtain  4  solutions,  2  tor  each  cycle.  Inese  solutions  are  marked  on  the 
graph. 

Note  that  all  the  solutions  for  20  must  be  obtained  first  before  dividing  by  2  to 
obtain  the  values  of  0,  which  are  then  corrected  to  1  decimal  place. 


(a)  Sketch  the  graph  of  y  =  cos  j  for  0°  <  6  <,  360°. 

(b)  Solve  the  equation  cos  j  =  -0.16  for  this  domain. 

(a)  If  the  domain  of  0  is  0°  to  360°,  then  |  will  take  values  from  0°  to  1 80°  only.  So 
the  graph  will  be  a  half-cycle  of  the  cosine  curve  (Fig.  7.12). 


Exercise  7.2  M«"W»  on  page  620.) 

1  Sketch  the  graphs  of  (a)  y  =  sin  30,  (b)  y  =  cos  30  for  0°  £  0  £  360°. 

What  is  the  period  of  each  of  these  functions? 

2  Sketch  the  gTaphs  of  (a)  y  =  tan  20  ,  (b)  y  =  tan  §  for  0°  <  0  <  360°. 

3  On  the  same  diagram,  sketch  the  graphs  of  y  =  sin  20  and  y  =  cos  0  for  0°  <  0  <  360°. 
How  many  solutions  of  the  equation  sin  20  =  cos  0  are  there  in  this  domain? 

4  Sketch  on  the  same  diagram,  the  graphs  of  y  =  sin  §  and  y  =  cos  0  for  0°  £  0  S  360°. 
State  the  number  of  solutions  which  the  equation  sin  |  =  cos  0  will  have  in  this 
domain. 

5  On  the  same  diagram,  sketch  the  graphs  of  y  =  cos  30  and  y= sin  §  for  0°  202  360°. 
State  the  number  of  solutions  of  the  equation  cos  30  =  sin  §  you  would  expect  to 
obtain  in  this  domain. 


Solve,  for  0°  £  0  S  360°,  the  following  equations: 


(a)  sin  20  =  0.67 

(b) 

cos  30  =  0.58 

(c)  tan  f  =  1.5 

(d) 

sin  f  =0.17 

(e)  3  cos  20  =  2 

(0 

sec  j  =-1.7 

(g)  sin  f  =-0.28 

(h) 

3  tan  20+  1  =0 

(i)  3  sin  y  =  2 

0) 

4cosf +3  =  0 

(k)  2  cosec  20  +  3  =  0 

(1) 

cot  |  =1.35 

(m)  COS  y  =  j 

(n) 

tan  20  =  -1 

(o)  3  sin2  20  +  2  sin  20  =  1 

(P) 

2 cos2  2  =cos2 

(q)  sin  20  =  -0.76 

(r) 

sec  |  =  1.88 

(s)  cos  20  =  -0.65 

(0 

tan  y  +  2  =  0 

(u)  5  sin  f  +3  =  0 

(v) 

2  cosec  |  =  3 

For  0°  £  0  £  360°,  solve  the  following 

(a)  sin(  I  +20°)  =  0.47 

<b) 

tan(20  -  60°)  =  1.55 

(c)  cos(|)  =  0.75 

(d) 

sin(20  +  80°)  =  -0.54 

(e)  sec2(|  -  50°)  =  1.2 


8  State  the  values  of  (a)  sin(30°  +  n360°),  (b)  cos(n360°  -  30°),  (c)  tan(45°  +  nl80°) 
where  n  is  an  integer. 


9  State  the  values  of  (a)  sin(2n  +  l)ji,  (b)  cos(6n  -  1)  f ,  (c)  tan(3n  +  1)  f ,  where  n  is 
an  integer. 

10  Solve  the  equation  4cos2y  =  lforO°£0<  360°. 


MODULUS  OF  TRIGONOMETRIC  FUNCTIONS 

|  sin  0  |  has  the  same  meaning  as  |  x  |,  i.e.  it  is  the  numerical  value  of  sin  0.  For  example, 
j  sin  300°  |  =  |  -0.866 1  =  0.866,  and  so  on. 
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Example  11 

For  0°  S  9  S  360°.  sketch  separate  graphs  of  (a)  y  =  2  sin  0,  ( b )  y  =  /2  sin  0/, 
(c)y=l  +  Icos26l.(d)y  =  l-lcos20l. 

(a)  Fust  sketch  y  =  sin  0  (Fig.7. 13) 

For  y  =  2  sin  0,  each  value  of  y  =  sin  8  is  doubled  to  give  the  graph  of 
y  =  2  sin  8. 


(b)  As  we  did  earlier,  we  reflect  the  negative  part  of  y  =  2  sin  0  in  the  0-axis  to  obtain 
y=  |  2  sin  0  |  (Fig.7.14). 


(c)  First  sketch  y  =  cos  20  (Fig.7. 15)  which  has  two  cycles.  Now  reflect  the  negative 
part  in  the  0-axis  to  obtain  y  =  |  cos  20 1. 

This  curve  is  now  shifted  up  through  1  unit  to  obtain  y  =  1  +  |  cos  20 1. 


Sketch  on  the 


the  graphs  of  y  =  /2  cos  x  / and  3y  =  x  for  the  domain 


Exercise  7.3  (Answers  on  page  621.) 

1  Stale  the  values  of  (a)  |  sin  200°  |.  (b)  |  cos  y  |,  (c)  sin  |  -200°  |.  <d)  |  tan  y  |. 

2  By  sketching  the  graph  of  y  =  sin  20  for  0°  <  0  <  360°,  find  how  many  solutions  the 
equation  sin  20  =  k  will  have  in  this  interval,  where  0  <  k  <  1 .  How  many  solutions 
will  the  equation  |  sin  20  |  =  *  have  in  the  same  interval? 

3  Sketch  the  graphs  of  y  =  |  cos  0  |  and  y  =  |  cos  0  |  -  1  for  0°  £  0  <,  360°. 

4  On  the  same  diagram,  sketch  the  graphs  of  y  =  |  sin  0 1  and  y  =  |  cos  0|  for  0°  <  0  < 
360°.  How  many  solutions  will  the  equation  |  sin  0|  =  |  cos  0|  have  in  this  interval? 

5  Sketch  the  graphs  ofy  =  1  +  2  sin  0andy=  |  1  +  2  sin  0 1  for  0°  <  0  <  360°.  On  another 
diagram,  sketch  the  graph  of  y  =  1  +  1 2  sin  0  |. 

6  On  the  same  diagram,  for  0°  <  0  <  360°,  sketch  the  graphs  of  y  =  2  cos  0  and 
y  =  |  2  cos  0  |.  Now  add  the  graph  of  y  =  1  -  1 2  cos  6  |. 

7  On  the  same  diagram,  sketch  the  grapHTof  y  =  |  2  cos  x  |  and  y  =  for  0  S  .v  <  2n. 
Hence  state  the  number  of  solutions  of  the  equations  1 4>t  cos  jt  |  =  x  and  4it  cos  x  =  x 
for  0  S  jt  <  2tt. 

8  Sketch  the  graph  of  y  =  |  tan  0 1  for  0°  S  0  <  360°. 

9  Sketch  on  the  same  diagram  the  graphs  of  y  =  |  cos  2x  |  and  2y  =  x  for  the  domain 
0  £  x  £  Jt.  Hence  state  the  number  of  solutions  in  this  domain  of  the  equation 
|  2  cos  2r  |  =  .v. 

10  For  0  S  x  <  2n,  sketch  the  graphs  of  y  =  |  cos  x  |  and  y  =  sin  2r  on  the  same  axes.  State 
the  number  of  solutions  of  the  equation  sin  2x  =  |  cos  x  |  in  this  interval. 
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1 1  Sketch  the  graphs  of  y  =  |  sin  3*  |  and  2ny  =  *  for  0  <  *  <  2tt.  How  many  solutions  do 
the  equations  2it  sin  3*  =  x  and  |  2tl  sin  3*1=*  have  in  this  interval? 

12  On  the  same  diagram,  sketch  the  graphs  of  y  =  |  sin  *  -  1  |  and  y  =  2  cos  *  for 
0  <  *  <  2n.  Hence  find  the  number  of  solutions  of  the  equation  2  cos  *  =  |  sin  *  -  1 1 
in  this  interval. 


IDENTITIES 

We  have  defined  earlier,  for  an  angle  0,  sin  0  =  y,  cos  0  =  *  and  tan  0  =  £  where  (*,y) 
were  the  coordinates  of  R  and  OR  =  1  unit  (Fig.  7. 19). 


Fig.  7.20 


Then  tan  0  s  (i) 

This  is  an  identity  which  is  true  for  all  values  of  0.  So  we  use  the  symbol  a  meaning 
'identical  to’  or  ‘equivalent  to'.  In  any  expression,  tan  0  could  be  replaced  by  or 

As  cot  0  =  ,  then  cot  0  a  (ii) 


From  Fig.7.19,  x2  +  y2  =  1  for  all  values  of  *  and  y. 


Hence  sin2  0  +  cos2  0  s  1  (iii) 

[Note:  sin2  0  means  (sin  0)2] 

and  sin2  0  a  1  -  cos2  0  (iv) 

and  cos2  0  a  l  -  sin2  0  (v) 

Taking  identity  (iii),  divide  both  sides  by  cos2  0: 

then  +  1  ■  — tt 

cos2  6  cos2  0 

i.e.  tan2  0  +  1  a  sec2  0  (vi) 

Dividing  both  sides  of  identity  (iii)  by  sin2  0: 
then  1  + 

sin2  0  sin2  0 

i.e.  1  +  cot2  0  a  cosec2  0  (vii) 
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Summarizing: 


lan:  0  +  1  s  sec2  0  cot2  0  +  1  =  cosec2  0 


These  identities  are  used  to  transform  trigonometric  expressions  into  another  form. 
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Example  16 

Prove  that  tan2®  *  sin20(l  +  tan2®) 
RHS  =  sin2®^  + 


SSin2fl(^)5tan;9 


Exercise  7.4 


Prove  the  following  identities: 

I  sin  ®  cot  6  s  cos  ® 

3  (1  -Man2  ®)(1  -  sin2  ®)  s  1 
5  sec  0  -  cos  0  e  sin  0  tan  0 

^  cos2  0  ~  cot2  6  ~  * 

9  tan2  0  -  sin2  0  s  sin4  0  sec2  0 
10  (sin  0  +  cos  0)(tan  0  +  cot  0)  =  sec 


2(1+  tan2  0)cos2  0  =  1 
4  cos2  0  -  sin2  0  s  1  -  2  sin2  0 
6  cot2  0(1-  cos2  0)  a  cos2  0 


0  +  cosec  0 


11  sin4  0  -  cos4  0  ■  1  -  2  cos2  0 

12  (cos  0  +  sin  0)2  +  (cos  0  -  sin  0)2  a  2 

13 

14  sec  0  +  tan  0  a  - )an9 

15  sec4  0  -  sec2  0  =  tan2  0  +  tan4  0 

16  (cosec  0  -  cot  0)2  =  |  ~ 


EQUATIONS  WITH  MORE  THAN  ONE  FUNCTION 

Further  types  of  trigonometrical  equations  can  be  solved  using  the  identities  we  have  just 
learnt.  Some  methods  of  solution  are  now  shown.  The  object  is  to  reduce  the  equation  to 
one  function. 
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Example  17 

Solve  the  equation  3  cos  0  +  2  sin  6  =  QforO°  <6<  360°. 

The  equation  contains  two  functions  but  if  we  divide  throughout  by 
reduced  to  one  function. 

Then  3  +  2^~q  =  0  or  tan  0  = -1.5. 

Now  solve  this  basic  equation. 

Verify  that  the  solutions  are  123.7°  and  303.7°. _ 


Example  18 

Solve  the  equation  2  sin  0  =  tan  0 for  0°  <  8<  360°. 
Illustrate  the  solutions  graphically. 

Rewrite  the  equation  as  2  sin  0  = 


Example  20 

Solve  the  equation  4  cosec1  6  -  7  =  4  cot  Ofor  0°  S  0  S  180°. 

If  we  replace  cosec2  0  by  1  +  cot2  0,  we  shall  have  an  equation  in  cot  0  only. 

Then  4(1  +  cot2  0)  -  7  =  4  cot  0  i.e.  4  cot2  0  -  4  cot  0  -  3  =  0. 

This  is  a  quadratic  in  cot  0  and  gives  (2  cot  0  -  3)(2  cot  0  +  1)  =  0  leading  to  the  basic 
equations  cot  0  =  1.5  and  cot  0  =  -0.5. 

Hence  tan  0  =  0.6667  and  tan  0  =  -2. 

Now  solve  these  but  note  that  the  domain  is  0°  to  180°. 

The  only  solutions  are  therefore  0  =  33.7°  and  1 16.6°. 


Exercise  7.5  (Answers  on  page  622.) 

Solve  the  following  equations  for  0°  <,  0  £  360°: 


1  8  cot  0  =  3  sin  0 


9  2  cot2  0  + 
11  5  cos  0  ~  • 


2  sin  0  +  4  cos2 
4  2  sec2  0  =  3  - 
6  tan  0  +  3  cot  ( 
8  3(sec  0  -  tan  ( 
10  3  sin2  0  =  1  + 
12  3  cot  20  +  2  s 
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SUMMARY 

•  If0isanyangle,sin0=y,cos0=.vandtan0  =  j  where 
(x ,y)  are  the  coordinates  of  R  and  OR  =  I  (Fig.  7.22). 


SIN  + 

sin  0  =  sin{180°  -  0) 
cos  0  =  -cos(  180°  -  0) 
tan  0  =  -tan(!80°  -  0) 


All  + 


2nd  1st 
3rd  4th 


sin  0  =  -sin(0  -  180°) 
cos  0  =  — cos(0  -  180°) 
tan  0  =  lan(8  -  1 80°) 


sin  0  =  -sin(360°  -  0) 
cos  0  =  cos(360°  -  0) 
tan  0  =  -tan(360°  -  0) 

COS  + 


Fig.  7.22 


R(*,y) 


O 


•  To  solve  a  basic  equation  such  as  sin  0  =  k: 

(1)  find  the  angle  a  in  the  1st  quadrant  such  that  sin  a  =  |  k  |; 

(2)  find  the  quadrants  in  which  0  will  lie; 

(3)  determine  the  corresponding  angles  in  these  quadrants  and  solve  for  0.  A  basic 
equation  will  usually  have  2  solutions  in  the  interval  0°  to  360°. 


•  Graphs  of  sin,  cos,  tan  (Fig.  7.23). 


/I 

A 

1  , 

9 

1 

0' ,180°  21 
1/ 

|0^360° 

sin  and  cos  have  a  period  of  360°: 

sin(n360°  +  0)  =  sin  0.  cos(«360°  +  0)  =  cos  0,  where  n  is  an  integer, 
tan  has  a  period  of  180°:  tan(/il80°  +  0)  =  tan  0. 

•  For  equations  with  a  multiple  angle  /.Q,  solve  for  £0  first  and  then  derive  the  values 
of  0. 
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•  Identities 


tan2  0  +  I  =  sec2  0  cot2  0  +  1  ■  cosec2  0 

To  solve  equations  with  more  than  one  function,  use  the  above  identities  to  reduce 
to  one  function. 


REVISION  EXERCISE  7  (Answers  on  page  623.) 


1  Find  all  the  angles  between  0°  and  360°  which  satisfy  the  equations 

(a)  cot2x  =  -j,  (b)  2  sin  y  =  3  cos  y. 

2  Sketch  on  the  same  diagram,  for  0  £  x  S  2n,  the  graph  of  y  =  2  cos  x  -  1  and  the  graph 

of  y  =  sin  2x.  Hence  state  the  number  of  solutions  in  this  interval  of  the  equation 
2  cos  x  -  1  =  sin  2x.  (C) 

3  Sketch  the  graph  of  (a)  y  =  |  cos  x  |,  (b)  y  =  |  cos  x  \  -  1  and  (c)  y  =  1  - 1  cos  x  |  for 
values  of  x  between  0  and  2n. 

4  Prove  the  identity  sec  x  -  cos  x  a  sin  Jt  tan  x. 

5  Find  all  the  angles  between  0°  and  180°  which  satisfy  the  equations 

(a)cos|jt=§,  (b)  3  cot  y  -  4  cos  y  =  0, 

(c)  3  sec2  z  =  7  +  4  tan  r.  (C) 

6  Solve  for  0°  £  0  £  360°,  the  equations 

(a)  cosec  20  =  3  (b)  4  cot  0  =  5  cos  0 

(c)  10  sin2  0  +  31  cos  0=  13. 

7  Prove  the  identity  1  +  i+\in~x  B  2  sec  x.  (C) 

8  On  the  same  diagram,  sketch  the  graphs  of  y  =  1  +  cos  x  and  y  =  |  sin  x  |  for 
0  £  x  £  2tt.  Hence  state  the  number  of  solutions  of  the  equation  1  +  cos  x  =  |  sin  x  \ 
in  this  interval. 

9  Find  all  the  angles  between  0°  and  180°  which  satisfy  the  equations 

(a)  tan(x  +  70°)  =  1, 

(b)  8  sin  y  +  3  cos  y  =  0. 

(c)  3  sin2  0  +  5  sin  0  cos  0  -  2  cos2  0  =  0. 

10  Sketch  on  the  same  diagram,  the  graphs  of y  =  1 2  cos x  |  and y  =  forOSxS 
State,  for  the  range  0  5  x  £  2k,  the  number  of  solutions  of  (i)  |  3lt  cos  x  \  = 

(ii)  3n  cos  x  =  2x. 

11  State  the  range  of  y  =  2  - 1  cos  x  \  for  the  domain  OSxSy. 
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12  On  the  same  diagram,  sketch  the  graphs  of  y  =  sin  lx  and  y  =  sin  5.  for  0  £  x  £  2n. 
Hence  state  the  number  of  solutions  of  the  equation  sin  2r  =  sin  §  in  that  interval. 
What  would  be  the  number  of  solutions  of  |  sin  2x  |  =  sin  §  ? 

13  For  the  domain  0°  S  0  £  360°,  solve 

(a)  sin  8  +  cos  0  cot  0  =  2, 

(b)  6  cot2  0=1+4  cosec2  0. 


14  Solve  the  equation  sin  0  =  4  sin3  0  for  0°  £  0  S  360°. 

15  Solve,  for  0°  £  0  £  360°,  the  equations 

(a)  8  sin2  0  =  cosec  0, 

(b)  4 cos2  0  =  9-2  sec2  0. 

16  Sketch  the  graphs  of  y  =  |  2  sin  x  |  and  >•  =  |  |  - 1  |  for0<jr<2rt.  How  many  solutions 
are  there  of  the  equation  |  2tt  sin  x  |  =  |  x  -  tt  |  in  this  interval? 

17  A  segment  ACB  in  a  circle  is  cut  off  by  the  chord  AB  where  ZAOB  =  0  radians 
(O  is  the  centre).  If  the  area  of  this  segment  is  |  of  the  area  of  the  circle,  show  that 
0-sin  0=  f. 

Draw  the  graphs  of  y  =  sin  0  and  y  =  0  -  5  for  0  <  0  <  n,  taking  scales  of  4  cm  for 
|  on  the  x-axis  and  4  cm  per  unit  on  the  y-axis.  (Take  n  =  3.14).  Hence  find  an 
approximate  solution  of  the  equation  0  -  sin  0  =  5. 

18  In  Fig.  7.24.  ACB  is  a  semicircle  of  radius  r,  centre  O  and  ZABC  =  0°. 

(a)  Using  the  identity  2  sin  0  cos  0  =  sin  20,  show  that  the  area  of  the  shaded  region 
is  r2  (§  -  sin  20). 

(b)  State  in  terms  of  r,  the  maximum  and  minimum  possible  values  of  this  area  and 
the  corresponding  values  of  0. 

(c)  Find  the  values  of  0  for  which  the  area  of  the  shaded  region  equals  5  the  area  of 
the  semicircle. 


Fig.  7.24  A  r  M  r  B  Fig.  7.25 

19  A  goat  is  tied  to  one  end  of  a  rope  of  length  y,  the  other  end  being  fixed  to  the 
midpoint  M  of  the  side  AB  of  a  square  field  ABCD  of  side  2r  (Fig.  7.25). 

(a)  Find,  in  radians,  ZEMF.  (c)  Calculate  what  percentage  of  the  area 

(b)  Find  in  terms  of  r  the  area  ABFE.  of  the  field  the  goat  can  cover. 
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In  Fig.  7.26.  OA  and  OB  ; 
radians.  The  tangent  to  the  < 


the  graphs  of  y  =  tan  0  and  y  =  y  for  a  suitable  domain,  or  otherwise,  find  the 
approximate  value  of  0.  (Otherwise,  a  solution  could  be  found  by  trial  and  error  using 
a  calculator  in  radian  mode.  Test  values  of  0  to  make  tan  0  -  1.50  reasonably  small.) 
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Vectors 
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SCALARS  AND  VECTORS 

A  scalar  is  a  purely  numerical  quantity  with  a  unit,  such  as  $20  or  a  mass  of  2  kg.  No 
idea  of  direction  is  involved.  A  vector  quantity,  however,  has  a  direction  which  must 
be  stated,  such  as  a  velocity  of  20  m  s'1  northeast  (NE).  A  velocity  of  20  m  s_l 
southeast  (SE)  would  be  quite  different. 

To  specify  a  vector,  its  magnitude  (e.g.  20  m  r1)  and  its  direction  (e.g.  NE)  must  both 
be  given. 

Scalars  are  added  and  subtracted  by  the  usual  rules  of  arithmetic  but  to  ‘add’  or  ‘sub¬ 
tract’  vectors,  we  use  a  special  rule  -  the  parallelogram  law. 

REPRESENTATION  OF  VECTORS 

A  simple  example  of  a  vector  is  a  displacement.  Suppose  a  piece  of  board  is  moved, 
without  rotation,  across  a  flat  surface  (Fig.8.1). 


Fig.  8.1 


Points  on  the  board  such  as  P,  Q,  R  are  displaced  through  the  same  distance  and  in  the 
same  direction  to  points  P’,  Q’,  R’.  So  we  can  represent  this  vector  by  any  line  segment 
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AB  where  AB  =  PP’  =  QQ’  =  RR'  and  AB  //  PP'  //  QQ’  //  RR’.  The  arrow  head  shows 
the  sense  of  the  direction.  AB  is  drawn  to  scale  to  give  the  correct  magnitude  of  the 
displacement.  We  write  such  a  vector  as  AB. 

EQUALITY  OF  VECTORS 

In  Fig.8.2,  the  line  segments  AB,  CD  and  EF  are  parallel  (in  the  same  direction)  and  equal 
in  length.  Then  these  lines  can  each  represent  the  same  vector  and  AB  =  CD  =  EF. 


Conversely,  if  AB  =  CD  (Fig.8.3),  then 

(a)  the  line  segments  AB  and  CD  are  equal  in  length  and 

(b)  AB  II  CD. 


B 


It  is  important  to  remember  that  both  parts  are  implied  by  the  statement  AB  =  CD.  The 
figure  ABDC  is  therefore  a  parallelogram. 

NOTATION  FOR  VECTORS 

We  state  the  endpoints  of  a  vector  by  writing  it  as  AB,  as  above  or  we  can  use  a  single 
letter  (Fig.8.4).  A  vector  could  then  be  given  as  a  (printed  in  bold).  We  write  this  as 
a  or  a .  Always  distinguish  a  vector  a  in  this  way  from  an  algebraic  quantity  a. 


Fig.  8.4 
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MAGNITUDE  OF  A  VECTOR 


The  magnitude  or  modulus  of  a  vector  AB  is  the  length  of  the  line  segment  representing 
the  vector  to  the  scale  used.  We  denote  this  as  |  AB|. 

If  AB  in  Fig.8.4  is  drawn  to  a  scale  of  1  cms  10  m  s-1  for  example,  then  |AB|  =  30  ms-1. 
The  magnitude  of  the  vector  a  is  written  as  |  a  |  or  as  a. 

Note  this  carefully:  a  is  the  vector  but  |  a  |  or  a  is  its  magnitude. 

Zero  Vector 

The  vector  which  has  no  magnitude  (and  of  course  no  direction)  is  the  zero  vector, 
written  0  or  5. 

Scalar  Multiple  of  a  Vector 

Given  a  vector  a  (Rg.8.5),  we  can  make  multiples  of  this  vector. 

For  example,  PQ  =  2a.  PQ  has  the  same  direction  as  a  but  twice  its  magnitude. 

I  PQ I  =  2|  a  |  =  2a. 


Fig.  8.5 


RS  =  -a,  i.e.  it  has  the  same  magnitude  as  a  but  is  in  the  reverse  direction. 

Note  that  RS  =  -SR. 

TU=i«. 

If  a  =  kb,  where  A:  is  a  scalar  (a  number)  *  0,  then  the  vectors  a  and  b  are 
parallel  and  in  the  same  direction  if  *  >  0  but  in  opposite  directions  if  k  <  0. 

I  a  |  =  |  *  |  x  |  b  | 

Conversely,  if  a  and  b  arc  parallel,  then  a  =  kb.  (k  will  be  positive  if  a  and  b  are  in  the 
same  direction,  negative  if  they  are  in  opposite  directions.) 

Scalar  multiples  of  a  vector  can  be  combined  arithmetically.  For  example  2a  +  3a  =  5a 
and  4(2a)  =  8a. 

So  ma  +  «a  =  On  +  n) a  and  m(na)  =  mn a  for  all  values  of  m  and  n. 
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Example  1 


Given  the  vector  a  (Fig.8.6(a)).  draw  the  vectors  (i)  3a.  ( ii )  -  j  a. 

The  vectors  arc  shown  in  Fig.8.6(b).  They  are  all  parallel  but  (ii)  is  in  the 


Fig.  8.6(a)  Fig.  8.6(b) 


Example  2 

What  type  of  quadrilateral  is  ABCD  if  (a)  AB  =  DC.  (b)  AB  =  3DC? 

(a)  AB  =  DC  and  AB  //  DC.  Then  ABCD  is  a  parallelogram  (Fig.8.7(a)). 
It  follows  therefore  that  AD  =  BC. 

(b)  AB  =  3DC  and  AB  //  DC.  Then  ABCD  is  a  trapezium  (Fig.  8.7(b)). 


D  C  D  C 


|  Rg.  8.7(a) _ Fig.  8.7(b) 

Exercise  8.1  (Answers  on  page  624.) 

1  Copy  Fig.8.8  and  draw  the  vectors  (a)  2a,  (b)  -a,  (c)  |  a. 


2  In  Rg.8.9,  state  each  of  the  vectors  p.  q  and  r  in  the  form  ka. 


Fig.  8.9 

3  The  line  AB  is  divided  into  three  equal  parts  at  C  and  D.  If  AD  =  a,  state  as  scalar 
multiples  of  a,  (a)  AB,  (b)  CB,  (c)  BD. 

4  In  Fig.8. 10,  ABCDEF  is  a  regular  hexagon.  Given  that  AB  =  a,  BC  =  b  and  CD  =  c, 
state  the  following  vectors  as  scalar  multiples  of  a,  b  or  c: 

(a)  DE,  (b)  EF,  (c)  FA,  (d)  BE,  (e)  AD. 


5  If  AB  =  £BC  (k  *  0),  what  can  be  said  about  the  points  A,  B  and  C? 

6  A  is  the  point  (4,0)  and  B  the  point  (0.3).  State  the  value  of  |  AB  |. 

7  If  P  is  (-2,-5)  and  Q  is  (3.7),  find  |  PQ  |. 

8  O  is  the  origin,  |  OR  |  =  3  and  the  line  OR  makes  an  angle  0  with  the  .v-axis  where 
sin  0  =  3.  Find  the  possible  coordinates  of  R. 
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ADDITION  OF  VECTORS 


To  'add’  two  vectors  a  and  b,  i.e.  to  combine  them  into  one  vector,  we  place  them  so  as 
to  start  from  the  same  point  O  (Fig.8.1 1). 

/ 


a  °  a  P 

Fig.  8.11 

Now  complete  the  parallelogram  OPQR. 

We  define  a  +  b  =  OQ  i.e.  the  diagonal  starting  from  O. 
obis  called  the  resultant  of  a  and  b. 

This  is  the  parallelogram  law  for  the  addition  of  vectors.  Note  that  we  use  the  symbol 
'+’  though  here  it  means  'combined  with’  and  not  arithmetical  addition. 

As  RQ  is  parallel  and  equal  to  OP,  RQ  =  a. 

Then  dR  +  RQ  =  b  +  a  =  OQ  =  a  +  b. 

Hence  a  +  b  =  b  +  a. 

In  practice,  it  is  not  necessary  to  draw  the  parallelogram.  The  vectors  can  be  placed 
'end-on'.  PQ  is  equal  and  parallel  to  OR  so  PQ  =  b.  We  draw  a  and  then  b  starting  from 
the  end  of  a  (Fig.8.12). 


The  third  side  OQ  of  the  triangle  gives  a  +  b. 

More  than  2  vectors  can  be  combined  in  this  way.  For  example,  in  Fig.8.1 3, 
a  +  b  =  OQ  and  OQ  +  c  =  a  +  b  +  c  =  OFL 


DIAGONALS  OF  A  PARALLELOGRAM 

In  Fig.8.14,  <3>  =  a,  OR  =  b.  r  0 

Then  OQ  =  a  +  b. 


Fig.8.14 

RP  =  RQ  +  QP  =  a  +  (— b)  =  a  -  b. 

Also  PR  =  -RP  =  -(a  -  b)  =  b  -  a. 

These  last  two  results  are  important  and  can  be  remembered  as  follows: 
a  -  b  is  the  vector  from  the  endpoint  of  b  to  the  endpoint  of  a; 
b  -  a  is  the  vector  from  the  endpoint  of  a  to  the  endpoint  of  b 
where  a  and  b  start  from  the  same  point  (Fig.8.15). 
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(i)  Draw  2a  followed  by  b. 

(ii)  Draw  a  followed  by  -b.  Alternatively  draw  a  and  b  from  the  same  point  and  use 
the  rule  above. 

(iii)  Draw  a  followed  by  -2b. 


Example  5 

OA,  OB  and  OC  are  the  vectors  a,  b  and  c  respectively.  D  is  the  midpoint  of  AB  and 
E  lies  on  BC  where  BE  =  2BC  (Fig.8.18).  State  in  terms  of  a,  b  and  c, 

(a)  AB.  (b)  AD.  (c)  OD.  (d)  BC.  (e)  BE.  (f)  OE.  (g)  DE. 


(c)  OD  =  OA  +  AD  =  a  +  j(b  -  a)  =  j  (a  +  b) 

(d)  BC  =  c- b 

(e)  BE  =  2(c  -  b) 

(0  OE  =  OB  +  BE  =  b  +  2(c-b)  =  2c~b 

(g)  DE  =  OE  -  OD  =  2c  -  b  -  5  (a  +  b)  =  2c  -  ?  -  y 

Exercise  8.2  (Answers  on  page  624.) 

1  Given  the  vectors  a  and  b  in  Fig.8.19.  draw  the  vectors 
(a)  a  +  2b,  (b)  2a  -  b.  (c)  3a -2b. 


Fig.  6.19 

2  In  A  ABC,  AB  =  a  and  BC  =  b.  State  in  terms  of  a  and  b.  (a)  AC  and  (b)  CA. 

3  Given  the  vectors  a,  b  and  c  in  Fig.8.20,  draw 

(a)  a  +  2b,  (b)  a  +  2b  +  c,  (c)  a  -  b  +  c,  (d)  ^a  +  b-2c. 


Fig.8.20 

4  If  |  a  |  =  |  b  |  but  a  *  b.  explain  why  a  +  b  bisects  the  angle  between  a  and  b  and 
perpendicular  to  a  -  b. 

5  In  AOAB.  OA  =  a,  OB  =  b  and  M  is  the  midpoint  of  AB.  State  in  term 
(a)  AB.  (b)  AM.  (c)  OM. 


as  of  a  and 


6  In  AOPQ,  OP  =  p,  OQ  =  q.  R  is  the  midpoint  of  OP  and  S  lies  on  OQ  such  that 
OS  =  3SQ.  State  in  terms  of  p  and  q,  (a)  OR,  (b)  PQ,  (c)  OS,  (d)  RS. 

7  In  AOAB,  OA  =  a,  OB  =  b.  BC  is  drawn  parallel  to  OA  (in  the  same  direction)  and 
BC  =  20A.  State  in  terms  of  a  and  b.  (a)  AB.  (b)  BC,  (c)  OC,  (d)  AC 

8  OACB  is  a  parallelogram  with  OA  =  a  and  OB  =  b.  AC  is  extended  to  D  where 
AC  =  2CD.  Find,  in  terms  of  a  and  b,  (a)  AD,  (b)  OD,  (c)  BD. 

9  OAB  is  a  triangle  with  OA  =  a  and  OB  =  b.  M  is  the  midpoint  of  OA  and  G  lies  on 
MB  such  that  MG  =  jGB.  State  in  terms  of  a  and  b  (a)  OM.  (b)  MB,  (c)  MG,  (d)  OG. 

10  OA  =  p  +  q,  OB  =  2p  -  q,  where  p  and  q  are  two  vectors  and  M  is  the  midpoint  of 
AB.  Find  in  terms  of  p  and  q,  (a)  AB.  (b)  AM,  (c)  OM. 

POSITION  VECTORS 

If  O  is  the  origin,  then  the  vector  OA  is  called  the  position  vector  of  A.  For  example,  if 
the  position  vector  of  A  is  2a  -  3b,  then  OA  is  2a  -  3b. 

Using  Vectors 

The  following  principles  should  be  carefully  noted: 

(1)  If  ma  +  nb  =  pa  +  (/b  then  m=p  und  n  =  q.  (Sec  Examples  6  and  9). 

(2)  Ifthe points P,Q and R are collinear, then  PQ  =* Q&  (and conversely) because 
and  QR  are  parallel  but  meet  at  Q.  (See  Examples  7  and  8).  We  could  also 
PQ  =*PR. 

(3)  If  the  vectors  ma  +  nb  and  pa  +  $b  are  parallel,  then  ®  (See  Example  10.) 


Example  6 

If  p  =  2a  -  3b  and  q  =  a  +  2b,  find  numbers  x  and  y  such  that  xp  +  yq  =  a  -  12  b. 
jcp  +  yq  -  jt(2a  -  3b)  +  y(a  +  2b)  =  (2x  +  y)a  +  (-3*  +  2y)b 
By  (1)  above,  if  this  vector  is  to  equal  a  -  12b,  then  the  multiples  of  a  and  the  multiples 
of  b  on  each  side  must  be  separately  equal. 

Hence  2x  +  y  =  1  and  -3x  +  2y  =  -  12. 

Solving  these  equations,  x  =  2,  y  =  -3. 

Checking  this,  2(2a  -  3b)  -  3(a  +  2b)  =  a  -  12b  as  required. 
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Example  7 

The  position  vectors  of  P.  Q  and  Rare  a  -  2b.  2a  -  3b  and  pa  -  fib,  where  pis  a  scalar 
constant.  If  the  points  P.  Q  and  R  are  collinear,  find 
(a)  the  value  of  p  and  (b)  the  ratio  PQ:QR. 

First  we  find  PQ  and  QR . 

(a)  PQ  =  OQ  -  OP  =  2a  -  3b  -  (a  -  2b)  =  a  -  b 

QR  =  OR  -  OQ  =  pa  -  6b  -  (2a  -  3b)  =  (p  -  2)a  -  3b 
Now  if  P,  Q  and  R  are  to  be  collinear,  PQ  =  *QR. 

P$  =  a-  bandQR  =  (/t-2)a-3b 

Comparing  these,  the  multiple  of  -b  in  QR  is  3  so  the  multiple  of  a  must  also 
be  3.  Hence  p-2  =  lor  p  =  S. 

(b)  When  p  =  5,  |  PQ  |  =  |  a  -  b  |  and  |  QR  |  =  |  3(a  -  b)  |  which  gives  the  ratio  PQ:QR 
as  1:3. 


Example  8 

OP  =  3a+b.  OQ  =  p(a-b)  and  OR  =  4a  +  4b. 

Given  that  P,  Q  and  R  are  collinear.  find  the  value  of  p  and  the  ratio  PQ:QR. 

PQ  =  OQ-OP  =  ^a-/ib-3a-b  =  (/t-3)a-(/t+l)b 

Qk  =  dR-OQ  =  4a  +  4b-/ia  +  //b  =  (4-/i)a  +  0i  +  4)b 

The  relation  between  these  vectors  is  not  as  straightforward  as  it  was  in  Example  7. 

We  shall  have  to  find  an  equation  for  p.  If  P,  Q  and  R  are  collinear,  PQ  =  *QR  so  the 

multiples  of  a  and  of  b  in  the  two  vectors  must  be  in  the  same  ratio. 

Then  wh'ch  leads  to  /t!  +  /i  -  12  =  /l2  -  3/t -  4  giving  p  =  2. 

Hence  PQ  =  -a-3bandQR  =  2a  +  6b  =  -2(-a  -  3b). 

The  ratio  PQ:QR  =  l:-2  which  means  that  QR  is  twice  as  long  as  PQ  but  in  the 
opposite  direction  as  shown  in  Fig.  8.21. 

R 


Flg.8.21 
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Ratio  Theorem  (Optional) 

This  theorem  is  not  necessary  for  this  syllabus  but  may  be  found  useful.  It  gives  a  direct 
way  of  finding  the  position  vector  of  a  point  dividing  a  line  in  a  given  ratio.  In  Fig.  8.23, 


Exercise  8.3  (Answers  on  page  625.) 

1  Given  that  p  =  3a  -  b  and  q  =  2a  -  3b,  find  numbers  x  and  y  such  that 
xp  +  yq  =  a  +  9b. 

2  If  a  =  31  +  2J,  b  =  -21  +  3j  and  c  =  12i  -  5j,  find  numbers  p  and  q  such  that 
pa  +  qb  =  c. 

3  Given  p  =  2i  +  3j  and  q  =  i  -  j,  find  numbers  x  and  y  such  that  xp  +  yq  =  -4i  -  1  lj. 

4  If  p  =  2a  -  5b,  q  =  a  +  2b  and  r  =  a  -  16b,  find  numbers  x  and  )•  such  that 

jtp  +  yq  =  r. 

5  If  OP  =  2a  -  5b,  OQ  =  5a  -  b  and  OR  =  1  la  +  7b,  show  that  P,  Q  and  R  are  collinear 
and  state  the  ratio  PQ:QR. 

6  The  position  vectors  of  P,  Q  and  R  are  a  -  2b,  2b  and  -4a  +  kb  respectively.  If  P, 
Q  and  R  are  collinear.  find  the  value  of  k.  What  is  the  ratio  PQ:QR? 

7  Given  that  OP  =  a  +  b,  OQ  =  ka  and  OR  =  7a  -  2b,  find  the  value  of  *  if  Q  lies 
on  PR. 

8  The  position  vectors  of  P,  Q  and  R  are  2a  -  b,  p(a  -  b)  and  a  +  b  respectively.  Find 
the  value  of  |X  if  PQR  is  a  straight  line.  State  the  ratio  PQ:QR. 

9  (a)  The  position  vectors  of  L,  M  and  N  are  p  +  2q,  m(p  +  q)  and  p  -  q  respectively. 

Find  the  value  of  m  for  which  LMN  is  a  straight  line,  and  state  the  ratio  LM:MN. 
(b)  The  position  vectors  of  A,  B  and  C  are  a  +  2pb,  pa  -  b  and  2a  -  3b  respectively. 
If  AB  is  parallel  to  OC,  where  O  is  the  origin,  find  the  value  of  p. 

10  The  position  vectors  of  A  and  B  are  -a  -  2b  and  3a  +  4b  respectively.  Using  the  ratio 
theorem  or  otherwise,  find  the  position  vector  of  P  where  (a)  AP  =  2P&, 
(b)  AP  =  i  AB ,  (c)  4  AP  =  3  AB .  (d)  P  lies  on  AB  extended  and  AP  =  3BP,  (e)  P  lies 
on  BA  extended  and  AP  =  2BA. 

11  OA  =  2a  -  4b  and  OB  =  4a  +  6b,  where  O  is  the  origin.  P  and  Q  are  the  midpoints 
of  OA  and  AB  respectively,  (a)  State  the  position  vectors  of  P  and  Q.  (b)  G  lies  on  BP 
such  that  BG  =  2GP.  Find  the  position  vector  of  G.  (c)  Show  that  O,  G  and  Q  are 
collinear  and  state  the  ratio  OG:GQ.  (d)  R  lies  on  OA  where  OR  =  pOA.  If  BR  is 
parallel  to  GA  find  the  value  of  p. 

12  P  and  Q  divide  the  sides  BC  and  AC  respectively  of  AABC  in  the  ratio  2:1. 

If  AB  =  a  and  AC  =  b,  find  (a)  QP  and  (b)  show  that  QP  is  parallel  to  AB  and 
one-third  its  length. 

13  OABC  is  a  parallelogram  with  OA  =  a  and  OC  =  c.  D  lies  on  OB  where  OD:DB  =  1 :4. 
AD  meets  OC  at  E.  By  taking  OE  =  pOC  and  AD  -  qAE,  show  that 

J  (a  +  e)  =  (1  -  q) a  +  pqc. 

Hence  find  the  values  of  p  and  q  and  the  ratios  OE:EC  and  AD:DE. 
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14  OABC  is  a  parallelogram  in  which  OA  =  a  and  OC  =  b.  M  is  the  midpoint  of  AB  and 
MC  meets  OB  at  X. 

(a)  By  taking  MX  =  pMC  and  OX  =  gOB,  express  OX  in  terms  of 
(i)p.aandb,  (ii)  q,  a  and  b. 

(b)  Hence  evaluate  p  and  q  and  state  the  ratios  OX:XB  and  CX:XM. 

15  C  lies  on  the  side  OA  of  AOAB  where  OC:CA  =  2:1.  D  lies  on  the  side  OB  where 
OD:DB  =  1:2.  AD  meets  BC  at  T. 

(a)  Taking  OA  =  a,  OB  =  b,  AT  =pAD  and  CT  =  17CB,  find  two  expressions  for  OT. 
Hence  find  (b)  the  values  of  p  and  q  and  (c)  the  ratios  CT:TB  and  AT:TD. 

16  C  and  D  divide  OA  and  OB  respectively  in  the  ratio  1 :3.  E  divides  CB  in  the  ratio  1 :4. 
Taking  OA  =  a  and  OB  =  b,  use  vector  methods  to  prove  that  DEA  is  a  straight  line 
and  find  the  ratio  DE:EA. 

17  In  AOAB.  C  divides  OA  in  the  ratio  2:3  and  D  divides  AB  in  the  ratio  1 :2.  OD  meets 
CB  at  E. 

(a)  Taking  OA  =  a.  OB  =  b,  OE  =  pOD  and  CE  =  qC B,  obtain  two  expressions  for 
OE. 

(b)  Hence  find  the  values  of  p  and  q. 

(c)  State  the  ratios  OE:ED  and  CE:EB. 

18  The  position  vectors  of  A  and  B  are  a  and  b  respectively  relative  to  an  origin  O.  C  is 
the  midpoint  of  AB  and  D  divides  OB  in  the  ratio  2:1.  AD  and  OC  meet  at  P. 

(a)  Taking  OP  =  pOC  and  AP  =  $AD,  express  OP  in  two  different  forms. 

Hence  find  (b)  the  values  of  p  and  q  and  (c)  the  ratio  OP:PC.  (d)  Q  lies  on  BA 
produced  where  AQ  =  kSA .  State  the  position  vector  of  Q.  If  OQ  is  parallel  to  DC, 
find  the  value  of  k. 

19  OABC  is  a  parallelogram  with  OA  =  a  and  OC  =  c.  OB  is  extended  to  D  where 
OB  =  BD  and  OA  is  extended  to  E  where  AE  =  jOA.  CE  and  AD  meet  at  X. 

(a)  Taking  AX  =  pAD  and  CX  =  <?CE,  find  two  expressions  for  OX. 

(b)  Hence  find  the  values  of  p  and  q  and  the  ratios  AX:XD  and  CX:XE. 

(c)  F  lies  on  AD  and  BF  is  parallel  to  CE.  Taking  AF  =  rAD.find  the  value  of  r. 

(d)  Hence  state  the  ratio  BF:CE. 

20  OA  =  a  and  OB  =  b.  OB  is  produced  to  C  where  OB  =  2BC.  D  is  the  midpoint  of  AB. 
OD  produced  meets  AC  at  E.  Taking  OD  =  pOE  and  AE  =  qAC,  derive  two 
expressions  for  OD  and  hence  find  the  values  of  p  and  q  and  the  ratios  OD:DE  and 
AE:EC. 

21  OABC  is  a  parallelogram  with  OA  =  a  and  OC  =  c.  D  lies  on  OC  where  OD:DC  =  1 :2 
and  E  is  the  midpoint  of  CB.  DB  meets  AE  at  T.  Taking  DT  =  pDB  and  AT  =  qfi£, 
form  two  vector  expressions  for  OT  and  hence  find  the  values  of  p  and  q. 

22  The  position  vectors  of  A  and  B  are  a  and  b  respectively,  relative  to  O.  C  lies  on  OB 
where  OC:CB  =  1:3.  AC  is  produced  to  D  where  AD  =  pAC.  If  DB  is  parallel  to  OA, 
find  the  value  of  p. 
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23  The  position  vectors  of  the  points  A,  B  and  C  are  7a  -  2b,  a  +  b  and  a  -  2b 
respectively.  L  is  the  point  where  AL  =  |  AB .  M  is  the  midpoint  of  BC  and  N  is  the 
point  such  that  CN  =  2CA .  Find  the  position  vectors  of  L,  M  and  N  and  show  that 
these  points  arc  collincar.  State  the  ratio  ML:LN. 

24  A.  B  and  C  have  position  vectors  a  -  b.  3a  +  2b  and  4a  -  3b  respectively.  P  lies  on 
AB  where  AP:AB  =  2:3,  Q  lies  on  BC  where  BQ:BC  =  3:4  and  R  lies  on  AC  extended 
so  that  AC  =  CR.  Find  the  position  vectors  of  P,  Q  and  R  and  show  that  P.  Q  and 
R  are  collinear.  State  the  ratio  PQ:QR. 


COMPONENTS  OF  A  VECTOR: 
UNIT  COORDINATE  VECTORS 

Suppose  AB  =  a  and  BC  =  b  (Fig.8.24). 


The  resultant  of  a  and  b  is  AC  =  r  =  a  +  b.  The  vectors  a  and  b  are  called  the  components 
of  r.  The  components  of  a  vector  r  are  any  two  vectors  whose  resultant  is  r.  A  vector  can 
therefore  be  resolved  into  two  components  in  an  infinite  number  of  ways.  However  if 
to  the  x-  and  y-axes  (Fig.  8.27),  they  will  be  unique  and 


We  now  define  two  standard  unit  vectors  1  and  j  called  the  unit  coordinate  (or  base) 
vectors  (Fig.  8.28). 
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i  is  a  vector  in  the  direction  of  the  positive  x-axis  and  |  i  |  =  1; 
j  is  a  vector  in  the  direction  of  the  positive  y-axis  and  |  j  |  =  1. 

The  perpendicular  components  of  any  vector  can  now  be  expressed  in  terms  of  i  and 
j  in  a  standard  form.  For  example,  suppose  the  vector  AC  =  r  has  components  of 
magnitude  3  and  4  parallel  to  the  axes  (Fig.  8.28).The  horizontal  component  AD  =  3i  and 
the  vertical  component  DC  =  4j. 

Hence  the  vector  r  =  AD  +  DC  =  31  +  4j. 
r  is  now  expressed  in  terms  of  the  base  vectors  i  and  j. 


r  can  also  be  written  as  ( 4  ),  i.e.  in  column  vector  form.  [Do  not  confuse  with 
coordinates  (3,4)].  For  example,  21  -  3J  can  be  written  as  (_§).  I  =  (  J  )  and  j  =  (  ®  ). 
Given  r  in  terms  of  i  and  j,  we  can  find  j  r  |  and  the  angle  8  it  makes  with  the  positive 

From  A  ADC  (Fig.  8.28),  AC?  =  ADJ  +  DC1,  so|  H  |  =  32 +  4J  =  25  and  |  r  |  =-v/25  =5. 
tan  0  =  j  giving  8  =  53.13°. 

Note:  To  find  6  for  a  given  vector,  draw  a  diagram  to  locate  the  correct  quadrant  as 
tan  0  =  a  will  give  two  values  for  0°  <  0  <  360°. 

In  general  for  a  vector  r  with  perpendicular  components  of  magnitude  a  and  b  (Fig.  8.30): 
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Example  11 

The  position  vector  of  A  is  -2i  +  3j. 

(a)  State  the  coordinates  of  A. 

( b )  Find  I OA  I  and  the  angle  the  vector  OA  makes  with  the  x-axis. 


(a)  The  coordinates  of  A  are  (-2,3)  (Fig.8.29). 

(b)  |  OA  |  =  |  -2i  +  3j  |  =  V(-2)2  +  3J  =  VT5  =  3.6 

tan  0  =  3  giving  0  =  123.7°  (2nd  quadrant,  Fig.8.29). 

Example  12 

(a)  OC  has  the  same  direction  as  (~%)  and  /  OC /=  30.  Express  OC  as  a  column 

(b)  The  position  vectors  of  A  and  B  are  (~j)  and  (  _[)  respectively.  Find 

(i)  th ,  (ii)  the  equation  of  AB. 

(a)  OC  must  be  a  scalar  multiple  of  ("|)  so  OC  =  (-ft)  where  k  >  0. 
|  OC  f  =  9k2  +  16*5  =  25JP  so  |  6fc  |  =  5k  =  30  and  *  =  6.  Hence  OC  =  (-g). 

(b)  (i)  A&  =  6?)- OA  =i-?j-(-2i  +  3j)  =  3i-5j. 

(ii)  The  coordinates  of  A  and  B  are  (-2,3)  and  (1,-2). 

Hence  the  equation  of  AB  is  ^  ~  3  =  i.e.  5x  +  3y  =  -1. 


Unit  Vectors 

The  magnitude  of  the  vector  a  =  3i + 4j  is  1 31 + 41 1  =  5  so  the  vector  is  5  units  long.  Hence 


Again,  if  OA  =  ( ?).  the  unit  vector  parallel  to  AO  would  be  2i,~  3i. 

■*  VI3 

Exercise  8.4  {Answers  on  page  625.) 

1  On  graph  paper,  mark  the  positions  of  the  points  with  position  vectors  i  +  j.  -2i  -  j, 
3i  +  2j,-3j. 

2  A,  B  and  C  are  points  with  position  vectors  2i  -  3j,  i  +  2j  and  4i  —  j  respectively.  Find 
in  terms  of  i  and  j,  the  vectors  AB.  BC  and  CA. 

3  The  position  vectors  of  A  and  B  are  3i  +  j  and  2i  +  3j  respectively.  Points  C  and  D 
have  position  vectors  given  by  OC  =  AO  and  CD  =  AB. 

(a)  Find  the  position  vectors  of  C  and  D  in  terms  of  i  and  j  and  show  the  positions 
of  the  four  points  on  a  diagram. 

(b)  Express  DB  in  terms  of  i  and  j. 

(c)  Find  |  DB  |  and  the  angle  DB  makes  with  the  x-axis. 

4  Find  the  magnitude  and  the  angle  made  with  the  ar-axis  of  the  vectors 

(a)  (i)  (b)  (J)  (c)  21  +  3j  (d)  -4i  -  2j 

5  (a)  The  coordinates  of  A  are  (-3,2)  and  the  position  vector  of  B  is  2i  +  4j.  Find  the 

vector  BA. 

(b)  The  vector  OA  has  magnitude  25  units  and  is  in  the  same  direction  as  ( ).  The 
vector  OB  has  magnitude  6.5  units  and  is  opposite  in  direction  to  ( ,|).  State 
the  vectors  AO  and  All  in  column  vector  form. 

6  The  point  with  position  vector  3i  -  2j  is  displaced  by  a  vector  (*).  Find  its  new 
position  vector. 

7  If  the  coordinates  of  A  are  (2,  4)  and  AB  =  i  +  2j,  find  the  position  vector  of  B. 

8  (a)  If  a  =  6i  -  8j  and  b  =  i  +  3j,  find  a  and  b. 

(b)  OA  =(_4>  and  OB  =  (_j).  Find  the  unit  vectors  parallel  to  AO  and  BA. 

9  In  this  question,  take  a  =  3i  +  j,  b  =  -i  +  2j,  c  =  3i.  Find  (i)  a  and  (ii)  b. 

Express  in  terms  of  i  and  j,  (iii)  a  +  2b,  (iv)  2c  -  3b,  (v)  a  +  b  -  2c. 

Find  <vi)  I  a  +  2b  |,  (vii)  |  2c  -  3b  |.  (viii)  |  a  +  b  -  2c  |. 

10  The  position  vectors  ofA,B,C  and  D  arei  +  3j,2i-j,-i-4j  and  3i  +  2j  respectively. 
Find  in  terms  of  i  and  j  the  vectors  (a)  AB.  (b)  BD,  (c)  CA,  (d)  AD. 

11  The  position  vectors  of  A  and  B  are  2i  +  3j  and  3i  -  8j  respectively.  D  is  the  midpoint 
of  AB  and  E  divides  OD  in  the  ratio  2:3.  Find  the  coordinates  of  E. 

12  P  and  Q  have  position  vectors  5i  +  2j  and  i  -  4j  respectively.  If  OP  =  30Q  +  20R, 
find  the  position  vector  of  R. 

13  A,  B  and  C  have  coordinates  (1,2),  (2,5)  and  (0,-4)  respectively.  If  AB  =  CD,  find  the 
position  vector  of  D. 
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14  The  position  vectors  of  A  and  B  are  3i  +  j  and  -4i  +  2j  respectively.  Find  the  position 
vector  of  C  if  AB  =  BC. 

15  Points  A  and  B  have  position  vectors  2i  —  j  and  i  +  3j  respectively. 

(a)  Given  that  OC  =  AB  and  AD  =  CB,  find  the  position  vectors  of  C  and  D. 

(b)  Show  the  positions  of  the  four  points  on  a  diagram. 

(c)  Find  ICDI  and  the  angle  CD  makes  with  the  .t-axis. 

16  The  position  vectors  of  A  and  B  are  4i  +  5j  and  i  -  2j  respectively.  Find  the  position 
vector  of  C  if  30A  =  20B  +  OC. 

17  The  coordinates  of  A  and  B  are  (2,3)  and  (-2,5)  respectively.  Find  the  position  vector 
of  C  if  20A  =  20B  +  BC. 

18  Show  that  the  points  with  position  vectors  4i  +  5j,  3i  +  3j  and  -3j  are  collinear. 

19  What  is  the  gradient  of  the  line  joining  the  points  with  position  vectors  21  +  j  and 
i  +  3j? 

20  Show  that  the  triangle  whose  vertices  have  position  vectors  21  -t-  4j,  51  +  2j  and 
3i  +  5j  is  isosceles. 

21  (a)  The  velocity  v  m  s'1  of  a  body  is  given  by  the  vector  v  =  i  +  3j. 

Find  the  speed  of  the  body  and  the  angle  its  path  makes  with  the  x-axis. 

(b)  If  its  position  vector  at  the  start  was  i  +  j,  what  is  its  position  vector  (i)  after  1  sec, 
(ii)  after  3  secs,  (iii)  after  r  secs? 

(c)  After  what  time  will  it  reach  the  position  given  by  71  +  19j? 

22  A  body  is  moving  with  velocity  vmr1  where  v  =  2i  — 3j.  If  it  started  from  the  position 
i  +  4j,  what  is  its  position  after  3  seconds?  How  long  will  it  take  to  reach  the  position 
11(1  -j)? 

23  The  position  vector  r  of  a  point  on  a  straight  line  is  given  by  r  =  i  +  j  +  r(2i  -  j)  where 
i  is  a  number. 

(a)  What  is  its  position  vector  when  r  =  2? 

(b)  Find  the  position  vector  of  another  point  on  the  line  by  taking  any  other  value 
of  l. 

(c)  Hence  find  the  gradient  and  the  equation  of  the  line  . 

24  Find  the  gradient  and  equation  of  the  line  given  by  r  =  1  -  j  +  A(i  -  j)  where  k  is  a 
number. 

25  The  position  vector  r  of  a  point  is  given  by  r  =  21  -  j  +  /(i  +  2j),  where  /  is  a  number. 
What  is  its  position  vector  when  (a)  I  =  -1,  (b)  l  =  3? 

(c)  What  is  the  value  of  t  when  its  position  vector  is  7i  +  9j? 

26  If  the  vectors  mi  -  2j  and  41  -  6j  are  parallel,  state  the  value  of  m. 

27  The  position  vectors  of  A  and  B  are  3i  -2j  and  ri  +  j  respectively.  Find  the  value  of 
r  if  OAB  is  a  straight  line. 
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28  OABC  is  a  parallelogram  where  O  is  the  origin.  The  position  vectors  of  A  and  B  are 
4i  +  6j  and  6i  +  8j  respectively.  D  is  the  midpoint  of  CB  and  E  is  the  midpoint  of  AB. 
OD  meets  CE  at  F. 

(a)  State  the  position  vectors  of  C.  D  and  E. 

(b)  By  taking  OF  =  mOD  and  CF  =  nCE,  find  the  values  of  m  and  n  and  the  ratio 
OF:FD. 

29  (a)  State  the  condition  for  the  lines  y  =  mrx  +  c,  and  y  =  my  +  c2  to  be  perpendicular, 
(b)  The  points  A,  B,  C  and  D  have  position  vectors  i  +  j,  3i  -  2j,  -3i  -  3j  and  -j 

respectively.  Find  the  gradients  of  AB  and  CD  and  show  that  these  lines  are 
perpendicular. 

30  The  points  A,  B,  C  and  D  have  position  vectors  1,  2i  +  3j,  2i  +  j  and  5i  respectively. 
Show  that  AB  and  CD  are  perpendicular. 

31  P,  Q,  R  and  S  have  position  vectors  i  +  2j.  3i  -  j,  -i  -  j  and  lei  +  j  respectively,  where 
k  is  a  number. 

(a)  Find  the  gradients  of  PQ  and  RS. 

(b)  For  what  value  of  k  will  the  lines  PQ  and  RS  be  perpendicular? 

32  If  a  =  3i  +  4j  and  |  b  |  =  2,  what  are  the  greatest  and  smallest  values  of  |  a  +  b  |? 

SCALAR  PRODUCT  OF  TWO  VECTORS 

Vectors  can  be  ‘multiplied’  in  two  ways.  In  one,  the  result  is  another  vector,  called  the 
vector  product  but  we  shall  not  use  this  method.  In  the  other,  the  result  is  a  scalar  so  it  is 
called  the  scalar  (or  dot)  product. 

We  write  the  scalar  product  of  a  and  b  as  a.b  and  define  it  as 
a.b  =  |  a  |  x  |  b  |  x  cos  0  =  ab  cos  0 
where  0  is  the  angle  between  the  vectors  (Fig.  8.34). 


Fig.  8.34 

For  example,  if  |  a  |  =  2,  |  b  |  =  3  and  the  angle  between  a  and  b  =  60°.  then 
a.b  =  2  x  3  x  0.5  =  3. 

The  scalar  product  is  always  a  number.  This  will  be  negative  if  90°  <  0  <  180°  as 
cos  0  is  then  negative.  |  a  |  and  |  b  |  are  always  positive.  From  the  definition  we  can 
derive  the  following  important  facts: 

1  The  scalar  product  is  commutative 

a.b  =  |  a  |  x  |  b  |  x  cos  0  and  bJt  =  |  b  |  x  |  a  |  x  cos  0 

Hence  a.b  =  bat 
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II  Parallel  vectors 

If  a  and  b  are  parallel  but  in  the  same  direction,  then  6  =  0°  (Fig.  8.35(a)). 
a.b  =  ab  cos  0°  =  ab  =  |  a  |  x  |  b  |. 


If  a  and  b  are  parallel  but  in  opposite  directions,  then  0  =  180°  (Fig.  8.35(b)). 
a.b  =  ab  cos  180°  =  -ab. 

Hence  1.1  (written  as  F)  =  1  and  j2  =  1. 

Also  (31  +  4j).(3i  +  4j)  =  |  31  +  4j  |2  =  25. 

III  Perpendicular  vectors 

If  a  and  b  are  perpendicular,  then  0  =  90°  and  cos  90°  =  0. 

Hence  a.b  =  ab  cos  90°  =  0. 

a.b  =  0  if  a  is  perpendicular  to  b 

Hence  ij=j.l  =  0. 

Conversely,  if  a.b  =  0,  then  a  and  b  are  at  right  angles  (unless  either  a  or  b  or  both 
are  0). 

IV  Distributive  law  for  a  scalar  product 

In  ordinary  algebra,  a(b  +  c)  =  a  x(b  +  c)  =  ab  +  ac,  i.e.  we  can  'remove  the  brackets’. 
The  ‘x*  is  distributed  over  the  ‘b  +  c\  This  is  known  as  the  distributive  law  for 
products.  The  same  law  is  true  for  scalar  products:  a.(b  +  c)  =  a.b  +  a.c. 


Example  14 

|  If  a  =  2i+ 3j  and  b  =  1  -  2j.find  a.b. 

:  a.b  =  (21  +  3J).(i  -  2j). 

=  2i.(i  -  2j)  +  3j(i  -  2j)  by  the  distributive  law 
=  2i.i  -  2i.2j  +  3j.i  -  3j.2j  using  the  law  again 
=  2-0  +  0  -  6  as!.i=JJ  =  landiJ=j.l  = 


From  this  we  see  that  we  only  need  to  multiply  the  two  i  and  the  two  j  terms  and  add 
the  results.  The  ij  terms  are  ignored. 
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<«,i  +  bjUaj  +  *2j)  =  (JO.  (JO  =  +  ft, b, 


Example  15 

The  position  vectors  of  P  and  Q  are  2i  +  j  and  -3i  +  2j  respectively. 
Find  ZPOQ  (Fig.  8.36). 


From  the  definition,  a.b  =  ab  cos  0 
Then  cos  0=*£ 

i.e.  the  cosine  of  the  angle  between  two  vectors  is  the  scalar  product  c 
the  product  of  their  moduli. 

Hence  cos  ZPOQ  =  ,  ™  *  J)(~3I  +  a>  ,  =  *1  =-0.4961 

|2i+j|x|-3i  +  y  |  V5VT3 

giving  ZPOQ  =  1 19.74°. 


Example  16 

The  position  vectors  of  A  and  B  are  2\  -  3j  and  ri  +2j  respectively. 

(a)  Find  the  value  of  t  for  which  OA  and  OB  are  perpendicular. 

(b)  If  t  =  4,  find  ZAOB  to  the  nearest  degree. 

(a)  If  OA  is  perpendicular  to  OB.  then  their  scalar  product  =  0. 

So  (21  -  3j).(ri  +  2j)  =  2l  -  6  =  0  and  t  =  3. 


Example  17 

Find  the  relationship  between  p  and  q  if  the  vectors  a  =  pi  +Jj  and  b  =  2i  +  <jj  are 
at  right  angles.  Given  that  q  =  -2,  find  /  a  +  b  /. 

To  be  at  right  angles,  (pi  +  3j).(2i  +  q'f)  =  0. 

Then  2p  +  2q  =  0. 

If  q  =  -2,  then  p  =  3. 

|  a  +  b  |  =  |  3i  +  3j  +  2i  -  2j  |  =  |  5i  +  j  |  =  V26 


Example  18 

A  straight  line  passes  through  the  point  A  whose  position  vector  is  3i  +  j  and  is  parallel 
to  the  vector  41  +  3j. 

(a)  If  the  position  vector  of  any  point  P  on  the  line  is  p,  show  that 
p  =  Ji  +j  +t(4\  +  3j). 

lb)  Find  the  value  of  t  for  which  Op  is  perpendicular  to  the  line. 

(c)  Hence  find  the  distance  of  the  origin  from  the  line. 

Fig.  8.37 


O 

(a)  In  Fig.  8.37,  A  is  the  point  with  position  vector  31  +  j. 

^  is  parallel  to  41  +  3j  so  AP  =  r(4i  +  3j)  where  t  is  any  number. 
Then  OP  =  p  =  OA  +  AP  =  3l+j  + 1(41  +  3J). 

(b)  OP  =  (3  +  4/)i  +  (1  +  3r)j 

If  OP  is  perpendicular  to  4i  +  3j  then  (3  +  4t)  x  4  +  (1  +  3t)  x  3  =  0. 
This  gives  12  +  16/  +  3  +  9t  =  0  or  t  =  -  5. 

(c)  When  /  =  - the  position  vector  of  P  =  3i  +  j  -|(4i  +  3j)  =  ^ 

The  distance  from  O  to  the  line  will  then  be  |  OP  |  =  V  jg  +  ^  =  1. 
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Exercise  8.5  (Answers  on  page  626.) 

For  questions  1-7,  take  a  =  2i  +  Jj,  b  =  -i  +  2j,  c  =  Ji  -  2j.  d  =  -4i. 

1  Find  the  scalar  products  (a)  a.c,  (b)  b.d,  (c)  b.c. 

2  Which  two  of  the  vectors  are  perpendicular? 

3  Evaluate  b5. 

4  Find  the  angles  between  (a)  b  and  c,  (b)  a  and  d. 

5  The  vector  ri  +  j  is  perpendicular  to  b  -  a.  Find  the  value  of  t. 

6  Find  the  angle  between  a  +  b  and  c  +  d. 

7  Find  the  relation  between  m  and  n  if  ma  +  nb  is  perpendicular  to  c  -  b. 

8  Given  a  =  31  -  2j .  b  =  41  +  j  and  c  =  21  +  7j,  verify  that  a.(b  +  c)  =  a.b  +  a.c. 

9  If  p  =  31  +  4j,  q  =  21  -  3j  and  r  =  5i  +  j,  show  that  p.(q  -  r)  =  p.q  -  p.r  and  find  the 
angle  between  p  and  q. 

10  The  position  vectors  of  A  and  B  are  4i  +  3j  and  7i  -  j  respectively.  Show  that  OA  is 
perpendicular  to  AB  and  find  ZAOB. 

11  The  position  vectors  of  A.  B  and  C  are  31  +  j,  4i  +  3j  and  61  +  2j  respectively. 

(a)  Show  the  positions  of  the  points  on  a  diagram. 

(b)  Find  ZB. 

(c)  Hence  find  the  area  of  A  ABC. 

12  Two  bodies  are  moving  in  a  plane,  one  parallel  to  the  vector  3i  -  j,  the  other  parallel 
to  -41  +  2j.  Find  the  angle  between  their  paths. 

13  If  the  vectors  ri  +  2j  and  ri  -  8j  are  perpendicular,  find  the  values  of  t, 

14  If  the  vectors  7p\  -  3j  and  pi  +  6j  are  perpendicular,  find  the  values  of  p. 

15  A(2,3),  B(— 1.4)  and  C(5,-2)  are  three  points.  Evaluate  BA.BC  and  hence  find  ZABC. 

16  The  position  vectors  of  A,  B  and  C  are  2j,  3i  +  4j  and  5i  respectively. 

Find  BA.BC  and  hence  find  ZABC. 

17  OABC  is  a  parallelogram  with  OA  =  41  +  2j  and  OC  =  -61  +  4j.  P  and  Q  are  the 
midpoints  of  BC  and  AB  respectively. 

(a)  Find  the  position  vectors  of  P  and  Q. 

(b)  Evaluate  OP.OQ  and  hence  find  ZPOQ. 

18  OABC  is  a  parallelogram  where  the  position  vectors  of  A  and  C  are  31  +  6j  and  -21  +  4j 
respectively,  (a)  Find  the  position  vector  of  B.  D  is  the  midpoint  of  OC  and  E  divides 
OA  in  the  ratio  2: 1 .  Find  (b)  the  position  vectors  of  D  and  E  and  (c)  ZBDE. 

19  ABCD  is  a  quadrilateral  where  the  position  vectors  of  A,  B,  C  and  D  are  a.  b,  c  and 
d  respectively. 

(a)  State  in  terms  of  a,  b,  c,  d  (i)  AB,  (ii)  CD,  (iii)  AC,  (iv)  BD. 

(b)  If  (c  —  d)  —  i(b  -  a)  where  k  >  1,  what  type  of  quadrilateral  is  ABCD? 
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(c)  State  in  terms  of  a,  b,  c,  d,  the  condition  for  the  diagonals  to  be  at  right  angles. 

(d)  If  |  d  -  b  1 1  c  -  a  |  =  2(d  -  b).  (c  -  a),  what  is  the  angle  between  the  diagonals? 

20  The  position  vectors  of  A,  B  and  C  are  3i  +  j,  -i  -  3j  and  5i  respectively.  P  is  a  point 
such  that  AP  =  *AB  where  k  is  any  number. 

(a)  Find  the  position  vector  of  P  in  terms  of  k,  1  and  j. 

(b)  Find  the  value  of  *  if  PC  is  perpendicular  to  AC. 

21  If  r,  =  31,  r2  -  I  +  j  and  r,  =  — I  —  3j,  find  die  values  of  r  so  that  fr,  +  r2  will  be 
perpendicular  to  rr2  +  r,. 

22  A  and  B  have  position  vectors  31  +  6j  and  61  +  3j  respectively.  C  lies  on  OA  where 
OC:CA  =  1:2  and  D  lies  on  OB  where  OD:DB  =  2:1. 

(a)  Find  the  position  vectors  of  C  and  D. 

(b)  Find  CD  and  AB  in  terms  of  i  and  j. 

(c)  Hence  find  the  angle  between  CD  and  AB. 

23  The  position  vectors  of  A  and  B  are  4i  +  j  and  i  +  7j  respectively. 

(a)  Find  ZAOB. 

(b)  C  lies  on  AB  where  AC:CB  =  2:1.  Find  the  position  vector  of  C. 

(c)  Hence  find  ZAOC. 

24  The  points  A.  B  and  C  have  position  vectors  3i  +  3j,  8i  +  2j  and  pi  +  1  lj  respectively, 
where  p  is  a  positive  number.  D  lies  on  BC  where  BD:DC  =  1:2. 

(a)  Find  the  position  vector  of  D  in  term  of  p,  i  and  j. 

(b)  Express  AD  in  terms  of  p,  i  and  j. 

(c)  If  AD  is  perpendicular  to  BC,  find  the  value  of  p. 

25  The  position  vectors  of  A,  B  and  C  are  3i  +  4j,  81  -  6j  and  mi  +  nj  respectively,  where 
m  and  n  are  numbers. 

(a)  Evaluate  (31  -t-  4j).(mi  +  nj). 

(b)  Find  |  OA  |  and  |  OC  |. 

(c)  Hence  express  cos  ZAOC  and  cos  ZBOC  in  terms  of  m  and  n. 

(d)  If  ZAOC  =  ZBOC,  find  the  relation  between  m  and  n. 

(c)  Hence  find  the  equation  of  the  line  OC. 


SUMMARY 

•  Magnitude  of  vector  a  =  |  a  |  =  a. 

•  If  a  =  kb,  where  k  is  a  scalar  (a  number)  *  0,  then  the  vectors  a  and  b  are  parallel 
and  in  the  same  direction  if  k  >  0  but  in  opposite  directions  if  k  <  0. 

|  a  |  =  |  A  |  x  |  b  | 

•  Conversely  if  a  and  b  are  parallel  (a  *  0,  b  *  0),  then  a  =  kb.  P,  Q  and  R  are  collincar 
if  PQ  =  *QR  (or  PQ  =  *P&)  and  conversely. 


•  If  OA  =  a,  OB  =  b.  a  +  b  is  the  diagonal  OC  of  the  parallelogram  OACB. 

•  a  -  b  is  the  vector  from  the  end  of  b  to  the  end  of  a. 
b  -  a  is  the  vector  from  the  end  of  a  to  the  end  of  b, 
where  a,  b  start  from  the  same  point. 

•  If  ma  +  nb  =  pa  +  </b  then  m=p  and  n  =  q. 

•  The  position  vector  of  A  is  the  vector  OA  where  O  is  the  origin. 

•  i,  j  are  unit  vectors  in  the  directions  of  the  positive  coordinate  axes. 
Column  vector  form:  (  “)  =  oi  +  bj 

If  r  =  ai  +  bj  -(%).  then  |  r  |  =  +  b1.  tan  6  =  f  (check  for  the  correct 

quadrant). 

•  The  unit  vector  in  the  direction  of  r  is  r. 

If  r  =  ai  +  bj,  then  f  = 

•  Scalar  product  of  a  and  b  =  a.b  =  |  a  |  x  |  b  |  cos  9  where  0  is  the  angle 
between  a  and  b. 


Commutative  law:  a.b  =  bat 
Distributive  law:  a.(b  +  c)  =  a.b  +  a.c. 

If  a  and  b  are  parallel,  a.b  =  ab  (same  direction),  or  a.b  =  -ab  (opposite 
directions). 

If  a  and  b  are  perpendicular,  a.b  =  0. 

(a,i  +  bjMflji  +  bj  j)  =  (J|).(Jj)  =  +  *>,b}. 

REVISION  EXERCISE  8  (Answers  on  page  626.) 

A 

1  Given  a  =  2i  -  5j,  b  =  -5i  -  12j  and  c  =  mi  +  nj,  calculate 
(a)  a.b,  (b)  the  angle  between  a  and  b. 

(c)  If  a.c  =  b.c,  find  the  relation  between  m  and  n. 

2  The  position  vector  of  A  relative  to  an  origin  O  is  3i  +  5j.  Given  that  AB  =  8i  +  2j, 

evaluate  OA.OB  and  hence  find  angle  AOB.  (C) 

3  The  points  A,  B  and  C  have  position  vectors  p  +  q,  3p  -  2q  and  6p  +  mq  relative  to 

an  origin  O.  Find  the  value  of  m  for  which  A,  B  and  C  are  collinear.  (C) 

4  The  position  vectors  of  A  and  B  relative  to  an  origin  O  are  6i  +  4j  and  3i  +  pj 

respectively.  Express  AO.AB  in  terms  of p  and  hence  find  (i)  the  value  of p  for  which 
AO  is  perpendicular  to  AB,  (ii)  the  cosine  of  ZOAB  when  p  =  6.  (C) 

5  A.  B  and  C  are  points  with  position  vectors  4p  -  q,  p(p  +  q)  and  p  +  2q  respectively, 

relative  to  an  origin  O.  Obtain  expressions  for  AB  and  AC.  Given  that  B  lies  on  AC, 
find  the  value  of  p.  (C) 
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6  (a)  OA  is  perpendicular  to  (  "j )  and  |  OA  |  =  15.  State  OA  in  column  vector  form 

if  A  lies  in  the  first  quadrant. 

(b)  |  ai  +  bj  |  =  5  and  ai  +  bj  is  perpendicular  to  Si  -  6j.  Find  the  value  of  a  and  of 
b. 

7  Points  A  and  B  have  position  vectors  a  and  b  respectively  relative  to  an  origin  O 
(Fig.  8.38).  The  point  D  is  such  that  6?)  =  pO,\  and  the  point  E  is  such  that  AE  = 
qAB. 


Fig.  8.38 

O 

The  line  segments  BD  and  OE  intersect  at  X.  If  OX  =  \  OE  and  XB  =  j  DB  express 
OX  and  XB  in  terms  of  a.  b,  p  and  q  and  hence  evaluate  p  and  q.  (C) 

8  (a)  Given  that  OM  =  i  +  3j  and  ON  =  i  +  j,  evaluate  OM.ON  and  hence  calculate 

ZMON  to  the  nearest  degree. 

(b)  The  position  vectors,  relative  to  an  origin  O.  of  two  points  S  and  T  are  2p  and  2q 
respectively.  The  point  A  lies  on  OS  and  is  such  that  OA  =  AS.  The  point  B  lies 
on  OT  produced  and  is  such  that  OT  =  2TB.  The  lines  ST  and  AB  intersect  at  R. 
Given  that  AR  =  X  AB  and  that  SR  =  p  ST,  express  OR  (i)  in  terms  of  p,  q  and 
X,  (ii)  in  terms  of  p,  q,  p.  Hence  evaluate  X  and  p  and  express  OR  in  terms  of  p 
and  q.  (C) 

9  The  position  vectors  of  A,  B  and  C  are  a,  b  and  c  respectively  relative  to  an  origin  O. 
Draw  a  diagram  showing  the  positions  of  O,  A,  B  and  C  given  that  (i)  a.c  =  0, 
(ii)  b  -  a  =  *(c  -  a),  (iii)  b.(a  -  c)  =  0.  (iv)  2|  b  |  =  |  a  -  c  |. 

What  is  the  position  of  B  relative  to  A  and  C? 

10  The  position  vectors,  relative  to  an  origin  O,  of  three  points  A,  B  and  C  are  2i  +  2j, 
Si  +  1  lj  and  1 11  +  9j  respectively. 

(i)  Given  that  OB  =  mOA  +  nOC,  where  m  and  n  are  scalar  constants,  find  the  value 
of  m  and  of  n. 

(ii)  Evaluate  AB.BC  and  state  the  deduction  which  can  be  made  about  ZABC. 

(iii)  Evaluate  AB.AC  and  hence  find  ZBAC.  (C) 

11  The  position  vectors  of  A  and  B  are  i  +  3j  and  -2i  + j  respectively. 

(a)  Evaluate  OA.OB  and  hence  find  ZAOB. 

C  is  a  point  whose  position  vector  is  given  by  OC  =  OA  +  rAB. 

(b)  Find  the  values  of  f  for  which  (i)  OC  is  perpendicular  to  AB,  (ii)  IOCI  =  IACI. 
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12  The  position  vectors  of  points  A  and  B  relative  to  an  origin  O  are  a  and  b  respectively. 

The  point  P  is  such  that  OP  =  40B.  The  midpoint  of  AB  is  the  point  Q.  The  point  R 
is  such  that  OR  =  |OQ.  ^  _> 

Find,  in  terms  of  a  and  b,  the  vectors  OQ,  OR.  AR  and  RP.  Hence  show  that  R  lies 
on  AP  and  find  the  ratio  AR:RP. 

Given  that  the  point  S  is  such  that  OS  =  p  OQ,  find  the  value  of  p  such  that  PS  is 
parallel  to  BA.  (C) 

13  P  and  Q  have  position  vectors  2/i  +  (r  +  l)j  and  (r  +  l)i  -  (r  +  2}j  respectively. 
If  |  OP  |  =  |  OQ  |  show  that  3F  -  4t  -  4  =  0  and  hence  find  the  possible  values 
of  (.  For  each  one,  calculate  OP.  6$  and  the  angle  POQ. 

14  OABC  is  a  quadrilateral  with  OA  =  a  and  OC  =  c. 

If  (a  +  c).(a  -  c)  =  0,  what  type  of  quadrilateral  is  OABC? 

If,  in  addition,  a.c  =  0  what  is  the  quadrilateral? 

15  OA  =  a  and  OB  =  b.  C  is  the  midpoint  of  AB  and  D  divides  OB  in  the  ratio  2:1.  AD 
and  OC  intersect  at  P. 

(a)  Taking  OP  =  pOC  and  AP  =  qAU,  find  two  vector  expressions  for  OP  and  hence 
find  the  ratio  OP:PC. 

(b)  E  divides  OB  in  the  ratio  1:2  and  AE  meets  OC  at  Q.  By  a  similar  method,  find 
the  ratio  OQ:QC. 

(c)  Hence  find  the  ratio  OQ:QP:PC. 

16  The  position  vectors  of  A,  B  and  C  are  -a  +  2b,  2a  +  3b  and  3a  +  5b  respectively. 
P  divides  BC  in  the  ratio  3:4.  Q  lies  on  AB  so  that  AQ  =  |AB.  R  lies  on  AC  so 
that  CR  =  2AR.  Find  the  position  vectors  of  P.  Q  and  R.  Show  that  these  points  are 
collinear  and  state  the  ratio  PQ:QR. 

B 

17  The  points  A  and  B  have  position  vectors  4i  +  3j  and  i  +  tj  respectively. 

If  cos  ZAOB  =  find  the  values  of  /. 

18  The  position  vector  p  of  a  point  P  is  given  by  p  =  (cos  0)i  +  (sin  0)j. 

Find  the  equation  of  the  curve  on  which  P  lies  for  all  values  of  0. 

19  If  a.b  =  a.c,  show  that  a  is  perpendicular  to  b  -  c. 

20  In  AAOB,  OA  =  a,  OB  =  b.  The  altitudes  BD  and  OE  intersect  at  H  and  OH  =  h. 

(a)  State  BH  in  terms  of  h  and  b. 

(b)  Show  that  (h  -  b).a  =  0  and  that  h.(b  -  a)  =  0  and  hence  deduce  that 
b.(h  -  a)  =  0. 

(c)  Hence  state  a  geometrical  result  about  the  altitudes  of  a  triangle. 

21  If  AB  =  a  and  A?  =  b,  show  that  the  area  of  the  AABC  is  given  by  j‘V(af))2-(a.b)2. 
Hence  find  the  area  of  AABC  if  the  coordinates  of  A,  B  and  C  are  (3,2),  (-1,-1)  and 
(5,-3)  respectively. 
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22  The  points  A,  B  and  C  have  position  vectors  a,  b  and  c  respectively.  L,  M  and  N 
are  the  midpoints  of  AB,  BC  and  CA  respectively.  G  lies  on  CL  so  that  CG  =  2GL. 
Find  the  position  vector  of  G.  Show  that  A,  G  and  M  are  collinear  and  state  the 
ratio  AG:GM.  (Similarly  B,  G  and  N  arc  collinear  and  BG:GN  =  2:1.  G  is  called  the 
centroid  of  the  triangle  ABC.) 
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Calculus  (1): 
Differentiation 


Calculus  is  a  very  important  branch  of  Mathematics.  It  was  developed  by  Newton 
(1642-1727)  and  Leibnitz  (1646-1716)  to  deal  with  changing  quantities.  The  gradient  of 
a  curve  is  an  example  of  such  a  quantity  and  we  begin  with  this. 

GRADIENT  OF  A  CURVE 

The  gradient  of  a  straight  line  is  constant.  It  is  equal  to 
the  ratio  between  any  two  points  of  the  line  (see 
Chapter  1,  page  8).  On  a  curve  however,  the  gradient  is 
changing  from  one  point  to  another.  We  define  the  gradi¬ 
ent  at  any  point  on  a  curve  therefore  to  be  the  gradient  of 
the  tangent  to  the  curve  at  that  point  (Fig.9.1). 


We  now  find  a  gradient  function,  derived  from  the  function  represented  by  the  curve, 
using  a  method  called  a  limiting  process.  Consider  the  simple  quadratic  curve  y  =  . t3 
(Fig.9.2)  and  take  the  point  P(3,9)  on  that  curve. 


Fig.9.2 
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Now  take  a  point  near  P,  say  Q,(4,16).  The  gradient  of  the  line  PQ,  is  =  7  which 
only  approximately  equals  the  gradient  of  the  tangent  at  P. 

To  get  a  better  approximation  we  try  again,  this  time  with  Q2(3.5, 12.25)  which  is  closer 
toP. 

The  gradient  of  PQ2  =  =  6.5. 

Now  see  what  happens  if  we  repeat  this,  taking  positions  of  Q  closer  and  closer  to  P,  using 
a  calculator  (Fig.9.3). 


Ftg.9.3 


Coordinates  of  Q  QR 


PR  Gradient 


(3.3,10.89)  1.89 

(3.1,9.61)  0.61 

(3.01,9.0601)  0.0601 

(3.001,9.006001)  0.006001 


(3.0001,9.00060001)  0.00060001 


0.3  6.3 

0.1  6.1 

0.01  6.01 

0.001  6.001 

0.0001  6.0001 


tending  to  6 


The  sequence  of  values  suggests  that  as  we  continue,  taking  Q  closer  and  closer  to  P,  the 
gradient  approaches  6.  We  say  that  6  is  the  limiting  value  or  limit  of  the  sequence.  As 

Q  - -  (tends  to)  P,  the  gradient  of  PQ  "■  6  and  we  take  this  limiting  value  as 

the  gradient  at  P. 

Note  that  we  cannot  find  this  value  directly.  We  have  to  use  this  limiting  method.  (We 
also  have  to  be  sure  that  there  will  be  a  limit  but  this  will  be  assumed  in  our  work). 

Exercise  9.1  (Answers  on  page  626.) 

1  Repeat  the  limiting  process  to  find  the  gradient  where  x-2  and  x  =  -1  on  the  curve 

2  Use  the  limiting  method  to  find  the  gradient  at  the  point  where  x  =  2  on  the  curve 
y  =  2r>. 

3  By  the  same  method,  find  the  gradient  where  x  =  4  on  the  curve  >■  =  V7. 
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GENERAL  METHOD  FOR 
THE  GRADIENT  FUNCTION 


To  find  the  gradient  at  another  point  on  the  curve  we  must  repeat  the  calculations.  A 
better  approach  would  be  to  find  a  formula  for  the  gradient,  using  the  same  method. 

In  Fig.9.4,  we  take  a  general  point  P  whose  coordinates  are  Cm3). 


Fig. 9.4 


Now  take  a  nearby  point  Q  where  xQ  =  x  +  h.  At  present  the  value  of  h  is  not  specified 
except  that  h*Q. 

Then  yQ  =  (x  +  A)2. 

Gradient  of  PQ  = 

=  (rttf-f 

 x3  +■  2xh  +  A3  -  x3 

_  frfj  +  h3 
h 

=  2 x  +  A  (A*  0) 

Now  suppose  Q  moves  closer  and  closer  to  P,  i.e.  h  -  ■ 0.  Then  7x  +  h - -  lx. 

The  limiting  value  of  2*  +  h  is  2x  and  we  take  this  as  the  gradient  at  P.  When  x  =  3,  the 
gradient  =  6,  as  we  found  before.  When  x  =  0,  the  gradient  is  0,  which  can  be  seen  from 
the  graph  as  this  is  the  turning  point. 

The  function  x  i  -  2x  is  the  gradient  function  for  the  curve  y  =  .r3.  Each  curve 
will  have  its  own  gradient  function  which  we  find  by  the  limiting  method,  known  as 
working  from  first  principles. 
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Example  1 

Find  the  gradient  function  fory  =  2x*  -3  (Fig.93). 


P  is  a  general  point  (jc,  l*3  -  3). 

Q  is  a  nearby  point  with  jrQ  =  x  +  h,  yQ  =  2(x  +  A)2  -  3. 

QR  =  2(jc  +  A)2  -  3  -  (2k5  -  3) 

=  2X2  +  4jrA  +  2A2-3-2x2  +  3 
=  4jcA  +  2A2 

QR  =  4 xH  +  W  =4x  +  2h 

Now  as  A  "•  0,  4jt  +  2A  »  4x  The  limiting  value  is  4jc.  The  gradient  function 
is  therefore  x  i - •»  4jr. 


Example  2 

(a)  Find  the  gradient  function  for  the  curve  y  =  Xs  +2x  (Fig. 9. 6). 

(b)  Hence  find  the  gradients  at  x  =  0  and  x  =  -l. 

(c)  Is  there  a  value  of  x  where  the  gradient  is  0? 


4  (a)  If  f(jr)  =  x?  -  x2,  find  f (x). 

(b)  For  what  values  of  x  is  the  gradient  on  the  curve  y  =  f(jc)  zero? 

(c)  Find  the  values  of  f(or)  at  these  points. 

5  By  finding  the  gradient  function,  show  that  the  curve  y  =  1  -  4.<r  -  a?  has  a  turning 
point  where  x  =  -2.  Is  this  a  maximum  or  minimum  point? 

6  Find  the  gradient  function  for  the  curve  y  =  j  +  4x  (x  *  0). 

Hence  find  the  values  of  at  where  the  gradient  on  this  curve  is  zero. 

7  Find  the  gradient  function  for  y  =  ax2  +  bx  +  c  where  a.  b  and  c  are  constants. 

The  5y,  5x  Notation  for  the  Gradient  Function 

To  find  f  (ac),  we  took  two  points  whose  x-coordinates  were  x  and  x  +  h.  We  now  introduce 
a  new  and  important  notation.  Instead  of  h,  we  write  fix  (read  della  a:)  which  is  one  symbol 
for  the  change  in  x ,  called  the  increment  in  x. 

We  use  the  curve  y  =  at2  again  (Fig.9.9).  Now  if  x  changes  to  x  +  fix,  y  will  also  change 
to  y  +  8 y,  where  8y  is  the  corresponding  increment  in  y. 


Fig.9.9 


PR  =  fix.  QR  =  8y. 

The  coordinates  of  Q  are  (x  +  fix,  y  +  8y)  and  so  y  +  8y  =  (at  +  fix)2. 

QR  =  (x  +  fix)2  -  Xs 

=  x2  +  2x&x  +  (fix)2  -  x2 
=  2x8x  +  (fix)2 

The  gradient  of  PQ  =  -^  =  =  2x  +  fix 

Now  we  let  fix - —  0.  The  limiting  value  of  will  be  2x,  so  the  gradient  function  is 

2x  as  before. 

The  special  feature  of  this  notation  is  that  we  write  the  gradient  as  ^  (read  dee  y  by 
dee  x)  to  symbolize  the  limiting  value  of  as  fix  *  0. 

(The  curly  S  is  straightened  to  ordinary  d  to  show  that  we  have  taken  the  limiting  value). 
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This  8y,  5x  notation  will  be  used  from  now  on. 

Note:  is  to  be  taken  as  one  symbol  and  NOT  as  a  fraction. 


Example  4 

If  y  =  16. x  +  -f.find  from  first  principles. 

Find  the  value  ofx  where  the  gradient  is  0. 

f(jt)  =  16tr  +  and  f(.r  +  &r)  =  I6(jr  +  &r)  +  (jt 

Hence  f(jr  +  &r)  -  f(.r)  =  16*+  I6&1  +  -  16*-  p 


Then 


8y 

&» 


=  16&r  + 
=  16&r + 
=  16&f- 


(*  +  6r)V 

x*-x'--2x&x-(&r)i 
(.x  +  &r)V 
Zt&t  +  (St); 

(x  +  &t)V 


16- 


Ix  *  St 
lx  +  &r)V 


As  &r - -  0.  2x  +  &v - 2*  and  x  +  &x  *■  x. 


16  -  -p- 

When  the  gradient  is  0,  ^  =  16  -  -p  =  0  i.e.  16*!  =  2  01 


Exercise  9.3  (Answers  on  page  627.) 

1  Find  from  first  principles  for 

(a)  y  =  Ir2  +  1  (b)  y  =  2  -  4*=  (c)  y  =  4jr' 

(d)  y-x-l  (e)  y  =  £-x  +  3  (0y=y 

2  What  is  the  gradient  of  y  =  5?  Hence  explain  why  jjj  =  0  if  y  =  k  (a  constant). 

3  Given  y  =  2X2  -  4.v  +  1 .  find  (a)  jj  and  (b)  the  coordinates  of  the  point  on  the  ci 
where  the  gradient  is  (i)  0.  (ii)  -8. 

4  (a)  Find  jg  if  y  =  *2  +  a*  +  3  where  a  is  a  constant. 

(b)  Find  the  value  of  a  if  the  gradient  where  x  =  3  is  2. 


MEANING  OF  % 

The  notation  for  the  limiting  value  of  -gj:  as  8x  "  0  is  appropriate  as  it  is  a 
reminder  that  ^  is  derived  from  |~.  We  call  this  differentiation  (as  it  uses  the  differ¬ 
ence  Sue)  and  ^  is  called  the  derivative  or  the  differential  coefndent  of  y  with  respect 
to  x.  We  shall  use  the  abbreviation  ‘wrt'  for  ‘with  respect  to'. 

gj-  gives  the  gradient  function  for  a  curve  and  the  value  of  at  a  given  point  is  the 
gradient  of  the  curve  and  therefore  of  the  tangent  there. 

Now  the  gradient  at  a  point  measures  the  rate  at  which  y  is  changing  wrt  x.  The  steeper 
the  gradient  the  greater  this  rate  of  change.  For  example,  on  the  curve  y  =  x2,  the  two 
quantities  are  each  changing  and  the  rate  of  change  is  2x.  When  x  =  3,  y  =  9  but  y  is 
changing  at  that  point  6  times  as  much  as  x  is  changing.  jj-  measures  this  rate  of  change. 
This  is  what  makes  differentiation  a  powerful  tool  in  Mathematics. 

The  idea  and  notation  can  be  applied  to  any  function.  For  example,  if  s  is  a  function 
of  f,  j  =  f(/),  then  ^  is  the  rate  of  change  of  s  wrt  f. 

If  A  is  a  function  of  r,  A  =  f (r),  then  ^  is  the  rate  of  change  of  A  wrt  r. 


Example  5 

If  p  -  3f  -2l  +  1,  find  f. 
p  is  a  function  of  r  so  we  take  an  increment  8/  in  t. 
The  corresponding  increment  in  p  is  Sp. 

*  =  lire  -ff- 

p  +  Sp  =  3(r  +  Sr)1  -  2(r  +  8/)  +  1 
Now  show  that  Sp  =  6/8r  +  3(8 r)J  -  28/ 

=  6/  +  38/  -  2  and  the  limiting  value  is  6/  -  2. 
Hence  f  =6/  -2. 


NOTE  ON  INDICES 

We  shall  be  dealing  with  negative  indices  shortly  so  this  note  recalls  the  rules  for  indices. 
To  multiply  powers  of  the  same  term,  add  the  indices. 

x)xx2  =  xxxxxxxxx  =  xs  =  x^> 

To  divide  powers  of  the  same  term,  subtract  the  indices. 

xxxxxxxxx  =x,  =  xs-2 

x  +  x=  1  =  x'-'  =  x*  and  *“  =  1 
x  +  x3  =  x‘~3  =  x":  but  y  =  Jr. 

A  negative  index  means  the  reciprocal:  tr"  =  — 


193 


THE  DERIVATIVE  OF  ax" 

Here  are  listed  some  of  (he  derivatives  we  have  already  found: 

Function  Derivative 


you  see  a  pattern  in  these? 
derivative  of  x3  is  lx  =  2jF~'. 
derivative  of  4x*  is  12r*  =  4  x  3x‘-'. 
derivative  of  r'  is  -jr1  =  -Lr11. 

We  deduce  the  following  rule  (which  we  shall  not  prove): 

to  differentiate  a  single  term,  multiply  by  the  index  and  then  reduce  the  index  by  1. 
For  example,  to  find  the  derivative  of  Sx3: 
the  index  3  becomes  a  multiplier 

5  X  3X3  “ - thenew  index  is3- 1  =  2 

The  derivative  of  ax*  is  anx~‘. 

What  about  the  derivative  of  a  constant,  say  y  =  5?  This  is  0,  as  the  gradient  is  always  0. 

The  derivative  of  a  constant  is  0. 

Ify  =  ax",  g*  =anxr' 

If  y  =  k  (a  constant),  ^  =  0 

THE  DERIVATIVE  OF  A  POLYNOMIAL 

In  Example  5,  we  saw  that  the  derivative  of  the  polynomial  3ri  -  2 1+  1  was  6t  -  2.  The 
derivative  of  3F  is  6 1,  the  derivative  of  -2 1  is  -2  and  the  derivative  of  1  is  0.  These  are 
added  to  obtain  the  derivative  of  the  polynomial. 

The  derivative  of  a  polynomial  is  the  sum  of  the 
separate  derivatives  of  the  terms. 

This  rule  applies  only  to  polynomials  and  does  not  apply  to  functions  such  as  V3x-  1  or 
which  are  not  polynomials. 
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Example  6 

Differentiate  wrt  x  (a)  Jx5  +  7,  (b)  x3  -  j  jd  -  { .  (c)  (2x  -  3f,  ( d ) 

(e)  ax1  +  2bx*  -cx  +  7  where  a,  b  and  c  are  constants. 

(a)  If>  =  3jt»  +  7,  then  ^  =  3  x  Sjt4-1  +  0  =  15^. 

Note:  Do  not  write  3-c5  +  7  =  15x*.  This  is  incorrect.  Use  a  letter  such  as  y  for  the 
function  and  then  write  gj . 

(b)  If  y  =  jr3  -  jx*  -  i  =  x*  -  jjr1  -  jt1 

then  £  =  3**- i  x2*'-(-l)lr2  =  3xJ-jr+ £ 

Rewrite  reciprocals  such  as  -jf  in  terms  of  negative  indices  before  differentiating. 

(c)  Here  we  express  (2x  -  3)2  as  a  polynomial  first  by  expansion. 

(2x- 3)*  =  4xl-l2x  +  9 

Ify  =  4j4-  12x  +  9,then  ^=8x-12y  +  0  =  8x-l2,asx<,=  l. 

(d)  If  y  =  £  =  4jt!,  then  g*  =  4<-3>r)-'  =  -llr4 
which  can  be  left  in  this  form  or  written  as  -  gr. 

(e)  If  y  =  or3  +  2bx*  -  cjr  +  7,  then  gj  =  3012  +  4bx  -  cx°  +  0  =  lax1  +  4for  -  c. 


Example  7 

Find  the  coordinates  of  the  points  on  the  curve  y  =  x1-3x! -9x  +6  where  the  gradient 
isO. 

The  gradient  =  gj . 

g*  =3x3-6x-9  =  3(x2-2r-3)  =  3(jf-3Kx+  I) 

If  the  gradient  =  0,  then  gj  =  0  and  so  3(x  -  3)(x  +  1)  =  0  which  gives  x  =  3  or  x  =  -1 . 
When  x  -  3,  y  =  33  -  301)  -  9(3)  +  6  =  -2 1 :  coordinates  (3,-2 1 ) 

When  x  =  -1,  y  =  (~1)J  -  3(-l)2  -  9(-l)  +  6  =  11:  coordinates  (-1,11) 


Example  8 

(a)  Differentiate  A  =  2JD2  +  2nrh  wrt  r.  where  h  is  a  constant. 

(b)  IfT  =  <3p*  lf.find  4L  and  the  values  of  p  for  ^  =  0. 
(a)  •gj-  =  2lt  x  2r'  +  2  nhr°  =  4ltr  +  2nh 
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Exercise  9.4  (Answers  on  page  627.) 

1  Differentiate  wrt  x: 

(a)  Sx  (b)  A*  (c)  7 

(d)  3xt-5  (e)  3^-x-l  (f)  x3-x*-x- 1 

(g)  1-3*  <h)  (jc-1)j  (i)  i 

0)  3 *+l  00  (*-2)5  fl)  (x-  i)2 

.  .  Jt>  X-  s'  .  .  jr*  -  213  +  Jt-  3  ,  .  tet-l)1 

(m)  y  +  x  +  T  +  T  00  - 1 -  (o)  — p — 

2  Differentiate  s  =  3F  -  4r  -  2  wrt  t. 

3  If  W  =  3H  -  2*  +  r- 3,  find 

4  Given  u  =  (3/  -  2)!,  find 

5  y  =  A*  -  fu  +  6.  Given  that  the  rate  of  change  of  y  wrt  jr  is  2  when  x  =  1,  find  the  value 
of  ft. 

6  Find  the  gradient  on  the  curve  y  =  4.C1  -  10.r  +  1  at  the  point  where  x  =  -1. 

7  The  gradient  on  the  curve  y  =  a*  -  3*  +  4  where  jc  =  —2  is  13.  Find  the  value  of  a. 

8  Find  the  coordinates  of  the  points  on  the  curve  y  =  3X5  -  4jc  +  2  where  the  gradient 
isO. 

9  Find  the  coordinates  of  the  points  on  the  curve  y  =  jt3-3j^+Jt-5  where  the  gradient 
is  1. 

10  Find  the  values  of  z  for  which  ~  =  0  where  P  —  A*-  2;:  -  8z  +  5. 

11  Show  that  there  is  only  one  point  on  the  curve  y  =  *  -  32jt  +  10  where  the  gradient 
is  0  and  find  its  coordinates. 

12  Given  that  u  =  AP  +  3/2  -  6r  -  I .  find  the  values  of  t  for  which  ^  =12. 

13  Find  the  values  of  t  for  which  ^  =  0  given  that  s  =  At3  +  r2  -  2r  -  5. 

14  Given  v  =  4.v2  -  1 2j  -  7,  find  ^ .  For  what  value  of  ,v  is  ^  =  4? 

ds  ds 

15  Given  that  the  curve  y  =  ax2+  |  has  a  gradient  of  5  at  the  point  (1,1),  find  the  values 
of  a  and  b.  What  is  the  gradient  of  the  tangent  to  the  curve  at  the  point  where 
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16  If  the  gradient  on  the  curve  y  -ax r  +  f  at  the  point  (-1,-1)  is  5,  find  the  values  of 

17  The  curve  given  by  y  =  ax'  +  fix2  +  3jt  +  2  passes  through  the  point  (1,2)  and  the 

gradient  at  that  point  is  7.  Find  the  values  of  a  and  b. 

18  Given  >•  =  2a5  -  lx2  -  I2x  +  5,  find  the  domain  of  a-  for  which  £  >  0. 

19  The  function  P  is  given  by  P  =  “  +  br  and  when  t  =  1,  P  =  -1. 

The  rate  of  change  of  P  when  /  =  |  is  -5.  Find  the  values  of  a  and  b. 

20  Given  that  R  =  mp*  +  np 2  +  3,  find  When  p  =  l,  ^  =  12  and  when  P  =  5 , 
^  a  -  j .  Find  the  values  of  m  and  n. 

COMPOSITE  FUNCTIONS 

In  part  (c)  of  Example  6,  to  find  the  derivative  of  (2a  -  3)\  we  first  expand  it  into  a  poly¬ 
nomial.  Similarly,  if  we  want  to  find  the  derivative  of  y  =  (3a-  2)5,  we  first  expand  it  into 
a  polynomial.  This  would  be  rather  lengthy  so  we  look  for  a  neater  method.  To  do  this  we 
take  (3x  -  2)5  as  a  composite  or  combined  function. 

The  function  y  =  (3a  -  Zf  can  be  built  up  from  two  simpler  functions,  u  =  3a  -  2  and 
then  y  =  it5.  We  call  u  the  core  function. 

Now  11  is  a  function  of  a  so  =  3. y is  a  function  of  the  core  u  so  Ip  =  5m4.  To  obtain 

from  these  two  derivatives  we  use  a  rule  for  the  derivative  of  composite  functions 
(which  we  shall  not  prove): 


dy  _  dy  du 

dx  du  dv 

where  y  is  a  function  of  u  and  u  is  a  function  of  a. 

Note:  du  cannot  be  cancelled  on  the  right  hand  side  as  these  are  not  fractions  but  deri¬ 
vatives.  However  the  notation  suggests  the  result  and  is  easy  to  remember. 

Then  £  =  Su4  x  3  =  15uJ  =  15(3x  -  2)4. 


Example  9 

Find  ^  given  that  y  =  (a-’  -3x  +  If. 

Take  u  =  x2  -  3a  +  1  as  the  core.  Then  y  =  u‘. 
J-j  =  4u5, differentiating  y  wrt  the  core  u. 

=  2x  -  3,  differentiating  the  core  wrt  a. 
Multiply  these  two  derivatives  to  obtain  : 
^  =4u3x(2x-3)  =  4(2r-3)(xJ-3x+  I)5. 
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Example  10 

Find  2*  if  y  =  (ax2  +  bx  +  cf. 
rake  u  =  ax2  +  bx  +  c  and  then  y  =  uT. 

£  =nvr'  and  %  =2 ax  +  b. 

rhen  jjj  =  mT'  x  (2 ax  +  b)  =  n(2ax  +  b)(ax2  +  bx  +  cf~'. 
With  practice,  ^  can  be  written  down  in  two  steps  on  one 


(core  being  a  function  of  x) 
Step  2 


Suppose  y  =  (core)" 
Step  I 

£  =  n(cor*r‘ 

derivative  of  (core)" 


Differentiate  ^  _jx  +  /  wrt  x. 

Take  y  =  2(jt3  -3Lr  +  1)-' 

Then  ^  =  2(-l)(r!  -  3ar  +  l)'1  x  (2,-  3) 

-2(2, -3)  derivative  of  core  wi 

“  (^-3r+l)! 


Example  12 

Given  that  s  =  3t-  J~2, ,  find  (a)  ^  and  (b)  the  values  of  s  when 
(a)  r  =  3/  -  (1  -  2r)_l 


'  (i-2tY  ~  9'men  (l  - 2tY  -  9  y -  VI  - "r- 

Hence  9  =  1  -  4/ +  4ri  or  4ri  -  4r  -  8  =  0 
which  gives ri-f-2  =  0or(f- 2)(r  +  1)  =  0 and r  =  2 or-1. 
When  r  =  2,  s  =  6  -  -}4t  =6i 


Exercise  9.5  (Answers  on  page  627.) 

1  Differentiate  the  following  wit  r. 

(b)  <3*-  1)’  (c)  (5 -It)1 

(e)  (4* - 3)*  (f)  l)3 

«  ttt  ® 

00  (^-i)4  0) 

(n)  (ax  +  bY  (o) 

(q)  (2x-±Y 

2  If  j  =  (2t  -  1)\  find  (a)  j*  and  (b)  the  value  of  t  for  which  ^  =  24. 

3  If  v  =  (3I3  -  21  +  l)2  find  the  value  of  ^  when  t  =  -1. 

4  Given  that  A  =  y  -  (1  ~s'?,  find  yjy  and  simplify  the  result.  Hence  find  the  value 
of  t  for  which  ^-  =  1. 

5  If  s  =  — L_  find  —  and  the  values  of  s  when  —  = 

4  -  2r  dr  dr  6 

6  The  equation  of  a  curve  is  y  =  2x  -  Find  (a)  jj*  and  (b)  the  gradient  of  the  curve 

when  x  =  -3. 


(a)  (Jt-3)3 
(d)  (4*  -  5)10 
(g)  (3-JT-2*3)3 
<i)  3^ 

On)  _  , 

®  (T-ir'-ZiV 


7  Find  the  gradient  of  the  curve  y  =  ^  ^  ^  ]  where  ,v  =  2. 

8  If  y  =  find  the  coordinates  of  the  points  where  the  gradient  is  -  A. 

9  If  y  =  find  the  coordinates  of  the  point  where  the  gradient  =  2. 

10  Given  that  v  =  find  (a)  (b)  the  values  of  r  when  ^  =  3. 

11  If  y  =  3r  +  1  +  73-37,  find  (a)  ^  and  (b)  the  values  of  t  when  %  =  2i. 

12  When  x  =  1,  the  gradient  of  the  curve  y  =  3  is  2.  Find  the  values  of  a. 

13  Given  that  L  =  fl  and  that  L  =  1  and  =  3  when  x  =  1,  find  the  values  of 
a  and  b. 


14  The  curve  y  =  a  passes  through  the  point  (1,-1)  and  its  gradient  at  that  point  is 
2.  Find  the  values  of  a  and  b. 


THE  SECOND  DIFFERENTIAL  COEFFICIENT  g 

If  y  is  a  function  of  x,  then  ||  is  also  a  function  of  x  (or  a  constant). 

Hence  we  can  differentiate  ^  wit  x.  This  gives  the  second  differential  coefficient 
which  is  written  as  ^  (read  dee  two  y  by  dee  x  two)  for  brevity.  The  2’s  are  not 
dr 

squares  but  symbolize  differentiating  twice. 

The  square  of  j*  is  written  as  ( gj  )J. 

is  sometimes  also  written  as  f(x)  where  y  =  f(z). 
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6  If  the  gradient  of  the  curve  y  =  Zr3  +  pjF  -  5  is  -2  when  jc=  1.  find  the  value  of  p  and 
the  value  of  77-  at  that  point. 

7  Ify=  23T- find  (g)J  and  0.  Show  that  =2(^)J. 

8  If  s  =  3/1  -  30F  +  36/  +  2,  find  the  values  of  /  for  which  =  0  and  the  value  of  /  for 
which  ^  =  0. 

9  If  y  =  2JC3  -  4x*  +  9x  —  5,  what  is  the  range  of  values  of  x  for  which  773-  S  0? 


SUMMARY 


•  If  y  =  f(.v),  f  (.v)  is  the  gradient  function.  The  value  of  f'(.v)  is  the  gradient  at  a 
given  point. 

•  f'(.r)  =  37  =  lim  =  lira  fC?  *  ~  f(J>  where  &v  is  the  increment  in  .v. 

•  37  is  the  derivative  or  differential  coefficient  of  y  wrt  .r.  It  measures  the  rate 
of  change  of  y  wrt  v. 

•  If  y  =  a.v”.  73  =  nax"  1  ;  if  y  =  k  (a  constant),  37  =  0 


The  derivative  of  a  sum  ol 
the  separate  terms. 

If y  =  f(«)  where  u  is  a  function  of. v.  ^jr=^x^T 

d(£) 

is  the  second  differential  coefficient  of  y  wr 
if  y  =  f(.v). 


polynomial  is  the  sum  of  the  derivatives  of 


REVISION  EXERCISE  9  (Answers  on  page  628.) 


1  Differentiate  wrt  x 

(a)  (x  -  5)’ 

(O  7747 

(e)  (1  -3x-2x‘y 


(b)  (1  —  2x)' 
(d)  (lx1  -  1)’ 
(0 


(g)  (2x-  A)J  <h) 

(i)  (x  -  lXx  +  4)  (j)  l^ar  _ 

2  If  y  =  jt3  -  3jt*  +  7,  for  what  range  of  values  of  jr  is  gj  <  0? 

3  Find  the  gradient  of  the  curve  y  =  5  +  2x  -  3**  at  each  of  the  points  where  it  m 
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4  (a)  Find  the  gradient  of  the  curve  y  =  ®  where  x  =  3. 

Hence  find  (b)  the  equation  of  the  tangent  at  that  point  and  (c)  the  coordinates  of  the 
points  where  this  tangent  meets  the  axes. 

(d)  Calculate  the  distance  between  these  points. 

5  Given  that  s  =  3F  -  4/  +  1,  find  the  rate  of  change  of  s  wrt  t  when  s  =  5. 

6  If  y  =  4x  -  find  Q  and 

7  For  the  function  y  =  Zr3  -  4x,  find  ^  and 

dy 

Hence  find  the  value  of  ,  when  x  =  2. 

8  If  A  =  ,  t)lr  where  p  is  a  constant  >  0  and  the  rate  of  change  of  A  wrt  r  is  - 1  when 
r  =  0.4,  find  the  value  of  p. 

9  The  tangent  at  the  point  (a, 6)  on  the  curve  y  =  1  -  *  -  2x;  has  a  gradient  of  7.  Find  the 
values  of  a  and  b. 

10  The  curve  y  =  f  +  bx  (a,  b  constants)  passes  through  the  points  A(l,-1)  and 
B(4,-l  1  i).  (a)  Find  the  value  of  a  and  of  b.  (b)  Show  that  the  tangent  to  the  curve  at 
the  point  where  x  =  -2  is  parallel  to  AB. 

11  (a)  Show  that  the  gradients  of  the  tangents  to  the  curve  y=x2-jr- 2  where  the  curve 

meets  the  x-axis  are  numerically  equal. 

(b)  Find  the  equations  of  these  tangents  and  show  that  they  intersect  on  the  axis  of 

12  The  line y  =  x  +  1  meets  the  curve y  =  x?-jr-2atthe  points  A  and  B.  Find  the 
gradients  of  the  tangents  to  the  curve  at  these  points. 

13  If  p  =  2s3  -  s2  -  28s,  find  the  values  of  s  which  make  ^  =  0  and  for  these  values  of 
s  find  the  value  of 

14  The  gradient  of  the  curve  y  =  ax2  +  bx  +  2  at  the  point  (2,12)  is  1 1 .  Find  the  values  of 
a  and  b. 

15  If  y  =  jc5  +  3x*  -  9x  +  2,  for  what  range  of  values  of  a:  is  negative? 

16  Given  that  y  =  (x  +  2)2  -  (x  -  2)3,  find  the  range  of  values  of  x  for  which  >  0. 

17  If  y  =  y  +  Bx,  where  A  and  B  are  constants,  show  that  x2^-  +  jrjj-  =  y. 
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18  The  velocity  v  of  a  moving  body  whose  position  vector  r  is  given  by  r  = .« + >j.  where 
x  and  y  are  functions  of  I,  is  the  vector  v  =  ^i  +  j-j  (Rg.9.10). 

(a)  If  r  =  2/i  +  (5  -  r)j,  use  the  above  to  find  the  vector  v. 

(b)  Find  the  value  of  t  for  which  v  is  perpendicular  to  r  . 


Fig.9.10 
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Calculus  (2): 
Applications  of 
Differentiation 


10 


INCREASING  AND  DECREASING  FUNCTIONS 


On  any  stretch  of  the  curve  y  =  f(x),  where  j  >  0,  the  curve  slopes  upwards.  Hence  y 
increases  as  x  increases  and  f(jr)  is  an  increasing  function. 

Similarly  if  jjj-  <  0,  y  decreases  as  x  increases  and  f(x)  is  a  decreasing  function. 

At  any  point  where  ^  =  o,  f(x)  has  a  stationary  value  and  is  neither  increasing  nor 
decreasing.  Such  a  point  is  a  stationary  point. 


Example  1 

For  what  range  of  values  of  x  is  the  function  y  =  x*  -  3x*  -  9x  +  4  (a)  decreasing, 
(b)  increasing? 

^  =3xI-fix-9  =  3(xI-2r-3)  =  3(x-3Xx+  1) 
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3  and  the  function  is  decreasing  in  this  interval  (Fig.  10.2). 


TANGENTS  AND  NORMALS 

As  we  have  seen,  if  y  =  f(x)  is  the  equation  of  a  curve,  then  jj-  gives  the  gradient  of  the 
tangent  at  any  point  (Fig.  10.4). 


Fig.  10.4 


Associated  with  the  tangent  is  the  normal,  which  is  perpendicular  to  the  tangent.  The 
gradient  of  the  tangent  is  so  the  gradient  of  the  normal  is  — L. 


Example  3 

Find  the  equations  of  the  tangent  and  the  normal  to  the  curve  y  =  id  -2x-  3  at  the 
point  where  it  meets  the  positive  x-axis. 

When  y  =  0,x‘-2x-3  =  (x-  3)(jc  +  1)  =  0.  So  the  curve  meets  the  positive  jr-axis 
where  x  =  3. 

^  =  2x  -  2  and  when  x  =  3,  =4. 

dx  dx 

We  write  this  briefly  as  ( jjj  )x. }  =  4,  meaning  the  value  of  ^  when  x  =  3. 

The  equation  of  the  tangent  is  then  y  =  4(x  -  3)  i.e.  y  =  4x-  12. 

The  gradient  of  the  normal  =  - 1  so  the  equation  of  the  normal  is 
y  =  -j(x-3)i.e.4y  +  x  =  3. 


Example  4 

(a)  Find  the  equation  of  the  normal  to  the  curve  y  =  x  +  j  at  the  point  P  where 
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(b)  If  the  normal 


N.find  the  coordinates  of  N  (Fig. 105). 


Fig.10.5 

(a)  The  coordinates  of  P  are  (4, 4  +  4)  i.e.  (4,5). 

g-'-i-du-'-s-f 

Hence  the  gradient  of  the  normal  =  -  5- 

The  equation  of  the  normal  is  y  -  5  =  -  5  (at  -  4)  i.e.  3y  +  4*  =  31. 

(b)  To  find  where  the  normal  meets  the  curve,  we  solve  the  simultaneous  equations 
3y  +  4*  =  31  and  y  =  x  +  J. 

x  +  |  =  i.e.  3**  +  12  =  31*  -  4x?  or  ltd-  31x  +  12  =  0. 

Then  (7x  -  3H*  -  4)  =  0  which  gives  x  =  4  or 

x  =  4  is  the  point  P  so  the  coordinates  of  N  are  (  f ,  |  +  4)  i.e.  ( f . ^p)- 


Example  5 

(a)  Find  the  x-coordinate  of  the  point  on  the  curve  y  =  2x*  +  x?  -  2x  + 1  where  the 
curve  is  parallel  to  the  line  y  =  2jt. 

( b )  Is  any  part  of  the  curve  parallel  to  the  line  y  +3x  =  1? 

(a)  =  6x3  +  2x  -  2  and  this  must  equal  2  (the  gradient  of  y  =  2x). 

Then  fa2  +  2x  -  2  =  2  which  gives  3x*  +  Jt-2  =  0or(3x-  2)(jr  +  1)  =  0. 

At  these  points  the  curve  is  parallel  to  y  =  2x. 

(b)  If  3“  sfix2  +  2x-2  =  -3  (the  gradient  of  y  +  3x=  I ),  then  6^  +  21+  l  =0.  But 
this  equation  has  no  real  solutions.  Hence  the  gradient  of  the  curve  is  never  equal 
to  -3  and  the  curve  is  never  parallel  to  y  +  3jt  =  1. 


Exercise  10.1  (Answers  on  page  628.) 


1  Find  the  range  of  values  of  r  for  which  V  is  increasing  if  V  =  4F  -  3 1. 

2  In  what  interval  must  x  lie  if  the  function  y  =  x*  -  x5  is  decreasing? 

3  For  what  values  of  x  is  the  function  >’  =  4  +  j  increasing?  State  the  coordinates  of  the 
stationary  points  on  the  curve. 

4  Find  the  range  of  values  of  x  for  which  the  function  y  =  1  -*  +  2x* -jr3  is  increasing. 

5  Find  the  interval  in  which  x  lies  if  the  function  y  =  2**  +  3jc*  -  12*  +  4  is  decreasing 
and  the  coordinates  of  the  stationary  points. 

6  For  what  values  of  t  is  the  function  s  =  4  -  3t  +  2F  decreasing? 

7  Find  the  equations  of  the  tangent  and  the  normal  to  the  following  curves  at  the  given 

(a)  y  =  x‘-2;x  =  -3  (b)  y  =  2X1; Jt  =  1 

(c)  y  =  1  -  x-  3JC2;  jr  =  —I  (d)  y  =  2x>  - x-  1;  *  =  -1 

<e)y=4;jt  =  -2  (0 

(g)  y  =  TT5f  5  y  =  — 1  (h)  y  =  2*+l;jr  =  -2 

(i)  y  =  2xJ-3;jr=2  (j)  y  =  1  jr  =  -l 

00  y  =  3-§;y  =  7  G)  y  =  j~s'<y=  1 

8  The  tangent  to  the  curve  y  =  ;F-2x  +  3ata  certain  point  is  parallel  to  the  line  y  =  x. 
Find  the  equation  of  the  tangent  and  the  coordinates  of  the  point  where  it  meets  the 

9  Find  (a)  the  coordinates  of  the  point  on  the  curve  y  =  3jF  +  2x  +  1  where  the  tangent 
is  parallel  to  the  line  Ax  +  y  =  5  and  (b)  the  equation  of  the  normal  at  that  point. 

10  (a)  Find  the  equation  of  the  tangent  to  the  curve  y  =  x1-2r3  +  xatthe  origin. 

(b)  At  what  point  does  it  meet  the  curve  again? 

11  The  normal  to  the  curve  y  =  2x-  ■p-j  where  x  =  2,  meets  the  curve  again  at  the  point 
P.  Find 

(a)  the  equation  of  the  normal. 

(b)  the  coordinates  of  P, 

(c)  the  equation  of  the  tangent  at  P. 

12  The  normal  to  the  curve  y  =  2x  -  j-j-j  at  die  point  where  x  =  1  meets  the  curve  again 
at  a  second  point.  Find  the  coordinate  of  this  point. 

13  A  and  B  are  points  on  the  curve  y  =  2x  -  f  whose  coordinates  are  1  and  3 
respectively.  Find  the  equations  of  the  tangents  at  A  and  B  and  the  coordinates  of  the 
point  where  they  intersect 

14  Show  that  the  function  y  =  rJ  +  jr1  +  5jr  +  6  is  always  increasing. 

15  If  the  function  y  =  x,  +  ar1  +  3jc  —  1  is  always  increasing,  find  the  range  of  possible 
values  of  a. 
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16  (a)  The  normal  at  the  point  A(-l,2)  on  the  curve  y  =  3  -x2  meets  the  curve  again  at 
B.  Find  (i)  the  equation  of  the  normal  at  A  and  (ii)  the  coordinates  of  B. 

(b)  Find  the  coordinates  of  the  point  C  on  the  curve  where  the  curve  is  parallel  to  the 
normal  at  A. 


STATIONARY  POINTS:  MAXIMA  AND  MINIMA 

As  we  have  seen,  a  curve  y  =  f(jr)  has  a  stationary  point  where  ^  =  0.  There  are  three 
types  of  stationary  point:  maximum,  minimum  and  point  of  inflexion  (Fig.  10.6). 

Maximum  and  minimum  points  are  also  called  turning  points  as  the  tangent  ‘turns 
round'  at  these  points. 


Fig.  10.6 

The  essential  condition  for  a  stationary  point  is  ^  =  0. 


If  this  equation  has  solutions,  they  are  the  .v-coordinates  of  the  stationary  points.  We  then 
test  for  the  type  of  point.  A  curve  may  have  one  or  more  or  none  of  these  points. 


Maximum  point 

^  passes  from  positive  values  through  0  to  negative  values  (Fig.  10.7(a)). 
Minimum  point 

^  passes  from  negative  values  through  0  to  positive  values  (Fig.  10.7(b)). 
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Point  of  inflexion 

~  has  the  same  sign  on  each  side  of  the  zero  value  (Fig.  10.7(c)). 

Note  that  maximum  and  minimum  apply  only  in  the  neighbourhood  of  the  stationary 
point.  The  values  of  the  function  at  this  point  are  not  necessarily  the  greatest  and  least 
values  of  the  function  overall. 

Quadratic  Function 

We  have  already  seen  that  the  quadratic  function  y  =  ax*  +  bx  +  c  always  has  either  a 
maximum  (when  a  <  0)  or  a  minimum  point  (a  >  0). 

As  32  =  lax  +  b.  this  equation  always  has  a  solution. 


Example  6 

Which  type  of  stationary  point  does  y  =  i  -2x  -2x*  have  and  what  is  the  value  of  y 
at  that  point? 

As  a  =  -2  <  0.  the  curve  has  a  maximum  point. 

%  =-2-4xand£  =0gives*  =  -i. 

So  the  curve  has  a  maximum  at  (-  5,  1 5 ). 


Example  7 

Find  the  nature  of  the  stationary  points  on  the  curve  y  =  -  3x*  -6x  +2. 

^  =  12rJ-6x-6  =  6(2r,-jr-  l)  =  6(2x+  l)(x-  1) 

32  =  0  when  x  =  -  =  or  1. 
dr  2 

A  simple  test  to  decide  on  the  nature  of  the  stationary  point  is  to  examine  the  sign  of 
J  on  each  side  of  that  point. 

Consider  the  signs  of  the  factors  (2v  +  1)  and  (x  -  1). 


- 

slightly  <  -  j 

”2 

slightly  >  -5 

sign  of  (2x  +  l)(x- 1) 

(-X-)  =  + 

0 

(+)(-)  =  - 

sketch  of  tangent 

— 
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The  sketch  of  the 


around  x  =  -  |  is  r~\  i.e.  there  is  a  maximum  point 


* 

slightly  <  1 

1 

slightly  >  1 

sign  of  (2x+  IX*-  1) 

(+)(-)  =  - 

0 

(-)(-)  =  + 

sketch  of  tangent 

_ 

The  sketch  of  the  curve  around  x.=  1  is  W  i.e.  there  is  a  minimum  point  at  x  =  1. 
When  x  =  -  j,  y  =  4(- g)  -  3(£)  -  6(- j)  +  2  =  3|  (a  maximum  value),  and  when 
x  =  1,  y  =  -3  (a  minimum  value). 


Example  8 

Examine  the  nature  of  the  stationary  point<s)  on  the  curve  y  =  x>-x?+5x-l. 
^  =  3x*  -  2x  +  5.  For  stationary  points,  3-r2  -  2x  +  5  =  0.  This  equation  has  no 
solutions,  so  the  curve  has  no  stationary  points. 


Example  9 

What  type  of  stationary  point(s)  does  the  curve  y  =  x3  -  3x*  +3x  -  1  have? 
^  =3*J-6x  +  3  =  3t*I-2x  +  l)  =  3(x-  If 
^  =  0  gives  x  =  1.  There  is  only  one  stationary  point  on  the  curve. 


* 

slightly  <  l 

1 

slightly  >  1 

sign  of  (x  -  1 ): 

+ 

0 

+ 

sketch  of  tangent 

— 

The  sketch  of  the  curve  is  which  is  a  point  of  inflexion. 


The  ^  Test  for  Maxima  and  Minima 

The  sign  test  is  adequate  for  simple  functions  but  ^4  can  be  used  to  test  for  maxima  and 


Around  a  maximum  point,  jg  passes  from  positive  to  negative  > 


function  (Fig.  10.8).  Hence  the  gradient  of  -r 


function  (Fig.  10.9).  Hence  the  gradient  of  j 


is  negative  at  that  point. 

in  increasing 
r.  is  positive  at  that  point. 
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Fig.  10.9 


Oy 

ilt 


0 


Minimum  point 


If  ^  =  0,  this  test  is  indecisive.  For  such  cases  the  sign  test  should  be  used  (see 
Example  11). 
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(g)  3^-4^+! 
(i)  3x-  y 
(k)  x>  +  3jf-2 
(m)  jt*  +  if 
(o)  if 

(q)  if  -  if  -  5*  -  1 

<s>  *-£ 

(U)  JC3  +  ^ 


(h)*+2 

(j)  X* -61?  +  \2x  +  2 
(I)  if  +  Jx*  +  4x  +  4 
(n)  3JC2  -  5i  -  2 

(p)  ^  +  x>+  1 
(r)  t'  +  3^  +  3j-4 
(t)  JC+jfj 
(v)  2x- 


(5  -  3x> 

2  The  function  y  =  ax’  -  1 2x  +  2  has  a  turning  point  where  x 
of  a,  (b)  the  nature  of  this  turning  point. 


■■  2.  Find  (a)  the  value 


3  The  function y  =  2x3  +  ax2-  12x  -  4  has  a  minimum  point  where x  =  1.  Find  (a)  the 
value  of  a,  (b)  the  position  of  the  maximum  point. 


4  The  function  y  =  x’  +  axJ-7x-  1  hasa  stationary  value  where  x  =  1 .  Find  (a)  the  value 
of  a  and  (b)  the  type  and  position  of  the  stationary  points. 


5  Find  (a)  the  positions  and  nature  of  the  stationary  points  on  the  curve 
y  =  x3  -  2x*  +  1  and  (b)  the  coordinates  of  the  point  where  the  gradient  on  the  curve 
is  a  minimum. 


6  For  what  value  of  1  is  s  =  f  -  9f  +  15/  -  10 

(a)  a  maximum. 

(b)  a  minimum? 

For  what  value  of  t  is  ^  a  minimum? 

7  Given  that  v  =  1  - 1  +  2f  -  f,  find  the  value  of  t  for  which  is  a  maximum  and 
explain  why  it  is  a  maximum. 

8  The  function  y  =  or3  +  fe*3  -  12x  +  13  passes  through  the  point  (1,0)  and  has  a 
stationary  point  where  x  =  -1.  Find 

(a)  the  value  of  a  and  of  b, 

(b)  the  type  and  position  of  the  stationary  points. 

9  Find  the  value  of  x  for  which y  =  4x3-x3-2x  +  1  has 

(a)  a  maximum. 

(b)  a  minimum  value. 

Hence  find  the  values  of  0  for  the  function  T  =  4  cos’  0  -  cos1 0  -  2  cos  0  +  1  at  its 
maximum  and  minimum  values. 

10  For  the  function  A  =  Jlr5  -  6r*  +  3,  find,  in  terns  of  ji,  the  values  of  r  at  the  stationary 
points,  and  find  which  type  each  point  is. 

11  If  y  =  4if  +  3 or2  +  48x  -  3,  in  what  interval  must  a  not  lie  if  y  has  stationary  points? 
If  a  =  10.  find  the  x-coordinates  and  the  nature  of  the  stationary  points. 

12  Find  the  type  and  position  of  the  stationary  point(s)  on  the  curve  y  =  jyy  + 
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MAXIMUM  AND  MINIMUM  PROBLEMS 

The  methods  we  have  learnt  can  be  used  to  find  the  maximum  and  minimum  values  of  a 
quantity  which  varies  under  certain  conditions. 

Example  12 

Two  numbers  x  and  y  are  connected  by  the  relation  x  +  y  =  6.  Find  the  values  of 
x  and  y  which  give  a  stationary  point  of  the  function  T  =  2x*  +  iy2  and  determine 
whether  they  make  T  a  maximum  or  minimum. 

We  must  express  T  in  terms  of  one  of  the  variables  x  or  y. 

Choosing  x,  y  =  6  -  x  and  T  =  hd  +  3(6  -  xf. 

For  a  stationary  point,  we  put  ^  =  0. 

Then  ^  =  4x  -  6(6  -*)  =  ldr  -  36  =  0  and  so  x  =  3.6  and  y  =  2.4. 

To  decide  whether  this  gives  a  maximum  or  minimum  we  find 
=  10  which  is  positive. 

Hence  T  will  have  a  minimum  value  when  x  =  3.6.  y  =  2.4. 


Example  13 

A  cylindrical  can  (with  lid)  of  radius  r  cm  is  made  from  300  cm2  of  thin  sheet  metal. 

(a)  Show  that  its  height,  h  cm,  is  given  by  h  =  ,50^rn'1  ■ 

(b)  Find  r  and  h  so  that  the  can  will  contain  the  maximum  possible  volume  and  find 
this  volume. 

(a)  The  surface  area  <4  of  a  cylinder  radius  r,  height  h  is  given  by 
A  -  2nr  +  2 Krh  =  300. 

Hence  2 nrh  =  300  -  2ttri>  and  h  =  iJS^ 

(b)  The  volume  V  =  nfrh  and  V  is  to  be  maximized.  We  must  express  V  in  terms  of 
one  variable  and  so  we  substitute  for  h  from  (a). 

Then  V  =  Jtr>  =  r(150  -  nr2)  =  150r  -  Jlr1. 

To  find  the  maximum  value  of  V,  we  set  ^  =  0. 

=  150  -  3 nr1  =  0  and  so  3ttH  =  150  giving  r  =  -  4  cm. 

Checking  that  this  is  a  maximum,  =  -6nr  which  is  <  0. 

From  (a),  when  r  =  4  cm,  h  =  *  8  cm. 

Hence  to  obtain  the  maximum  volume,  the  radius  =  4  cm  and  the  height  =  8  cm. 
The  maximum  volume  is  then  itr^h  =  JC42  x  8  =  402  cm5. 

[Note  that  the  height  =  the  diameter.  A  can  of  this  shape  will  give  maximum  volume 
for  a  given  surface  area.) 
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Fig.  10.12  „ 

Take  the  width  as  x  cm,  length  3jt  cm  and  let  the  height  tx 
The  volume  V  =  3^y  =  972  i.e.  x*y  =  324 
The  surface  area  A  =  6tr3  +  fury  +  2xy  =  (up  +  8xy 
We  must  now  exoress  A  in  terms  of  one  variable. 


and  so  A  =  fa2  +  8.r 
To  minimize  A.  we 

Then  12*  -  ^  =  0  giving  I2x'  =  2592  orxi  =  216.  Hence  x  =  6. 

To  verify  that  this  is  a  minimum,  ^  =  12  +  2  xj*92  which  will  be  positiv 
From  (i),  when  x  =  6,  y  =  324  +  36  =  9. 

Hence  the  dimensions  are  1 8  cm  by  6  cm  by  9  cm  for  the  minimum  surface  at 


Triangle  ABC  is  isosceles  with  AB  =  AC  =  20  cm  and  BC  =  24  cm  (Fig.10.13).  A 
rectangle  PQRS  is  drawn  inside  the  triangle  with  PQ  on  BC.  and  S  and  R  on  AB  and 
AC  respectively. 

(a)  IfPQ  =  2x  cm.  show  that  the  area  /  aA 

A  cm*  of  the  rectangle  is  given  by  / /  \\ 

a  =  «■<«-»>  //  W 


(b)  Hence  find  the  value  of  x  for 
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9  The  cost  $C  of  running  a  boat  on  a  trip  is  given  by  C  =  4V2  +  where  v  is  the 
average  speed  in  km  hr1.  Find  the  value  of  v  for  which  the  cost  is  a  minimum. 

10  It  is  estimated  that  the  load  L  which  can  safely  be  placed  on  a  beam  of  width  x,  length 
y  and  height  h  is  given  by  L  =  ^  .Ifh  =  30  andx+y=  15,  find  the  greatest  load  that 
the  beam  can  bear. 

11  A  piece  of  wire  of  length  20  cm  is  formed  into  the  shape  of  a  sector  of  a  circle  of 
radius  r  cm  and  angle  0  radians. 

(a)  Show  that  0  =  20~2r  and  that  the  area  of  the  sector  is  r(10  -  r)  cm2. 

(b)  Hence  find  the  values  of  r  and  0  to  give  the  maximum  area. 

12  A  cylinder  is  placed  inside  a  circular  cone  of  radius  18  cm  and  height  12  cni  so  that 
its  base  is  level  with  the  base  of  the  cone,  as  shown  in  Fig.  10. IS. 

(a)  If  the  radius  of  the  cylinder  is  r  cm,  show  that  its  height  A  cm  is  given  by 
A  =  |(18-r). 

(b)  Hence  find  the  value  of  r  to  give  the  maximum  possible  volume  of  the  cylinder 
and  And  this  volume  in  terms  of  K. 


Fig.  10.15 

13  A  straight  line  passes  through  the  point  (2,3)  and  its  gradient  is  m.  It  meets  the 
positive  x-  and  y-  axes  at  A  and  B  respectively. 

(a)  State  the  equation  of  the  line  in  terms  of  m. 

(b)  Show  that  OA  =  2  -  ^  and  find  a  similar  expression  for  OB. 

(c)  Show  that  the  area  of  AOAB  =  6  -  ^  -  2m. 

(d)  Hence  find  the  value  of  m  for  which  this  area  is  a  minimum,  showing  that  it  is  a 
minimum. 

14  From  a  rectangular  piece  of  thin  cardboard  16  cm  by  10  cm,  the  shaded  squares  each 
of  side  x  cm  are  removed  (Fig.  10. 16).  The  remainder  is  folded  up  to  form  a  tray. 

(a)  Show  that  the  volume  V  cm3  of  this  tray  is  given  by  V  =  4(x3  -  13*2  +  40ur). 

(b)  Hence  find  a  possible  value  of  x  which  will  give  the  maximum  value  of  V. 


Fig.  10.16 


16cm 
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15  The  cost  of  making  x  articles  per  day  is  $(  i*2  +  50*  +  50)  and  the  selling  price  of  each 
one  is  $(80  -  j.t).  Find 

(a)  the  daily  profit  in  terms  of  *, 

(b)  the  value  of  *  to  give  the  maximum  profit. 

16  Ship  A  is  at  O  at  noon  and  is  sailing  due  East  at  10  km  h~'  (Fig.  10.17).  At  that  time, 
ship  B  is  100  km  due  South  of  O  and  is  sailing  at  20  km  lr'  due  North. 

(a)  State  the  distances  in  km  of  A  and  B  from  O  after  t  hours. 

(b)  Show  that  the  distance  S  km  between  A  and  B  is  then  given  by 
S 2  =  500r2  -  4000/  +  10  000. 

(c)  Find  the  value  of  t  for  which  S2  is  a  minimum  and  hence  find  the  minimum  dis¬ 
tance  between  the  ships. 


17  The  dimensions  of  a  cylinder  of  radius  r  are  such  that  the  sum  of  its  length  and  its 
circumference  is  8tt  cm. 

(a)  Show  that  its  length  is  n(8  -  2r)  cm. 

(b)  Hence  state  its  volume  in  terms  of  r  and  find  the  value  of  r  which  gives  the 
maximum  volume. 

18  In  Fig.10.18,  ABCD  is  a  rectangle  which  fits  inside  the  semicircle  of  radius  10  cm 
and  centre  O. 

(a)  If  AB  =  2a  cm,  show  that  the  area  A  cm2  of  the  rectangle  is  given  by 
A2  =  4*2(100  -X2). 

(b)  Find  the  value  of  *  which  makes  A2  a  maximum. 

(c)  Hence  find  the  maximum  area  of  the  rectangle. 


Fig.  10.18 
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19  In  Fig.  10. 19,  ABCD  is  a  rectangle  where  AB  =  9  m  and  AD  =  6  m.  CE  =  4  m  and  FE 
is  parallel  to  AD.  X  is  a  point  on  FE  where  XF  =  x  m  and  M  is  the  midpoint  of  BC. 
Find 

(a)  AX2  and  XM2  in  terms  of  x, 

(b)  the  value  of  *  for  which  AX2  +  XM2  is  a  minimum. 


Fig  10.19 


20  In  A  ABC,  ZB  AC  =  60°,  AB  =  4  cm  and  AC  =  2  cm.  P  lies  on  AB  extended  where 
BP  =  x  cm,  while  Q  lies  on  AC  extended  where  CQ  =  y  cm.  Given  that  x  +  y  =  10, 
show  that  PQ2  =  3jt  -  24x  +  112  and  find  the  value  of  x  which  will  make  PQ2 
a  minimum.  State  the  ratio  of  BC:PQ  in  that  case. 


21  The  position  vectors  rA  and  rB  of  two  points  A  and  B  are  given  by  rA  =  2/i  +  (1  +  r)j 
and  rB  =  (f  +  l)i  -  (r  +  2)j. 

(a)  Find  the  values  of  t  for  which  OA  is  perpendicular  to  OB  where  O  is  the  origin. 

(b)  Find  the  vector  AB  in  terms  of  t. 

(c)  Find  the  value  of  t  for  which  |  AB  |2  is  a  minimum. 

(d)  Hence  find  the  shortest  distance  between  A  and  B. 


22  A  can  is  in  the  shape  of  a  closed  cylinder  with  a  hemisphere  at  one  end  (Fig.  10.20). 
Its  volume  is  45n  cm3.  Taking  r  cm  as  the  radius  of  the  cylinder  and  A  cm  as  its  height, 
show  that 

(a)  r>A+  ^  =45, 

(b)  the  external  surface  area  A  of  the  can  is  given  by  A  =  +  ~ 

(c)  Hence  find  the  value  of  r  for  which  A  is  a  minimum  and  find  the  minimum  value 
of  A. 

(Volume  of  a  sphere  =  ^y-,  surface  area  of  a  sphere  =  4W2). 


Fig.  10.20 
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23  ABC  is  an  isosceles  triangle  with  AB  =  AC  =  10  cm  and  ZBAC  =  60°.  A  particle  P 
starts  from  B  and  moves  along  BA  at  a  speed  of  2  cm  s'1.  Another  particle  Q  starts 
from  A  at  the  same  time  and  moves  along  AC  at  a  speed  of  4  cm  S'1. 

(a)  Write  down  the  distances  of  P  and  Q  from  A  at  time  I  seconds  after  the  start.  Find 

(b)  an  expression  for  PQZ  in  terms  of  t  and 

(c)  the  value  of  t  for  which  PQJ  is  a  minimum. 

(d)  Hence  find  the  minimum  length  of  PQ. 

24  Fig.  10.2 1  shows  a  framework  in  the  shape  of  a  rectangular  box  made  from  straight 
pieces  of  wire.  The  total  length  of  these  pieces  is  60  cm. 

(a)  Show  that  y  =  (15  -  5x)  cm. 

(b)  Find  an  expression  for  the  volume  enclosed  by  the  framework  in  terms  of  x  and 
hence  find  (c)  the  value  of  x  which  makes  this  volume  a  maximum  and  (d)  the 
maximum  volume. 


25  A  piece  of  wire  48  cm  long  is  divided  into  two  pans.  One  pan  is  formed  into  the  shape 
of  a  circle  of  radius  r  cm  while  the  other  part  is  formed  into  a  square  of  side  x  cm. 

(a)  Show  that  r  =  24 

(b)  Find  an  expression  in  terms  of  x  for  the  total  area  A  of  the  two  shapes  and  hence 
calculate  (correct  to  3  significant  figures)  the  value  of  x  for  which  A  is  a 
minimum. 

26  In  AABC,  ZA  =  60°  and  AB  =  x  cm,  AC  =  y  cm  where  x  +  2y  =  k  (a  constant). 
Find  an  expression  for  BC:  in  terms  of  x  and  k  and  hence  find  the  ratio  -c:y  for  which 
BC2  is  a  minimum. 

27  ABCD  is  a  square  of  side  10  cm.  P  lies  on  BC  where  BP  =  x  cm  and  Q  lies  on  CD 
where  CQ  =  cm.  (a)  Find  an  expression  in  terms  of  x  for  the  area  of  AAPQ  and 
hence  (b)  find  the  value  of  x  which  makes  this  area  a  minimum. 

28  A  rectangular  box  has  a  square  cross-section  and  the  sum  of  its  length  and  the 
perimeter  of  this  cross-section  is  2  m.  If  the  length  of  the  box  is  x  m,  show  that  its 
volume  V  m3  is  given  by  V  =  ^2|~jr>‘. 

Hence  find  the  maximum  volume  of  the  box. 
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29  Fig.  10.22  shows  part  of  the  parabola  v  =  81  -  x2  with  a  rectangle  ABCD  which  fits 
between  the  curve  and  the  x-axis.  Taking  AB  =  2x  show  that  (a)  OB  =  x  +  4  and 
(b)  the  area  of  ABCD  =  32*  -  2X2  units2.  Hence  find  the  value  of  x  which  makes  this 
area  a  maximum  and  state  the  maximum  area. 


y=8x-x2 


Fig.  10.22 

VELOCITY  AND  ACCELERATION 

A  common  rate  of  change  is  the  speed  of  a  moving  body.  This  is  the  rate  of  change  of 
distance  travelled  with  respect  to  time.  The  average  speed  is 
distance  travelled 
time  taken 

Speed  is  usually  measured  in  m  s_l  but  also  in  cm  r1  or  km  h'1. 

If  the  direction  is  to  be  taken  into  account,  then  we  speak  of  the  velocity  of  the  body. 
The  magnitude  of  the  vector  velocity  is  the  speed. 

Now  if  the  time - *■  0,  we  shall  have  the  limiting  value  of  the  average  speed,  i.e. 

the  speed  at  a  particular  instant  or  the  instantaneous  speed.  So  if  s  is  the  distance 
travelled  in  time  f  and  s  is  a  function  of  r,  then  ^  will  give  the  speed  v  at  a  given  instant 

v  =  ^  where  s  is  a  function  of  t 


If  v  itself  is  changing,  then  we  have  the  rate  of  change  of  speed  v  with  respect  to  r,  called 
the  acceleration  (a). 

Now  a  =  ^  “  where  v  is  a  function  of  / 

dr  di  dr- 

Acceleration  is  the  rate  of  increase  of  the  velocity  with  respect  to  time  and  hence  its  stan¬ 
dard  unit  is  metres  per  second  per  second,  written  m  s~2. 

A  positive  acceleration  means  that  the  speed  is  increasing,  while  a  negative  accelera¬ 
tion  (or  a  deceleration  or  retardation)  means  that  the  speed  is  decreasing. 

If  the  distance  s  is  measured  from  a  fixed  point  O,  its  value  at  any  time  t  is  also  called  the 
displacement  of  the  particle  from  O.  This  is  its  actual  distance  from  O  at  time  r  which  is 
not  necessarily  the  same  as  the  distance  travelled  up  to  time  r.  This  is  illustrated  in 
Example  16. 
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Example  16 

A  particle  starts  from  a  point  O  and  moves  in  a  straight  line  so  that  its  distance  s  cm 
from  O  after  time  t  seconds  is  given  by  s  =  2?  -  •£.  Find 

(a)  its  initial  velocity  and  acceleration, 

(b)  the  time  after  the  start  when  it  comes  to  a  momentary  halt, 

(c)  its  distance  from  O  at  this  time. 

(d)  What  maximum  velocity  does  it  reach  before  that  time? 

(e)  After  what  lime  does  the  particle  pass  through  O  again? 

(A  ‘particle'  means  a  body  small  enough  for  its  dimensions  to  be  ignored.) 

If  s  =  2t*  -  p  then  the  velocity  v  =  =  4r  -  y  (i) 

and  the  acceleration  a  =  ^  =  4  -  /  (ii) 

(a)  When  t  =  0  (the  start),  v  =  0  and  a  =  4.  The  particle  starts  from  rest  (motionless) 
with  an  acceleration  of  4  cm  s~2. 

From  (ii),  note  that  the  acceleration  decreases  to  0  in  the  first  4  seconds  and  then 
becomes  negative. 

(b)  From  (i),  v  =  0  when  4f  -  y  =  Oi.e.  r(4-  |)  =  0  which  gives  t  =  0  (the  start)  or 

t  =  8. 

At  t  =  8,  a  =  4  -  8  =  -4  so  the  particle  stops  and  instantly  reverses  direction, 
moving  back  towards  O.  Such  a  position,  where  v  =  0  but  a  *■  0,  is  called 
‘instantaneous  rest’. 

(c)  When  t  =  8,  s  =  2(8)!  -  £  =  ^  cm. 

(d)  The  maximum  velocity  occurs  when  =  0. 

From  (ii),  this  occurs  when  l  =  4  and  v  is  then  4(4)  -  -y  =  8  cm  s'1. 

(e)  s  =  0  when  2ft  -  =  0  i.e.  F(2  -  £)  =  0  which  gives  t  =  0  or  or  t  =  12. 

Hence  the  particle  passes  through  O  again  after  12  seconds,  now  moving  in  the 
reverse  direction. 

The  following  diagram  shows  the  features  of  the  motion. 


a  =  +4  decreasing  a  =  0  a  negative  a  =  -4 

v  =  0  v  =  8  v  =  0 


reverses 

<  -  •  - < -  direction 

t  =  12  negative  velocity 


At  time  t  =  8,  the  displacement  =  distance  travelled  =  128. 

At  time  t  =  12,  the  displacement  =  0  but  the  distance  travelled  was  288.  The  particle 
reversed  during  that  time. 
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Exercise  10.4  (Answers  on  page  629.) 

1  A  particle,  moving  in  a  straight  line,  starts  from  rest  and  its  displacement  s  m  from  a 
fixed  point  of  the  line  is  given  by  s  =  t3  -  kt  where  k  is  a  constant  and  t  is  the  time  (in 
seconds)  after  the  start.  If  it  comes  to  instantaneous  rest  after  2  seconds,  find 

(a)  the  value  of  k, 

(b)  the  initial  velocity  of  the  particle. 

2  The  distance  s  m  of  a  particle  moving  in  a  straight  line  measured  from  a  fixed  point 
O  on  the  line  is  given  by  s  =  I1  -  2l  where  t  is  the  time  in  seconds  after  the  start. 

(a)  What  is  the  initial  velocity  of  the  particle? 

(b)  When  is  the  particle  at  instantaneous  rest? 

(c)  When  does  it  pass  through  O  for  the  second  time? 

(d)  What  is  the  acceleration  of  the  particle? 
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3  For  a  particle  moving  in  a  straight  line,  its  displacement  s  m  from  a  point  O  on  the  line 
is  given  by  s  =  l5  -  5/  +  6,  where  t  is  the  time  in  seconds  from  the  start.  Find 

(a)  the  initial  distance  of  the  particle  from  O, 

(b)  its  initial  velocity, 

(c)  when  it  is  at  instantaneous  rest, 

(d)  at  what  time(s)  after  the  start  it  passes  through  O. 

(e)  the  distance  travelled  in  the  first  3  seconds. 

4  A  small  body  moves  along  the  r-axis  so  that  its  distance  x  from  the  origin  at  time  /  s 
is  given  by  x  =  2/3  -  15/2  +  24/  +  20.  Find 

(a)  the  velocity  with  which  it  starts, 

(b)  when  it  is  at  instantaneous  rest, 

(c)  the  minimum  distance  of  the  body  from  the  origin. 

(d)  Between  what  times  is  the  particle  moving  towards  the  origin? 

(e)  What  is  its  acceleration  at  the  times  in  (d)? 

5  A  particle  moves  in  a  straight  line.  Its  displacement  s  m  from  a  Fixed  point  on  the  line 
is  given  by  r  =  F  -  4/  -  5,  at  a  time  /  after  the  start,  where  /  SO.  Find 

(a)  where  the  particle  starts  and  its  initial  velocity, 

(b)  when  and  where  it  comes  to  instantaneous  rest, 

(c)  when  it  passes  through  the  fixed  point, 

(d)  its  acceleration. 

6  A  particle  moves  along  the  jr-axis  and  its  .r-coordinate  at  time  /  s  after  the  start  is  given 
byr  =  2/3-9/2  +  12/-  1  for/>0. 

(a)  Find  its  r-coordinate  and  velocity  at  the  start. 

(b)  At  what  times  does  the  particle  come  to  instantaneous  rest? 

(c)  What  is  its  maximum  velocity  in  the  direction  of  the  negative  r-axis? 

(e)  When  is  its  acceleration  zero? 

7  The  velocity  v  cm  s'1  of  a  particle  moving  in  a  straight  line  is  given  by  v  =  6/  -  kt2. 
where  k  is  a  constant  and  /  s  is  the  time  from  the  start.  If  its  acceleration  is  0  when 
/  =  I,  find 

(a)  the  value  of  k, 

(b)  the  time  when  the  particle  comes  to  instantaneous  rest, 

(c)  the  maximum  velocity  of  the  particle. 

SMALL  INCREMENTS:  APPROXIMATE  CHANGES 

Given  a  function  y  =  f(r),  suppose  x  is  changed  by  an  increment  &r  to  become  x  +  &r. 
Then  y  changes  by  an  increment  8y.  We  can  find  an  approximate  value  for  by  in  a  simple 
way  using  provided  &r  is  small. 
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Exercise  1 0.5  (Answers  on  page  629.) 

1  If  y = x2  -  jc  +  1 ,  find  the  approximate  change  in  y  when  x  is  increased  from  4  to  4.025 . 
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2  Given  the  function  y  =  jr3  +  jr*  -  4,  *  is  increased  from  4  to  4.05.  What  is  the  approxi¬ 
mate  change  in  y? 

3  If  z  =  2x*  -  7,  find  the  approximate  change  in  z  when  x  is  decreased  from  4  to  3.99. 

4  Given  that  y  =  (*  +  2 )5.  find  the  approximate  change  in  y  when  x  is  increased  from  2 
to  2.005. 

5  Given  that  y  =  (x*  -  x  -  l)4,  find  the  change  in  y  following  an  increase  in  v  from 
2  to  2.01. 

6  For  the  function  T  =  j~j,  find  the  new  value  of  T  approximately  due  to  an  increase 
in  r  from  9  to  9.1. 

7  P  =  (1  -  j  )3.  When  x  =  2,  it  is  decreased  by  3%.  Find  the  approximate  percentage 
change  in  P. 

8  Find  the  approximate  change  in  T  for  the  function  T = 4  +  3«  -  2«2  when  u  is  increased 
by  5%  from  the  value  of  2. 

9  The  radius  of  a  circle  is  increased  by  5%.  Calculate  the  approximate  percentage 
increase  in 

(a)  the  circumference. 

(b)  the  area  of  the  circle. 

10  A  piece  of  wire  of  length  20  cm  is  shaped  into  the  form  of  a  sector  of  a  circle  of  radius 
r  cm  and  angle  0  radians. 

(a)  Show  that  the  area  A  cm3  of  the  sector  is  given  by  A  =  r(10  -  r). 

(b)  If  r  is  increased  by  2%  when  r  =  2.5  cm,  find  the  approximate  percentage  change 
in  A. 

11  The  height  of  a  cone  is  20  cm  but  the  radius  of  its  circular  base  is  increased  from 
10  cm  to  10.01  cm.  Find  the  approximate  change  in  the  volume  of  the  cone  in  terms 
of  it. 

12  If  y  =  jc3  -  3 x2,  find,  in  terms  of  Jt,  (a)  the  approximate  increase  in  y  if  x  is  increased 
from  4  to  4  +  Jt,  where  Jt  is  small  and  (b)  the  approximate  percentage  change  in  y. 

13  Each  side  of  a  cube  is  increased  by  p%  where  p  is  small.  What  is  the  approximate 
percentage  increase  in  the  volume  of  the  cube  in  terms  of  pi 

14  y  =  jt2  -  y~-.  If  x  is  increased  from  3  to  3.001,  find  the  approximate  change  in  y. 

15  If  x  is  decreased  from  5  to  4.98  in  the  function  y  =  jy-y,  what  is  the  approximate 
percentage  change  in  y? 

16  Find  the  positive  value  of  x  when  y  =  4  for  the  function  y  =  x1  -  5x  -  2. 

Hence  find  the  approximate  change  in  x  when  y  changes  from  4  to  4.02. 

17  The  y-coordinate  of  a  point  in  the  first  quadrant  on  the  curve  y  =  3-r2  -  8x  -  1  is  2.  Find 
its  a -coordinate.  What  is  the  approximate  change  in  jr  if  the  point  is  moved  to  a 
position  on  the  curve  where  y  =  2.04? 

18  For  the  function  y  =  3x*  +  ax  +  b,  where  a  and  b  are  constants,  when  jr  changes  from 
2  to  2.02,  y  changes  from  2  to  2.12  approximately.  Find  the  values  of  a  and  b. 
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19  In  an  experiment  to  find  the  values  of  T  from  the  formula  T  =  pp  ,  values  of  x  are 
read  from  a  measuring  device.  A  value  of  x  is  read  as  2.04  but  should  be  2.  What  is 
the  approximate  error  in  the  value  of  77 

20  U  is  calculated  from  the  formula  U  -  Measurements  of  *  are  taken  but  they  are 
liable  to  an  error  of  ±1.5%.  When  x  is  measured  as  3.  what  are  the  greatest  and  least 
values  of  U2 

21  Given  that  v=  £  +  -pp,  find  the  approximate  change  in  v  when  u  is  increased  from 
2  to  2.04. 

22  For  the  function  A  =  priji.  a  smal*  change  in  r  when  r  =  2  (r  -  l)2  produces  a  2% 
reduction  in  the  value  of  A.  Find  the  change  in  r  approximately. 

Connected  Rates  of  Change 
Example  23 

Some  oil  is  spilt  onto  a  level  surface  and  spreads  out  in  the  shape  of  a  circle.  The 
radius  r  cm  of  the  circle  is  increasing  at  the  rate  of  03  cm  r'.  At  what  rate  is  the  area 
of  the  circle  increasing  when  the  radius  is  5  cm? 

The  rate  of  change  of  the  radius  wrt  time  (r)  =  ^  =  0.5. 

We  wish  to  find  the  rate  of  change  of  the  area  A  i.e. 

We  can  find  a  link  between  these  two  rates  by  using  the  rule  for  the  differential 

coefficient  of  combined  functions  i.e.  ^  x 

dr  dr  dr 

We  know  that  A  =  nr3  so  -  2nr  =  2n  x  5. 

Then  ^  =  2w  x  5  x  0.5  =  15.7  cm2  r1. 

This  method  can  always  be  used  to  compare  the  rates  of  change  of  two  connected 
quantities  x  and  y  with  respect  to  a  third  quantity.  The  relation  between  x  and  y  gives  ^ . 


Example  24 

Water  is  emptied  from  a  cylindrical  tank  of  radius  20  cm  at  the  rale  of  2.5  litres  s'  and 
fresh  water  is  added  at  the  rate  of  2  litres  r'  (Fig.  1024).  At  what  rate  is  the  water 
level  in  the  tank  changing? 
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Example  25 

A  hollow  circular  cone  is  held  upside  down  with  its  axis  vertical  (Fig.  10.25).  Liquid 
is  added  at  the  constant  rate  of  20  cm1  sr1  but  leaks  away  through  a  small  hole  in  the 
vertex  at  the  constant  rate  of  15  cm1  sr1.  At  what  rate  is  the  depth  of  the  liquid  in  the 
cone  changing  when  it  is  12  cm? 
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Fhe  depth  of  liquid  is  rising  at  the  rate  of  0.28  cm  s~'. 

Vote  that  in  this  example  the  rate  of  change  of  the  depth  depends  01 
s  already  in  the  cone  as  the  cross-section  is  not  constant. 


Example  26 

The  pressure  P  units  and  the  volume  V  m3  of  a  quantity  of  gas  stored  at  a  consla 
temperature  in  a  cylinder  are  related  by  Boyle' s  Law  PV  =  k  (a  constant).  Atacerta 
time,  the  volume  of  gas  in  the  cylinder  is  30  nr*  and  its  pressure  is  20  units.  If  the  g> 
is  being  compressed  at  the  rate  of  6  m1  s~',  at  what  rate  is  the  pressure  changing? 


PV  =  k  so  k  =  20  x  30  =  600  i 
The  relation  between  P  and  V 


Now  dT  =  dv  x  dT  81,(1  dV  =-vr 


We  are  given  that  =  -6  (decreasing). 

So  ^  =~W  x  =  ^  un'ts  Per  second  (increasing). 


Example  27 

A  street  lamp  is  8  m  high.  A  man  of  height  1.6  m  walks  along  the  street  away  from  the 
lamp  at  a  steady  rate  of  1  m  s~'.  At  what  rate  is  the  length  of  his  shadow  changing? 
In  Fig.  10.27,  L  is  the  lamp  and  OL  =  8  m. 

MN  =  1.6  m  is  the  man  and  MS  =  s  m  his  shadow. 


is  increasing. 


Exercise  10.6  (Answers  on  page  630.) 

1  At  what  rate  is  the  area  of  a  circle  decreasing  when  its  radius  is  8  cm  and  decreasing 
at  0.4  cm  s'1? 

2  The  area  of  a  circle  is  decreasing  at  the  rate  of  2  cm*  sr1.  How  fast  is  the  radius 
decreasing  when  the  area  is  9tt  cm2? 


232 


3  The  radius  r  cm  of  a  sphere  is  10  cm  and  it  is  increasing  at  the  rate  of  0.25  cm  s'1.  At 
what  rate  is  (a)  the  volume,  (b)  the  surface  area,  increasing? 

(For  a  sphere,  volume  =  ^  and  surface  area  =  4RT3). 

4  A  spherical  balloon  is  being  inflated  by  blowing  in  2  x  103  cm3  of  air  per  second.  At 
what  rate  is  its  radius  increasing  when  its  diameter  is  20  cm? 

5  ABC  is  a  triangle  with  ZB  =  90°  and  AB  has  a  fixed  length  of  8  cm. 

The  length  of  BC  is  increasing  at  0.5  cm  s'1.  At  what  rate  is  the  area  of  the  triangle 
increasing? 

6  A  closed  cylinder  is  of  fixed  length  10  cm  but  its  radius  is  increasing  at  the  rate  of 
1.5  cm  S'1.  Find  the  rate  of  increase  of  its  total  surface  area  when  the  radius  is  4  cm. 
(Leave  the  answer  in  terms  of  Jt). 

7  A  circular  cylinder  has  a  diameter  of  40  cm  and  is  being  filled  with  water  at  the  rate 
of  1.5  lines  s'1.  At  what  rate  is  the  water  level  rising? 

8  The  length  of  each  side  of  a  cubical  framework  of  straight  wires  is  expanding  at  the 
rate  of  0.02  m  s*‘.  At  what  rate  in  cm3  s'1  is  the  volume  of  the  framework  changing 
when  each  side  is  0.2  m  long? 

9  x  and  y  are  connected  by  the  equation  y  =  J^~3.  If  jr  is  changing  at  a  rate  of  0.3  units 
per  second,  find  the  rate  of  change  of  y  when  x  =  3. 

10  y  =  (2r  -r+  1)'  and x  =  4 r.  At  what  rate  is  y  changing  with  respect  to x  when  r -  0.5? 

11  The  height  of  a  cone  remains  constant  at  20  cm.  The  radius  of  the  base  is  5  cm  and 
is  increasing  at  0.2  cm  s'1.  At  what  rate  is  the  volume  of  the  cone  changing? 

12  The  volume  V  cm3  of  liquid  in  a  container  is  given  by  V  =  2X3  -  4jt  +  5  where  x  cm 
is  the  depth  of  the  liquid.  At  what  rate  is  the  volume  increasing  when  x  =  4  and  is 
increasing  at  the  rate  of  1.5  cm  s1? 

13  Liquid  escapes  from  a  circular  cylinder  of  radius  5  cm  at  a  rate  of  50  cm3  s"1.  How  fast 
is  the  level  of  the  liquid  in  the  cylinder  falling? 

14  A  hollow  cone  of  radius  15  cm  and  height  25  cm.  is  held  vertex  down  with  its  axis 
vertical.  Liquid  is  poured  into  the  cone  at  the  rate  of  500  cm3  s  '.  How  fast  is  the  level 
of  the  liquid  rising  when  the  radius  of  its  surface  is  10  cm? 

15  In  an  electrical  circuit  the  resistance  R  =  where  /  is  the  current  flowing  in  the 
circuit.  If  /  is  increasing  at  0.05  units  per  second,  what  is  the  rate  of  change  of  R  when 
R  =  5  units? 

16  Two  quantities  p  and  q  are  related  by  the  equation  (p  -  l)(q  +  2)  =  k  where  k  is  a 
constant.  When  p  =  5  units,  q  is  7  units  and  q  is  changing  at  the  rate  of  0.04  units  per 
second.  Find  the  rate  at  which  p  is  changing. 

17  Water  is  being  poured  into  a  cylinder  of  radius  10  cm  at  a  rate  of  360  cm3  s-'  but  leaks 
out  at  a  rate  of  40  cm3  S'1.  At  what  speed  is  the  water  level  changing? 
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18  In  Fig.  10.28.  the  sides  of  the  rectangle  ABCD  are  18  cm  and  10  cm.  The  rectangle 
KLMN  lies  inside  ABCD  and  the  shaded  area  has  a  width  of  .r  cm  at  each  side. 

(a)  Express  the  shaded  area  in  terms  of  x. 

(b)  If  the  shaded  area  is  of  the  area  of  ABCD,  find  the  value  of  x. 

(c)  The  area  of  KLMN  varies  as  x  decreases  at  a  constant  rate  of  0.25  cm  r1. 

Find  the  rate  at  which  the  shaded  area  is  decreasing  when  it  is  yj  of  the  area  of 
ABCD. 


Fig.  10.28  Fig.  10.29 


19  A  hemispherical  bowl  contains  liquid  as  shown  in  Fig.  10.29.  The  volume  V  cm'  of 
liquid  is  given  by  V  =  j  nlr (24  -  h)  where  h  is  the  greatest  depth  of  the  liquid  in  cm. 
If  liquid  is  poured  into  the  bowl  at  the  rate  of  100  cm3  sr1,  at  what  rate  is  the  greatest 
depth  of  the  liquid  increasing  when  it  is  2  cm?  (Leave  the  answer  in  terms  of  it). 

20  Sand  falls  on  to  level  ground  at  a  rate  of  1000  cm3  s"1  and  piles  up  in  the  form  of  a 
circular  cone  whose  vertical  angle  is  60°. 

(a)  Given  that  tan  30°  =  -jj,  show  that  the  radius  r  of  the  base  is  given  by  r  = 
where  h  is  the  height. 

(b)  Show  that  the  volume  V  of  the  pile  is 

(c)  Hence  find  the  rate  at  which  the  height  of  the  pile  is  increasing  when  h  =  20  cm. 

21  In  Fig.  10.30,  ABC  is  an  isosceles  triangle  where  AC  =  BC  =  13  cm  and  AB  =  10  cm. 

PQ  moves  towards  AB  at  a  steady  rate  of  0.5  cm  s'1  keeping  parallel  to  AB.  If  PQ  is 
x  cm  from  C,  show  that  c 

(a)  PQ=  £  cm. 

(b)  the  shaded  area  =  ^  (144  -j^)  cm2. 

(c)  Hence  find  the  rate  at  which  the  shaded 
area  is  decreasing  when  PQ  is  half  way 
towards  AB  from  C. 


Fig  10.30  B 
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22  (a)  If  ^7  =  *  where  *  is  a  number,  show  that  =  2kL. 

(b)  ABC  is  a  triangle  in  which  ^CAB  =  60°  and  AB  is  of  fixed  length  5  cm.  If 
AC  =  8  cm,  show  that  BC  =  7  cm. 

(c)  Taking  AC  =  x  cm  and  L  =  length  of  BC,  find  an  expression  for  L1  in  terms  of  x. 

(d)  Find  when  x  =  8  and  is  increasing  at  1  cm  sr'. 

(e)  Hence,  using  (a)  find  the  rate  at  which  the  length  of  BC  is  changing. 

SUMMARY 

•  As  x  increases. 

y  =  f(:t)  is  increasing  for  jjj-  >  0 
y  =  f(x)  is  decreasing  for  ^  <  0 

•  Gradient  of  tangent  to  y  =  f(.r)  is  j . 

Gradient  of  normal  is  -17. 

•  For  a  stationary  point  (maximum,  minimum  or  point  of  inflexion),  ^  =  0. 

The  stationary  point  is  maximum  if  ^4-  <  0,  minimum  if  >  0. 

d*y 

If  d?  =  O’  use  ,he  siSn  ,est- 

•  If  distance  s  is  a  function  of  time  f.  then  velocity  v  =  ^ , 

acceleration  a  =  =  ^jf. 

•  If  y  =  f(.v)  and  .r  is  changed  from  a  value  k  by  a  small  increment  Sir, 

8?  - 

•  if>=f«- £  =  £*£• 

REVISION  EXERCISE  10  (Answers  on  page  630.) 

A 

1  Find  the  range  of  values  of  x  for  which  the  function  y  =x,-(uJ- I5x  +  3  is  increasing. 

2  For  what  value  of x does  the  function y  =  4x3-6jr2-9x  +  5  have  a  minimum  stationary 
point? 

3  The  area  of  a  circle  increases  from  25tt  to  25.5ji.  Calculate  the  approximate  increase 
in  the  radius. 

4  Variables  x  and  y  are  related  by  the  equation  y  =  2X^6- 

(i)  Obtain  an  expression  for  jj;  and  hence  find  an  expression  for  the  approximate 
increase  in  y  as  x  increases  from  4  to  4  +  p,  where  p  is  small. 
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(ii)  Given  that  x  and  y  are  functions  of  r  and  that  ^  =  0.4,  find  the  corresponding 
rate  of  change  of  x  when  y  =  1.  (C) 

5  The  area,  A  cm2,  of  the  image  of  a  rocket  on  a  radar  screen  is  given  by  the  formula 
A  =  jf,  where  r  km  is  the  distance  of  the  rocket  from  the  screen.  The  rocket  is 
approaching  at  0.5  km  s  '.  When  the  rocket  is  10  km  away,  at  what  rate  is  the  area  of 
the  image  changing?  When  A  is  changing  at  0.096  cm2  s"',  how  far  away  is  the  rocket? 

(C) 

6  A  piece  of  wire,  60  cm  long,  is  bent  to  form  the  shape  shown  in  Fig.  10.31.  This  shape 
consists  of  a  semicircular  arc,  radius  r  cm,  and  three  sides  of  a  rectangle  of  height 


Fig.  10.31 


Express  x  in  terms  of  r  and  hence  show  that  the  area  enclosed,  A  cm2,  is  given  by 
A  =  60r  -h3- 

Hence  determine,  to  3  significant  figures,  the  value  of  r  for  which  A  is  either  a  maxi¬ 
mum  or  a  minimum.  Determine  whether  this  value  of  r  makes  A  a  maximum  or  a 
minimum.  (C) 

7  If  y  =  10  -jr  +  Sat2,  find  the  approximate  percentage  change  in  y  when  x  is  increased 
by  p%  (p  small)  when  x  =  4. 

8  Under  a  heating  process,  the  length,  x  cm,  of  each  side  of  a  metal  cube  increases  from 
an  initial  value  of  9.9  cm  at  a  constant  rate  of 0.005  cm  s'1.  Express  the  volume,  V  cm3, 
and  the  surface  area,  A  cm2,  of  the  cube  in  terms  of  x. 

Write  down  expressions  for  —  and  —  . 

Hence  find  (i)  the  rate  at  which  V  is  increasing  when  the  cube  has  been  heated  for 
20  s,  (ii)  the  approximate  increase  in  A  as  jc  increases  from  10  to  10.001  cm.  (C) 

9  R  =  g  +  Find  the  value  of  V  for  which  R  is  least. 

10  A  piece  of  wire,  100  cm  in  length,  is  divided  into  two  parts.  One  part  is  bent  to  form 
an  equilateral  triangle  of  side  x  cm  and  the  other  is  bent  to  form  a  square  of  side  y  cm. 
Express  y  in  terms  of  x  and  hence  show  that  A  cm2,  the  total  area  enclosed  by  the  two 


Calculate  the  value  of  x  for  which  A  has  a  stationary  value. 

Determine  whether  this  value  of  x  makes  A  a  maximum  or  a  minimum.  (C) 

11  Show  that  the  equation  of  the  normal  to  the  curve  y  =  2x  +  |  at  the  point  (2,7)  is 

y  +  2x  =  11.  Given  that  this  normal  meets  the  curve  again  at  P,  find  the  x-coordinate 
ofP.  (C) 

12  The  diagram  shows  a  solid  body  which  consists  of  a  right  circular  cylinder  fixed,  with 
no  overlap,  to  a  rectangular  block.  The  block  has  a  square  base  of  side  2x  cm  and  a 
height  of  x  cm.  The  cylinder  has  a  radius  of  x  cm  and  a  height  of  y  cm.  Given  that  the 
total  volume  of  the  solid  is  27  cm3,  express  y  in  terms  of  x. 

Hence  show  that  the  total  surface  area,  A  cm2,  of  the  solid  is  given  by 

A  =  H  +  8*2. 


Fig.  10.32 


(i)  the  value  of  x  for  which  A  has  a  stationary  value. 

(ii)  the  value  of  A  and  of  y  corresponding  to  this  value  of  x. 

Determine  whether  the  stationary  value  of  A  is  a  maximum  or  a  minimum.  (C) 
13  Fig.  10.31  shows  part  of  the  curve  y  =  4  +  3X-X2  and  the  line  2y -2  -  x.  OB  =  b  and 
BCD  is  parallel  to  the  y-axis. 

(a)  Express  the  length  of  CD  in  terms  of  b. 

(b)  Hence  find  the  value  of  b  for  which  the  length  of  CD  is  a  maximum. 


Fig.  10.33 


14  A  circular  cylinder  of  height  2h  cm  is  fitted  inside  a  sphere  of  radius  10  cm.  Find  an 
expression  for  the  radius  of  the  cylinder  in  terms  of  h  and  hence  find  the  maximum 
volume  of  the  cylinder. 

15  A  point  moves  on  the  x-axis  and  its  position  at  tune  t  is  given  by  x  =  r(F  -  6l  +  12). 
Show  that  its  velocity  at  the  origin  is  12  and  find  its  position  when  it  comes  to  instan¬ 
taneous  rest.  If  v  is  its  velocity  and  a  its  acceleration  at  time  r,  show  that  aJ  =  12v. 

16  A  piece  of  wire,  of  fixed  length  L  cm,  is  bent  to  form  the  boundary  OPQO  of  a  sector 
of  a  circle  (Fig.  10.34).  The  circle  has  centre  O  and  radius  r  cm.  The  angle  of  the 
sector  is  0  radians. 

Show  that  the  area  A  cm2,  of  the  sector  is  given  by  A  =  jrL  -  r2. 


(a)  Find  a  relationship  between  r  and  L  for  which  A  has  a  stationary  value  and  find 
the  corresponding  value  of  0.  Determine  the  nature  of  this  stationary  value. 

(b)  Show  that,  for  this  value  of  0,  the  area  of  the  triangle  OPQ  is  approximately 

45.5%  of  the  area  of  the  sector  OPQ.  (C) 

17  A  line  of  gradient  m(m<  0)  passes  through  the  point  (3,2)  and  meets  the  axes  at  P  and 

Q.  Find  the  coordinates  of  P  and  Q  in  terms  of  m  and  show  that  the  area  of  APOQ 
is  6  -  -  22.  Hence  find  the  minimum  area  of  APOQ. 

18  A  particle  is  travelling  in  a  straight  line  and  its  distance  s  cm  from  a  fixed  point  on  the 
line  after  t  seconds  is  given  by  r  =  12/  -  15F  +  4 f3.  Find . 

(a)  the  velocity  and  acceleration  after  3  seconds, 

(b)  the  distance  between  the  two  points  where  it  is  at  instantaneous  rest. 

19  A  rectangular  box  without  a  lid  is  made  from  thin  cardboard.  The  sides  of  the  base  are 
2x  cm  and  3x  cm  and  the  height  of  the  box  is  A  cm.  If  the  total  surface  area  is  200  cm2, 
show  that 


and  hence  find  the  dimensions  of  the  box  to  give  the  maximum  volume. 

20  Show  that  the  height  of  a  circular  cone  of  volume  V  and  radius  r  is  given  by  .  If 
V  remains  constant  but  r  is  increased  by  2%,  find  the  approximate  percentage 
change  in  h. 
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21A  particle  P  travels  in  a  straight  line  so  that  its  distance,  s  metres,  from  a  fixed  point 
O  is  given  by  s  =  1 1  +  6F  - 13  where  /  is  the  time  in  seconds  measured  from  the  start 
of  the  motion.  Calculate 

(i)  the  velocity  of  P  after  3  seconds, 

(ii)  the  velocity  of  P  when  its  acceleration  is  instantaneously  zero, 

(iii)  the  average  velocity  of  P  over  the  first  two  seconds. 

22  In  Fig.  10.33,  ABCD  is  a  rectangle  with  AB  =  6  cm  and  AD  =  8  cm.  DE  =  x  cm. 
EC  meets  AB  produced  at  F.  Find  the  value  of  x  which  gives  the  minimum  area  of 
AAFE  and  show  that  it  is  a  minimum. 


Fig.  10.35 


23  Given  the  function  y  =  ax3  +  bx2  +  cx  +  d.  find  the  values  of  a.  b,  c  and  d  if  the  curve 

(i)  passes  through  the  point  (0,-3), 

(ii)  has  a  stationary  point  at  (-1,1), 

(iii)  the  value  of  ~  =  2  when  x  =  I. 

24  Find  the  nature  of  the  stationary  points  on  the  curve  y  =  3x*  +  4X5  +  2. 

25  A  cylinder  of  radius  r  cm  is  placed  upright  inside  a  cone  so  that  the  top  of  the  cylin¬ 
der  is  4  cm  above  the  top  of  the  cone  as  in  Fig.  10.36.  The  cone  has  a  radius  of  6  cm 
and  a  height  of  18  cm.  The  part  of  the  cylinder  inside  the  cone  is  h  cm  deep. 

(a)  Show  that  h  +  3r  =  18. 

(b)  Find  an  expression  in  terms  of  r  for  the  volume  of  the  cylinder. 

(c)  Hence  find  the  value  of  h  for  which  the  volume  of  the  cylinder  is  a  maximum. 
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26  (a)  If  5  +  y  =  2,  show  that  u  =  g2L_  and  that  this  equals  j(l  +  jJTl)- 
(b)  If  v  is  increased  by  2%  when  it  is  2,  find  the  percentage  change  in  u. 

27  A  water  trough  100  cm  long  has  a  cross  section  in  the  shape  of  a  vertical  trapezium 
ABCD  as  shown  in  Fig.  10.37.  AB  =  30  cm  and  AD  and  BC  are  each  inclined  at  60° 
to  the  horizontal.  The  trough  is  placed  on  level  ground  and  is  being  filled  at  the  rate 
of  10  litres  s  '. 


(a)  Given  that  tan  60°  =  V3.  show  that  the  volume  V  cm5  of  water  in  the  trough  when 
it  is  x  cm  deep  is  given  by  V  =  10Qar(30  +  -j=). 

(b)  Hence  calculate  the  rate  at  which  the  water  level  is  rising  when  x  =  15  cm. 

28  A  point  A  moves  along  the  positive  x-axis  away  from  the  origin  O  at  a  speed  of 
4  cm  s_l  where  OA  >  5  cm.  B  is  a  fixed  point  on  the  positive  y-axis  where 
OB  =  20  cm.  P  is  a  fixed  point  on  the  positive  x-axis  where  OP  =  5  cm  and  Q  lies  on 
the  line  joining  B  and  A  with  PQ  parallel  to  the  y-axis. 

(a)  Show  that  when  OA  =  x  cm,  PQ  =  20(1  -  | )  cm. 

(b)  Hence  find  the  speed  of  Q  along  PQ  as  A  moves  when  (i)  x  =  12  cm, 

(ii)  x  =  20  cm. 

(c)  Obtain  an  expression  in  terms  of  x  for  the  acceleration  of  Q  along  PQ. 

29  In  AOAB,  ZAOB  =  60°,  OA  =  10  cm  and  OB  =  4  cm.  P  lies  on  OA  where 
OP  =  x  cm  and  Q  lies  on  OB.  Given  that  the  area  of  AOPQ  is  twice  that  of  AOAB, 
find  in  terms  of  x,  (a)  OQ,  (b)  PQ2.  Hence  find  the  value  of  x  which  will  make  PQ2 
a  minimum  and  the  corresponding  length  of  OQ. 

30  Find  the  point  of  intersection  P  of  the  curves  y2  =  4x  and  4 y  =  x2  and  sketch  the  parts 
of  these  curves  which  lie  between  the  origin  O  and  P.  A  lies  on  y2  =  4x  with  x- 
coordinate  2.  B  is  a  variable  point  (x,y)  on  the  curve  4y  =  x2,  lying  between  O  and  P. 
Find  an  expression  for  the  area  of  AOAB  and  hence  find  the  maximum  area  of  this 
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Calculus  (3)  : 
Integration 


ANTI-DIFFERENTIATION 

If  we  differentiate  y  =  3-t2  -  4x  +  3,  we  obtain  =  6n;  -  4. 
dy 

Supposing  we  were  given  ^  =  6a -  4.  can  we  do  a  reverse  operation,  i.e.  anti- 
differentiate,  to  find  y? 

This  is  easily  done  for  a  single  term  as  follows. 

Start  with  y  =  (You  will  see  why  we  choose  this  in  a  moment). 

Then  &  -«"■ 

So  if  we  are  given  ^  =  at",  then  y  =  . 

To  obtain  this  result,  the  index  (n)  has  been  increased  by  1  to  n  +  1,  and  we  then  divide 
by  the  new  index.  Here  is  the  rule  for  single  terms: 

If  %  =  ax',  y  =  provided  n  *  - 1 

This  process  of  anti-differentiation  is  actually  called  integration.  We  integrate  a.t" 
wrtjr.  ax"  is  the  integrand  and  the  result  is  called  the  integral.  A  notation  for  this  will  be 
given  later. 


Example  1 

Integrate  wrt  x  (a)  xJ  (b)  2x?  (c)  4x  (d)  7  fe)  p 

We  show  here  the  steps  taken  to  obtain  the  integral.  With  practice  these  would  not  be 
written  down,  only  the  result. 

(a)  Increase  the  index  by  1  to  4:  then  divide  by  4. 

Result  j. 
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(b)  New  index  is  3:  then  divide  by  3.  The  factor  2  is  left  as  it  is. 

Result  ly. 

(c)  4x  =  4x'.  New  index  is  2,  divide  by  2. 

Result  *£  =  2x*. 

Always  simplify  when  possible. 

(d)  7  =  7x°.  New  index  is  1,  divide  by  1. 

Result  y  =  lx. 

(e)  7  =  3x"2.  New  index  is  -2  +  1  =  -1.  Divide  by  -1. 

Result  y"  =-;• 

Now  check  each  result  by  differentiation  and  verify  that  the  original  expression  is 
recovered. 


Before  we  go  further  there  is  one  important  point  to  note.  This  is  discussed  in  the 
next  section. 

THE  ARBITRARY  CONSTANT: 

INDEFINITE  INTEGRAL 

If  y  =  x1  -  3x  +  c  where  c  is  any  constant,  then  ^  =  2x  -  3. 

Now  if  we  start  with  =  2x  -  3,  then  y  =  x3  -  3x. 

But  this  is  not  the  original  expression.  The  constant  c  is  missing  and  so  it  must  be  added 
to  the  result.  The  correct  result  is  x2  -  3x  +  c.  c  is  called  the  arbitrary  constant  as  its 
value  is  not  known,  unless  we  are  given  further  information.  It  must  always  be  added 
to  an  integral.  Such  an  integral  is  called  an  indefinite  integral. 

It  is  easy  to  get  confused  between  differentiation  and  integration.  It  may  help  to 
remember: 

Differentiation  :  multiply  by  the  index  and  then  Decrease  the  index. 

Integration  :  Increase  the  index  and  then  divide  by  the  new  index. 

As  in  differentiation,  the  integral  of  a  sum  of  terms  is  the  sum  of  the  separate  integrals. 
So  we  can  integrate  for  example  x3  -  3x*  +  1  or  (x  +  2)3,  provided  it  is  expanded  first,  but 


Example  2 

Integrate  wrt  x  ( a )  2x*  -  3x  + 1  (b)  (2x  -  3f  (c)  *  ~ ^jj  * 1 

(a)  Integrate  each  term:  ^  +  T  +  c=  T  ~  IT  +Jt  +  C 

(b)  Expand  first:  4.x2  -  12x  +  9 

Now  integrate:  ^  ^  +  9x  +  c  =  ^  -  6x3  +  9x  +  c 
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(c)  Divide  by  lx3  first:  y  -  ^y-  +  y 

N°w  integrate:  ^-^n+^j+C'T  +  ^-  i+c 


Notation 


The  symbol  for  integration  is  J.  For  example  we  write  /  3jc  dx.  This  means  that  the 
integrand  3x  is  to  be  integrated  wit  x. 


So  J  3*  dx  =  yi  +  c  and  J  u2  du  =  y  +  c. 


If  ^  =  f(x),  then  y  -  J  f(x)  dx  +  c. 


Example  3 

Find 

fa)  /x5  dx.  (b)  jdx.  ( c )  f  2t>  dt.  (d)  f(s>  -2s +  3)  ds.  (e)f(p  -  1X2  -  P>  dp 

(a)  Jx*dx  =  £  +c 

(b) J  dr  means  Jldx=  Jx°dx  =  x  +  c 

(c)  Here  the  variable  is  r.  f  2t5  dl  =  +  c=  j  +  c. 

(d)  If  the  integrand  is  a  polynomial,  it  must  be  placed  in  brackets  between  the  J  sign 

J(jJ-2j  +  3)ds=^-^+3s  +  c=^-jJ  +  3s  +  c 

(e)  Expand  first. 

/  (—2  +  3p -p2)  dp  =  -2p  +  _  £  +  c 

Note  that  an  integral  such  as  J  4x  dy  is  not  possible  unless  x  can  first  be  expressed  in 


Exercise  11.1  (Answers  on  page  630.) 

1  Find  the  indefinite  integrals  wrt  x  of: 

(a)  4x  (b)  4x*  (c)  -7 

(d)  3X2  (e)  3-x  (f)  4X4 

(g)  2x>  (Wx’O  (i)  1-x-x* 

(j)  00  1-3X-4X2  0) 
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(m)  p 

(n)  (r  +  2)! 

(o)  (r-  1 

(P)  l~Ur 

(q)  (2  -  x)2 

(r)  r3  -  - 

(s)  (x  +  2)<r  -  3) 

(0  r+i 

<“) 

(v)  (rJ  +  2)(r-l) 

2(a)  J  (r  -  4)  dr 

(b) 

!?dy 

(c)  j  ^  (i.e.  J  i  dr) 

(d) 

j  (2-  ±)dr 

(e)  J  (3r  -  2)  dr 

(f) 

If* 

(g)  j£dy 

(h) 

J<?  +  i)du 

3  Find 

00  J(^)d« 

(b) 

J  (3r  -  2)1  dr 

(c)  J  (3p  -  2)(p  -  3)  dp 

(d) 

J(l-r)’dr 

(e)  J(3lL^LJ)dr 

(0 

J(*-£)3dr 

(g)  J  ( 1  -  4j)(2  +  3r)  dr 

(h) 

j(i|J)3dr 

0)  J  (r3  -  |)  dr 

<i) 

J  (1  -  2y)3  dy 

(k)  J(2r>-4r+i)dr 

0) 

J  (2r  +  i)3  dr 

(m)  j  (¥±f—2)di 

00 

J/K2p  +  3)(3p-2)d#> 

The  Integral  f  ;  dx 

If  we  use  the  rule  for  this  integral,  J r1  dr,  the  result  is  4—  which  is  not  possible.  Hence 
/  j  dr  is  an  exception  to  the  rule. 

In  Part  II  of  this  book,  we  shall  see  that  a  special  function  is  created  for  this  integral. 

APPLICATIONS  OF  INTEGRATION 
Example  4 

Find  y  given  that  ^  =  2x  -  3  and  that  y  =  -4  when  x  =  /. 

If  ^  =  2r  -  3,  then  y  =  J  (2r  -  3)  dr  =  r3  -  3r  +  c. 

This  is  the  indefinite  integral  and  is  illustrated  in  Fig.  11.1.  For  all  values  of  c,  the 
family  of  curves  y  =  r2-3r  +  care  parallel,  one  vertically  above  the  other.  The 
equations  could  bey  =  rJ-3rory  =  rJ-3r+5  etc. 
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For  any  given  value  of  j:  (say  3),  the  gradient  on  each  curve  at  x  =  3  is  3  as 
^  =  2x  -  3  and  the  tangents  at  these  points  are  parallel. 

Further  information  is  therefore  needed  to  identify  a  particular  member  of  the  family. 
In  this  example,  we  have  this  information  to  find  c. 

When x  =  l,y=  1  -3  +  c  =  -4  so c  =  -2. 

Hence  y  =  xl-‘ix-2. 


Example  5 

The  gradient  of  the  tangent  at  a  point  on  a  curve  is  given  by  x?  +  x  -  2.  Find  the 
equation  of  the  curve  if  it  passes  through  (2,1). 

Gradient  =  ^  -x1  +  x -2. 

Then  y  =  \  (x?  +  x -2)  dx  =  ^  ^ -2 x  +  c. 

When  jr  =  2,y=f  +  |-  4  +  c=l. 

Hence  c  =  5 . 

The  equation  of  the  curve  is  y  =  4  +  4  -2x+  I  or  6y  =  2**  +  3.x2  -  12x  +  2. 


Example  6 

A  curve  has  a  turning  point  at  the  point  (-1.1).  If  the  gradient  is  given  by 
6x3  +ax  -  12,  find  the  value  of  a  and  the  equation  of  the  curve. 

^  =  (i*2  +  ax-  12 
When  x  =  -I,  ^  =0. 

Then  6  -  a  -  12  =  0  giving  a  =  - 6. 

So  %  =6x1-6x-\2. 

Hence  y  =  J  (&**  -  6x  -  12)  dx  =  2x>  -  lx*  -  12*  +  c. 

When  x  =  -1,  y  =  -2  -  3  +  12  +  c  =  1,  so  c  =  -6. 

The  equation  is  y  =  2r>  -  3X2  -  12*  -  6. 


Example  7 

For  a  curve  y  =  fix),  ^  =  6x-2.  Given  that  y-  11  and  —  =  10  when  x  =  . 
the  equation  of  the  curve. 

jjr  is  obtained  by  differentiating  wrt  x.  Then  is  found  by  integrating 

£  =  Jgd*  =  /(6x-2)d*  =  3^-2t  +  c 

But  ^  =  10  when  x  =  2. 
dr 

Then  12  -  4  +  c  =  10  giving  c  =  2. 

£  =  Ir1  -  2r  +  2 

Now  we  integrate  again  to  find  y. 

y  =  J  (3^  -  2x  +  2)  dx  =  Xs  -  *  +  2x  +  c, 

When  *  =  2,  y  =  8-  4+  4  +  c,=  1 1  so  c,  =  3. 

Hence  the  equation  isysj^-j^  +  Zr  +  S. 

Example  8 

A  particle  moves  in  a  straight  line  so  that  its  velocity  v  m  s~'  at  time  t  s  from  thi 
is  given  by  v  =  t*  -  2t  -  3  <t>0). 

If  it  started  3  m  from  a  fixed  point  O  of  the  tine,  find 

(a)  the  value  of  t  when  it  is  at  instantaneous  rest, 

( b )  its  distance  from  O  at  that  lime, 

(c)  for  what  values  of  t  its  acceleration 


is  positive. 


(a)  It  is  instantaneously  at  rest  when  v  =  0. 

v  =  (r  -  3)(r  +  1)  so  /  =  3  (-1  not  being  allowed). 

(b)  v«5  -»•  — 2r-3 

Then  s  =  J  (r1  -  2/  -  3)  df  =  5  - F  -  3m-  c. 

But  s  =  3  when  t  =  0,  so  c  =  3. 

Hence  s  =  5  -F-3t  +  3. 

When  t  =  3,  s  =  9-  9-  9  +  3  =  -6m. 

(e)  a  =  ^  =  2t  -  2.  Hence  a  >  0  when  f  >  I. 


Example  9 

For  a  particle  moving  in  a  straight  line,  its  acceleration  a  ms-1  is  given  by  a  =  t  -  f 
where  I  is  the  time  in  s  from  the  start. 

Given  that  its  velocity  v  at  the  start  was  3  m  r'.find  (a)  an  expression  for  v  in  terms 
oft.(b)  the  time  t  when  the  particle  is  at  instantaneous  rest,  (c)  If  the  particle  started 
from  a  fixed  point  O  on  the  line,  how  far  is  it  from  O  after  2  s? 

(a)  «=£=»- §. 

Then  v  =  J(/-|)d/=j-y+c 
When  t  =  0,  v  =  3. 

So c  =  3  and  v  =  j  -  f  +3 

_  F-it*  6  _  (t-  3)0-2) 

2  “  2 

(b)  v  =  0  when  r  =  3  or  /  =  2. 

-I-T+3'  +  t. 

When  t  =  0,  s  =  0  so  c,  =  0. 

Therefore  s  =  g  -  ^  +  3/  and  if  t  =  2,  s  =  2  j  m. 


Exercise  1 1 .2  (Answers  on  page  631.) 

1  A  curve  is  given  by  ^  =  2*  —  1 .  If  it  passes  through  the  point  (2,6),  find  its  equation. 

2  If  a  curve  is  given  by  ^  =x(x- 1),  find  (a)  its  equation  if  it  passes  through  the  point 
(1,0)  and  (b)  the  nature  and  coordinates  of  its  turning  points. 

3  Given  that  =  1  -  5x  and  that  y  =  -5  when  x  =  2,  find  the  value  of  y  when  x  =  1. 
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4  The  rale  of  change  of  a  quantity  P  is  given  by  =  I  +  2.  If  P  =  5  when  /  =  2,  find 
the  value  of  P  when  /  =  3. 

5  The  velocity  v  m  s'1  of  a  particle  P  moving  in  a  straight  line  at  time  t  s  is  given  by 
v  =  2 i2-  3l.  Find  an  expression  for  its  distance  s  m  from  a  fixed  point  O  on  the  line 
if  OP  =  4  m  when  t  =  1  and  its  acceleration  at  that  time. 

6  Given  that  ^  =  2x  +  l  and  that  ^  =  y  =  3  when  x  =  -1,  find  v  in  terms  of  x. 

ilr1  dr 

7  Given  that  =  3.  find  y  in  terms  of  x  if  =4  and  y  =  6  when  x  =  2. 

8  A  curve  has  gradient  x1  -  4x  +  3  at  the  point  (x.y)  on  the  curve  and  it  passes  through 
the  point  (3,-1).  Find  (a)  its  equation  and  (b)  the  types  and  coordinates  of  its  turning 

9  For  the  function  y  =  f(Jt),  ^  =  x1  +  kx  where  k  is  a  constant.  If  y  has  a  turning  point 
at  the  point  (3,-2),  find  the  value  of  k  and  the  value  of  y  when  x  =  4. 

10  If  =  1  -  p,  find  the  value  of  y  when  t  =  4  if  y  =  4  when  t  =  1. 

11  If  ^  =  fire*  +  4.x  -  5  and  y  =  10  when  jr  =  2,  find  the  value  of  y  when  x  =  3. 

12  The  rate  of  change  of  a  quantity  L  with  respect  to  I  is  given  by  —  =  3t  -  2.  If  L  =  3 
when  t  =  2,  find  the  value  of  l.  when  /  =  4. 

13  A  curve  passes  through  the  point  (1,0)  and  its  gradient  at  any  point  (x.y)  on  the  curve 
is  3.V3  -  2x  -  1 .  Find  (a)  the  equation  of  the  curve,  and  (b)  the  coordinates  of  the  points 
where  y  has  a  maximum  and  minimum  value,  identifying  each  one.  (c)  For  what  range 
of  values  of  x  is  the  gradient  on  the  curve  decreasing? 

14  A  small  body  moves  in  a  straight  line  so  that  its  velocity  v  m  s'1  at  time  t  s  is  given 
by  v  =  r 5  -  6r2  +  9f  +  2.  Find  (a)  the  times  when  its  acceleration  is  zero,  and  (b)  its 
distance  from  a  fixed  point  on  the  line  when  t  =  2  given  that  it  started  from  this  point, 
(c)  For  how  long  was  its  acceleration  negative? 

15  The  velocity  v  m  s"1  of  a  particle  moving  in  a  straight  line  is  given  by  v  =  r2  -  4r  where 
I  is  the  time  in  seconds  after  starting  from  a  fixed  point  O  on  the  line.  Find 

(a)  the  time  when  the  particle  is  instantaneously  at  rest, 

(b)  its  velocity  and  acceleration  at  the  start, 

(c)  its  distance  from  O  when  r  =  3. 

16  The  velocity  v  m  s_l  of  a  particle  moving  in  a  straight  line  at  time  r  seconds  is  given 
by  v  =  I  +  p  for  1  £  t  &  3. 

When  l  =  3,  the  particle  is  6  m  from  a  fixed  point  on  the  line. 

(a)  Find  an  expression  in  terms  of  /  for  its  distance  from  this  fixed  point. 

(b)  How  far  does  it  travel  between  /  =  1  and  t  =  37 

17  Given  that  ^4  =  3  -  kt  where  k  is  a  constant  and  that  ^  =  -6  when  /  =  -l  and  9  when 

dr  dr 

f  =  2,  find  the  value  of  k.  Ify  =  -2  when  l  =  1,  find  y  in  terms  of  t. 
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18  A  particle  passes  a  fixed  point  O  on  a  straight  line  with  a  velocity  of  10  m  s~'  and 
moves  on  the  line  with  an  acceleration  of  (4  -  i)  m  s~2  at  time  r  s  after  passing  through 
O.  Find 

(a)  its  velocity  when  I  =  4, 

(b)  the  distance  of  the  particle  from  O  when  t  =  2. 

19  A  quantity  u  varies  with  respect  to  t  so  that  =  a  +  bt  where  a  and  b  are  constants. 
Given  that  it  has  a  maximum  value  of  5j  when  t  =  1  and  that  its  rate  of  change  when 
l  =  2  is  -3,  find  u  in  terms  of  t. 

Area  Under  a  Curve 

An  important  application  of  integration  is  in  finding  the  area  under  a  given  curve  y  =  f(.t). 
Up  to  now,  such  areas  could  only  be  found  approximately,  for  example,  by  counting 
squares  or  by  the  trapezium  rule.  Using  calculus,  we  can  now  find  the  exact  value  of  areas 
bounded,  by  curves. 

Fig.l  1.2  shows  pan  of  a  curve  y  =  f(x).  The  shaded  area  A  lies  between  the  curve  and 
the  x-axis.  bounded  by  the  ordinates  at  a  and  b.  This  area  is  called  the  area  under  the  curve 
between  a  and  b. 
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8*1  S3 


QT  and  US  arc  drawn  parallel  to  the  .v-axis  (Fig.  1 1.4). 

Area  of  rectangle  PRTQ  <  8A  <  area  of  rectangle  PRSU. 
i.e.  yix  <  5A  <  (y  +  8v)  &v  so  y  <  <  y  +  8y. 

Now  if  &v  -»  0.  8y  -»  0  and  y  +  8y  ->  y. 

:  left  hand  term  of  the  inequality  remains  fixed  at  y  but  the  right  hand  term  -»  y 


A  —  fydx  +  c  —  J  fit)  d 


We  can  find  c  from  the  fact  that  A  =  0  when  x  =  a. 


Find  the  area  under  the  curve  y  =  x2  +  2  between  x  =  /  and  x  =  3  (Fig. 1 1  J). 


=  Jy  dr  =  Jit2  +  2)  dr  =  £  +2r  + 


Now 


and  K  =  g(b)  -  g(a) 

=  (value  of  the  integral  at  b)  -  (value  of  the  integral  at  a) 

We  write  this  as  J*  f(x)  dr  and  it  is  called  the  definite  integral  of  f(r)  wn  .r  between 
the  limits  a  (the  lower  limit)  and  b  (the  upper  limit).  The  arbitrary  constant  c  disappears 
in  the  subtraction. 

Hence  if  y  =  f(.r),  the  area  under  the  curve  between  the  ordinates  a  and  b.  where 
a<b,  is 

£  f(jc)  dr  =  g(b)  -  g (a) 
where  g(r)  is  the  indefinite  integral  of  f(r). 

At  present  this  is  only  true  if  f(r)  l>  0.  We  investigate  what  happens  if  f(r)  <  0  later. 


Example  12 

Find  the  area  under  the  curve  y  =  x>  +  2  from  x  =  -/  to  x  =  2  (Fig. II. 8). 


Fig.11.8  | 

d=J|ydr 

=  JV  +  2)dr  g(x)=£+2 x  +  c 

-  ("*1  +  2x1 :  upper  lim*t  g(x)  is  placed  in  square  brackets  with  the  limits  at 

~i*  “J_,  lower  limit  the  right.  The  arbitrary  constant  is  not  included. 

=  (^+2x2)  -  (^p-  +  2  x (-1)) 


Example  13 

(a)  Find  the  coordinates  of  (i)  the  point  A  where  the  curves  y  =  (x  +  If  and 
y  =  (x-  3f  intersect  and  (ii)  the  points  where  the  curves  meet  the  x-axis. 

(b)  Hence  find  the  area  of  the  region  enclosed  by  the  curves  and  the  x-axis. 

(a)  (i)  The  curves  meet  where  (r  +  1  )2  =  (r  -  3)2  i.e.  where  x  =  I . 

Hence  the  coordinates  of  A  are  (1,4). 

(ii)  y  =  (x+  l)2  meets  >•  =  0  where  x  =  -1.  i.e.  the  point  (-1,0). 
y  =  (x-  3)2  meets  y  =  0  where  *=3,  i.e.  the  point  (3,0). 

(b)  The  curves  are  shown  in  Fig.  11.9.  The  area  required  is  divided  into  two  parts 
because  the  boundary  changes  at  A  (r  =  1). 


Total  area  =  J  (x  +  l)2  dr  +  J  (jr  -  3)2  dr 


=  J  (or2  +  2r+l)dr  +  J(a2-6r  +  9)dr 

-[t *  [y-3jtJ  +  9*]’ 

=  (|  +  !  +  !)-(- J  +  1-1)  +  (9-27  +  27)-< 


next  two  examples,  only  the  value  of  the  definite  integral  is 


Example  14 

Find  (x-jp)dx. 

=  [f  +  £ 

-(¥♦4) 

substitute  the  upper 
limit  (-2) 

=  <2-  5)  -  (8  -  |) 

=  -6j 

Example  15 

Evaluate  J°(l  -t-F)  dt. 

£(l-f-<*>dr- 

=  [0]  -  [-2  - 
=  0-(-lj )  =  lj 

Example  16 

The  volume  V  of  the  liquid  in  a  container  leaks  out  at  the  rate  of  30t  cm1  s~‘  where  t 
is  the  time  in  seconds.  Find  the  amount  of  liquid  lost  in  the  third  second. 

= -30r  (decreasing). 

The  third  second  is  between  t  =  2  and  t  =  3. 

So  we  find  the  (value  of  V  when  t  =  3)  -  (value  of  V  when  t  =  2)  using  a  definite 
integral. 

Change  of  volume  =  J’  ^dt  =  /’  (-30r)  dr  =  [-IS*2]]  =  -135  -  (-60) 

=  -75 

Hence  75  cm3  of  liquid  was  lost  in  that  time. 


-*1 


- 


Example  17 

The  velocity  v  of  a  particle  moving  in  a  straight  line  is  given  by  v  =  t1  -3t  where  t  is 
the  time  after  the  start.  What  is  the  displacement  of  the  particle  between  the  times 
t  =  2  and  t  =  4? 

v=  £  =t‘-'3t  so  j  =  J  (F  -  3r)  dr 

The  displacement  is  the  distance  between  the  positions  of  the  particle  at  times  r  =  2  and 
t  =  4,  so  it  is  the  value  of  the  defmite  integral 

jV-3„d,= 

=  <T  -  T>-<5  -  5 

Note:  As  we  have  seen  in  Chapter  10,  this  is  not  necessarily  equal  to  the  actual  distance 
travelled  by  the  particle.  It  may  have  gone,  for  example,  8  units  to  the  left  followed  by 
8 1  units  to  the  right. 


Example  18 

(a)  Show  from  a  diagram  that 

f  fix)  dx  =  f  fix)  dx  +  f  fix)  dx  where  a  <b<c. 
(h)  Given  that  £  fix)  dx  =  10.  find  (if  possible)  the  values  of 
(i)  f’2fix)dx. 

( H )  l’ (fix)  +  1]  dx. 

<  iii )  f’lfix )  -2]  dx  +  J‘fix)dx 

(iv)  f[l  -  lflx)J  dx. 

(v)  J^lfix)]1  dx 

(a)  / 


Fig.  11.10 

From  Fig.l  1.10,  £  f(jt)  dx  >=  area  A  +  area  B 

=  jP  f(x)  dx  +  £f(x)dx 
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(b)  (i)  J*  2f(jt)  Ar  =  2  J’f(x)  At  =  2  x  10  =  20 

(ii)  J’  [f(jt)  +  1]  dr  =  \[  f(x)  Ar  +  J’  1  Ar 

=  10  +  W’ 

=  10  +  (5)  -  (2)  =  13 

(iii)  This  equals  f(jt)  At  -  2  At  +  f(jr)  Ar 

=  f  f(x)At-[2x]J 
=  10-2  =  8 

(iv)  J*  |1  -  iftr)]  At  =  J]  1  At  -  |  J’  f(jt)  At 

=  3  -  5  =  -2 

(v)  Not  possible,  as  f(jr)  is  not  known. 

Exercise  1 1 .3  (Answers  on  page  631.) 

1  (a)  J'  At  (b)  J°  ,tdt 

<c)  J‘  ^dr  (d)  J3 4(2*-l)At 

(e)  (1  - 1)  At  (f)  f^At 

(g)J3^At  (h)  J"'  (r-jr^dx 

(i)  J2(  (p-2)(p-3)dp  (j)  J‘  At 

(k)  J2'  (uJ  -  3)  du  (1)  J’i^idr 

(m)  J  3  Kl3  -  1)  di  („)  J  J(7-7)d 

(o)  3x*  dt  (p)  J’  x3  dx 

(q)  J3  jr(3  -  x)  dt  (r)  J°  (3  -  2t)  Ar 

(s)  J2  (Jt  +  l)(jt+2)At  (t)  J2  (t  -  1)  At 

(u)  J2  (iJ-jr‘+x)dt 

2  IfJ>  -  4)  dx  =  10,  find  the  value  of  a. 

3  Given  that  J'  (2x  -  1)  dt  =  12,  find  the  values  of  t. 

4  Given  that  j  (jt  +  p)  dt  =  3.  find  the  value  of  p. 


5  If  J  (t2  +  >i)  dt  =  3,  find  the  value  of  (1. 

6  Find  the  value  of  u  if  f>«J 


7  Find  the  areas  under  the  following  ci 
(a)  y  =  4-r*;r  =  -2,r  =  0 

(c)  y=  ir2;  x=  1,  x  =  2 
(e)  y  =  2-rJ;r  =  -l,r=l 
(g)  y  =  x>  +  2;  r  =  0,  r  =  2 

8  Find  the  area  bounded  by  the  curve 


rvcs  between  the  coordinates  given: 

(b)  y  =  r(3-r);r  =  0.r  =  3 
(d)  y  =  3  -  2r  -  r2;  r  =  -3.  r  =  1 
(0  2y=  1  +  r2;r  =  -2,r  =  1 
(h)  y  =  r2-r-2;r  =  -3,r  =  -l 
=  2x-2xl  and  the  positive  x-  and  y-axes. 


9  Find  the  area  under  the  curve  y  =  .r2  +  3  between  the  ordinates  (i)  x  =  0  and  x  =  2, 
(ii)  x  =  -2  and  x  =  2.  Using  a  sketch  of  the  curve  explain  the  relation  between  the  two 


10  The  area  under  the  curve  y  =  x2  +  ax -5  between  the  lines  x  =  1  and  r  =  3  is  142.  Find 
the  value  of  a. 

11  If  the  area  under  the  curve  y  =  y  between  x  =  2  and  x  =  k,  where  it  is  a  constant,  is 
8  times  the  area  under  the  curve  between  x  =  1  and  x  =  2,  find  the  value  of  k. 

12  Given  that  ^  =  2fi  -  t  +  5,  find  the  change  in  the  value  of  A  between  t  =  I  and 

13  If  ^  =  l2  - 1  +  l,  find  the  change  in  T  as  r  changes  from  I  to  2. 

14  The  rate  of  change  of  a  quantity  P  is  given  by  ^  ™  +  /  for  /  >  2.  Find  the  change 

in  the  value  of  P  when  t  increases  from  3  to  S. 

15  If  =  2r  -  1 ,  find  the  increase  in  y  as  x  increases  from  2  to  4  given  that  ^  =  6 
when  x  =  2. 

16  The  curve  y  =  ax2 +  bx  +  c  passes  through  the  points  (0,-2)  and  ( 1  ,-3)  and  its  gradient 
where  x  =  2  is  5.  Find  (a)  the  value  of  a,  of  b  and  of  c  and  (b)  the  area  under  the  curve 
between  the  lines  x  =  2  and  x  =  3. 

17  (a)  If  Jn  (x  -  I)  dr  =  j  +  I)  dr,  find  the  value  of  a. 

(b)  Given  that  f(r)  dr  =  7,  evaluate  (i)  J*3f(r)  dr.  (ii)  [2  -  f(r)J  dr, 

(iii)  j’|fW-2|dr+  J^f(r)dt 

18  A  particle  starts  from  a  fixed  point  O  and  moves  in  a  straight  line.  Its  distance  s  from 
O  at  time  t  seconds  from  the  start  is  given  by  s  =  i  r3  -  2r!  +  3r,  Find  an  expression  for 
the  velocity  v  of  the  particle  in  terms  of  r.  At  what  times  from  the  start  is  the  particle 
at  instantaneous  rest?  What  is  its  displacement  between  those  times? 
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19  Fig.l  1.11  shows  pan  of  the  line  y  +  lx  =  5  and  the  curve  y  =  jr(4  -  x),  which  meet 
at  A. 

(a)  Find  the  coordinates  of  A. 

(b)  Hence  find  the  area  of  the  shaded  region. 


FigH.11 


20  The  curve  y  =  4  -  x1  meets  the  positive  x-axis  at  B  and  the  curve  y  -  44  -  x)  meets 
the  positive  x-axis  at  C.  The  curves  intersect  at  A.  Find 

(a)  the  coordinates  of  A,  B  and  C, 

(b)  the  area  of  the  region  ABC  bounded  by  the  curves  and  the  x-axis. 

21  (a)  If  y  =  x3  -  4x  +  4.  find  (i)  where  the  curve  meets  the  y-axis  and 

(ii)  the  x-coordinate  m  of  the  minimum  point  on  the  curve. 

(b)  Sketch  on  the  same  diagram  the  graph  of  y  =  4  -  x2  for  -2  <  x  <  0  and  the  graph 
of  y  =  x2  -  4x  +  4  for  0  Sx  S  m. 

(c)  Hence  find  the  total  area  under  the  two  curves. 


Further  Notes  on  Areas 

I  Area  between  a  curve  and  the  y-axis 

The  area  between  y  =  f(x)  and  the  x-axis  for  a  S  x  <  b  is  J^y  dv. 

Similarly,  the  area  between  y  =  f(x)  and  the  y-axis  is  l*x  dy  where  c  and  d  are  the  limits 
on  the  y-axis  and  the  equation  of  the  curve  is  expressed  in  the  form  x  =  g (y)  (Fig.  11.12). 


Fig.11.12  0 
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Example  19 

Fig.ll.13  shows  part  of  the  curve  (y- 1)2  =  x- 1.  Find  the  i 


The  area  =  J  x  dy  as  0  and  1  are  the  limits  for  y. 

The  equation  of  the  curve  is  rewritten  as  *  =  (y  -  l)2  +  1  =  y2  -  2y  +  2. 
So  the  area  is  (y2  -  2y  +  2)  dy  =  [^  -  y2  +  2y  ]# 

=  (j  -  1  +  2)  -  (0)  =  1  j  units2 


For  all  points  in  the  domain  1  <  x  <  2,  y  will  he  negative.  So  J  y  dr  will  also  be  negative 
for  this  domain. 

j  ydbr=  (x1- lx  +  2)  dx  =  [j  -  +2x], 

=  (|  —  6  +  4)  —  ( j  -  §  +2) 


=  -  i  which  is  negative  as  expected. 

The  numerical  value  of  J  y  dx  is  -  J  y  dx  =  g  and  this  is  the  area  below  the  x-ax 


that  part  and  the  x-axis  is  -  J  y  dx  (Fig.  11.15). 


y  l(x) 


If  a  curve  lies  partly  above  and  partly  below  the  x-axis  (Fig.  1 1 . 1 6),  the  total  area  will  be 
i*y  dx  -  £  y  dx. 


The  two  parts  are  evaluated  separately.  Hence  a  sketch  of  the  curve  must  be  made  to 
check  if  any  part  is  below  the  x-axis. 

Similarly  the  area  of  a  region  on  the  left  of  the  y-axis  will  be  negative.  Its  numerical 
value  is  -  J  x  dy. 


Example  20 

Find  the  area  between  the  curve  y  =  xfx  -  2)  and  the  x-axis  from  x  =  -/  to  x  =  2. 


Area A  =  J°  (J*3 - 2*) djt  =  [£  -jt2]  (  =(0)-(-  i  -  1)  = 
AreaB  =-£  (^-2,)dr  =  -  [£  -  =-[(| -  4]  -  (0) 

Hence  the  total  area  =  1 J  +  1 5  =  2y 
Note  that  J  (  (x2  -  2v)  di  =  [y  -  jrJ  | 

=  (5  -  4)  -  (-  5  -  I)  =  0 

which  is  the  correct  value  for  the  integral  but  not  for  the  ar, 


Find  the  area  enclosed  by  the  curve  v  =  5 
First  we  find  where  these  intersect: 

5+.r-.i2  =  .r  +  4 
i.e.  jc2  =  I  giving .r=  1  or— 1. 


=  J|iC*  +  4)dr. 

Hence  the  shaded  area  =  J  (5  +  at  -  jr2)  dx  -  J  (.v  +  4)  dr. 
Since  these  two  definite  integrals  have  the  same  limits  they  c 
definite  integral: 

J"  [(5+jr-^)-(jr  +  4)ldr=  J"  (5  +* * -4) dr 


In  Fig.l  1.19,  y  =  f(.v)  and  y  =  g(jr)  are  two  curves  such  that  f(jr)  >  g(x)  for  a  <x<  b. 


Fig.  11.19 

Then  J*  f(jr)  dr  =  area  ABDE  and  J*  gU)  dr  =  area  ABCF. 

Hence  the  area  between  the  curves  i.e.  the  shaded  area 
=  ABDE  -  ABCF 
=  {  [fM  -  gtol  dr 

Area  between  y  =  f(jc)  and  y  =  gfr)  for  a  £  x  <,  b 
=  J*[fU)  -  gCr)]  dr 
where  f(x)  >  g(jr) 


This  rule  is  still  true  if  parts  of  either  curve  are  below  the  r-axis  (provided  f(x)  >  g(jc))  as 
the  next  example  shows. 


Example  22 

Find  the  area  enclosed  by  the  curves  y;  =  .r  and  y,  =  x1  -  2x  and  the  lines  x  = 
x  =  3  (Fig.l  1 20). 


Fig.  11.20 
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The  tangent  at  Q(3,-4)  has  gradient  2  -  6  =  -4. 

Hence  its  equation  is  y  +  4  =  -4(x  -  3)  i.e.  y  =  -4*  +  8. 

These  lines  intersect  where  lx  -  1  =  -4jt  +  8  i.e.  x  =  1  j . 

When  x  =  lj,y  =  2x-  1=2. 

So  the  coordinates  of  T  are  (1  j ,  2). 

(b)  The  shaded  area  is  divided  into  two  parts  A  and  B  as  the  boundary 
line  changes  at  T  (x  =  |). 

Area  of  A  =  p  [(2x-  l)-(2x-xJ-  1)1  dx 

Area  of  B  =  [(-4x  +  8)  -  (2x  -  x3  -  1)1  dx 

=  J^(xI-bx  +  9)<lx 
=  [f-3x>  +  9x]; 

=  (9  -  27  +  27)-(g-?2+^)  =  g=| 

Hence  the  total  shaded  area  =  |  units3. 

Exercise  11.4  (Answers  on  page  63 1.) 

1  Fmd  the  area  of  the  region  bounded  by  the  curve  y  =  x3  -  9  and  the  x-axis. 

2  Calculate  the  area  enclosed  by  the  curve  y  =  3x  -  x2,  the  x-axis  and  the  lines  x  =  -1. 
x  =  2. 

3  Find  where  the  curve  y  =  x3  -  x  -  1  meets  the  line  y  =  5.  Hence  fmd  the  area  of  the: 
region  bounded  by  the  curve  and  the  line  y  =  3. 

4  Part  of  the  curve  y  =  x(x  -  l)(x  -  2)  is  shown  in  Fig.l  1.22.  Find  the  values  of  a  and 
b.  Hence  find  the  area  of  the  region  enclosed  by  the  curve  and  the  x-axis  from  x  =  0 


5  Find  the  area  of  the  region  enclosed  by  the  following  curves  or  lines 


(a)  y  =  2x,y  =  x1 
(c)  y  =  x>-2,y={x‘ 
(e)  y  =  2**,  y  =  x  +  1 
(g)  y  =  2-*1,y  =  -2 
(i)  y  =  jc2- l.y  =  jc+  1 


(b)  y  =  x1,  y  =  4 
(d)  y  =  x?,y  =  x> 

(0  y  =  x(2-x),y  =  x 

(h)  y  =  x3  +  3,  y  =  5  -  x 


6  In  Fig.  1 1.23,  the  curve  (y  -  l)2  =  x  +  4  meets  the  y-axis  at  A  and  B. 

(a)  Find  the  coordinates  of  A  and  B  and  (b)  calculate  the  areas  of 
(i)  the  shaded  region  P,  (ii)  the  shaded  region  Q. 


Fig.1l. 


7  For  a  curve,  =2 x  +  k  where  k  is  a  constant,  and  the  curve  has  a  turning  point 

where  x  =  2. 

(a)  If  it  passes  through  the  point  (-1,8),  find  its  equation. 

(b)  The  line  y  =  jr  +  3  meets  the  curve  at  points  A  and  B.  Find  the  coordinates  of  A 
and  B. 

(c)  Hence  find  the  area  of  the  region  enclosed  by  the  curve  and  the  line. 

8  (a)  Sketch  the  curve  y  =  xd  -  x). 

(b)  Find  the  equation  of  the  normal  to  the  curve  at  the  origin  and  the  coordinate  of 
the  point  where  this  normal  meets  the  curve  again. 

(c)  Find  the  area  of  the  region  bounded  by  the  curve  and  the  normal. 

9  The  normal  at  the  point  A(.r  =  0)  on  the  curve y  =  2-x-x3  meets  the  curve  again  at 
B.  Find  (a)  the  coordinates  of  B,  and  (b)  the  area  of  the  region  bounded  by  the  curve 
and  the  normal. 


10  Fig.  1 1.24  shows  pan  of  the  curve  y  =  1  -  -p. 

Find  (a)  the  coordinates  of  the  point  A  where  the  curve  meets  the  jr-axis  and  (b) 
equation  of  the  tangent  to  the  curve  at  A.  (c)  The  line  through  B(2,0)  parallel  to 
y-axis  meets  the  curve  at  C  and  the  tangent  at  T.  Find  the  ratio  of  the  areas  of 
shaded  regions  ABC  and  ACT. 


Fig.  11.24 


11  Fig.  1 1 .25  shows  part  of  the  curve  y  =  x1  and  the  line  y  =  4.  The  line  AB  is  drawn 
through  A(0,2)  with  gradient  -1  to  meet  the  curve  at  B.  Find  (a)  the  coordinates  of  B. 
and  (b)  the  ratio  of  the  shaded  areas  P  and  Q. 


12  (a)  Sketch  the  curve  y  =  x( 4  -  x). 

(b)  Find  the  equations  of  the  tangents  to  the  curve  at  the  origin  O  and  at  the  point 
where  x  =  3. 

(c)  If  these  tangents  meet  at  T,  find  the  x-coordinate  of  T  and  the  area  of  the  region 
enclosed  by  the  tangents  and  the  curve. 
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13  Fig.  1 1.26  shows  part  of  the  curve  y  =  x1  -  x  +  2  and  a  line  UV. 

(a)  Find  the  coordinates  of  U  and  V  and  the  equation  of  UV. 

(b)  Hence  find  the  area  of  the  shaded  region  . 


Fig.  11. 26 


14  Fig.l  1.27  shows  part  of  the  curve  y  =  5  -  x  -  x*  and  the  line  y  =  2x  +  1  which  meet 
at  A  and  B.  Find 

(a)  the  ^-coordinate  of  A  and  of  B,  and 

(b)  the  area  of  the  shaded  region. 


Fig.  11.27 

15  Fig.  11.28  shows  part  of  the  curves  y  =  p-  and  y  =  jr2  -  4x 

A  is  the  point  ( 1 ,2)  and  BC  is  part  of  the  line  x  -  3.  Find  the  area  of  the  shaded  region. 


Fig.l  1.28 


SOLIDS  OF  REVOLUTION 

A  portion  of  the  curve  y  =  f(x)  between  the  ordinates  x  =  a  and  x  =  b  is  rotated  about  the 
jc-axis  through  360°  (one  revolution). 

The  outline  will  be  that  of  a  solid,  called  a  solid  of  revolution  (Fig.l  1.29).  The  x-axis 
is  an  axis  of  symmetry  and  any  cross-section  perpendicular  to  that  axis  will  be  a  circle. 
Examples  of  such  solids  are  a  cylinder,  a  cone,  a  sphere  etc  (Fig.l  1.30). 


We  can  use  calculus  to  find  the  volume  of  such  a  solid.  Suppose  V  is  the  volume  of  the 
solid  between  x  =  a  and  x-b  (Fig.l  1.31).  Let  x  increase  by  Six.  Then  y  will  increase  by 
6y  and  V  by  8F. 


Fig.l  1.32  shows  a  section  in  the  plane  of  the 
o  circular  faces  of  radii  v  and  y  +  by. 


through  the  solid.  The  slice  8V  has 
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Example  24 

The  portion  of  the  curve  y  =  x1  between  x  =  l  andx  =  2  is  rotated  through  360°  about 
(i)  the  x-axis,  (ii)  the  y-axis.  Find  the  volumes  created. 

(■)  In  Fig.II.3S,  Vx  =  w  J  y2  dx  =  n  J  x4  dx 


Such  answers  are  usually  left  in  terms  of  it. 


V  =  It  J  x2  dy  =  it  J"*  y  dy 


Solid  of  Revolution  Created  by  a 
Region  between  Two  Curves 

In  Fig.  1 1 .37,  y,  =  f(r)  and  y2  =  g(.r)  are  two  curves  intersecting  at  x  =  a  and  x  -  b.  If  the 
shaded  region  is  rotated  about  the  x-axis,  the  volume  created  by  y,  is  n  £yf  dr  and  that 
by  y2  is  it  tay\  dr.  Hence  the  volume  created  by  the  region  will  be  Jt  £  (yf  -  y|)  dr. 

The  same  principle  will  apply  to  rotation  about  the  y-axis. 


Y,  -  1M 


Example  25 

Fig. 1 1.38  shows  the  part  AB  of  the  curve  y2  =  x-2  where  B  is  the  point  (3,1).  CB  is 
the  tangent  to  the  curve  at  B  with  gradient  j .  The  curve  meets  the  x-axis  at  A.  Find 

(a)  the  equation  ofCB, 

(b)  the  coordinates  of  C. 

( c )  the  volume  swept  out  by  the  shaded  region  when  revolved  round  the  x-axis. 


8(3.1) 


Fig.  11.38 

(a)  Equation  of  CB  is  y  -  1  =  j(jt  -  3)  i.e.  2y  =  x  -  1  or  y  = 

(b)  The  tangent  meets  the  r-axis  where  x  =  1  so  C  is  (1,0). 
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(c)  The  x-coordinate  of  A  is  2. 

Between  C  and  A  the  boundaries  of  the  shaded  region  are  the  line  and  the  jt-axis, 
but  between  A  and  B  the  boundaries  are  the  line  and  the  curve.  So  we  have  to  find 
the  volume  in  two  parts.  The  simplest  method  is  to  find  the  volume  produced  by 
CB  and  subtract  the  volume  produced  by  AB. 

Volume  produced  by  CB  =  n  J(  ( *^-5-  )J  dr 

*5  j|(**-2*+l)d* 

-iff-'**! 

=  J(9-9  +  3)-5(i-l  +  l) 

=  g  (3)  =  y  units3 

Volume  produced  by  AB  =  tt  (x  -  2)  dx  =  it  [y  -  2x 

=  n(2  -  6)  -  ji(2  -  4) 

Hence  the  required  volume  =  y  -  f  =  g  units3. 


Exercise  1 1 .5  (Answers  on  page  631.) 

Unless  otherwise  stated,  leave  answers  in  terms  of  it. 

1  Find  the  volumes  created  when  the  parts  of  the  curves  given  below  are  rotated  about 
the  jr-axis: 

(a)  ys^OSril  (b)  y  =  x(l  -r).0SrS2 

(c)  y=  j,  1  Sx:S2  (d)  y  =x-  j,  1  SxS  2 

(e)  y  =  V7.1SrS4  (0  y  =  t/4-x1,  1  SxS2 

2  Find  the  volumes  made  by  rotating  the  parts  of  the  following  curves  about  the  axis 
stated: 

(a)  y  =  x2  +  1,  0  £x£  2;  x-axis 

(b)  y  =  "'/x,  0S.r59;  y-axis 

(c)  ys^-x.OSxS  1; x-axis 

(d)  y  =  A ,  l  S  x  £  3;  x-axis 

(e)  y  =  1  -  x1, 0  S  x  S  2; y-axis 

3  The  part  of  the  curve  y  -  x2  +  1  between  x  =  1  and  x  =  2  is  rotated  about  the  y-axis 
through  360°.  Find  the  volume  formed. 

4  The  negative  part  of  the  curve  y  =  x2  -  2x  is  rotated  completely  about  the  x-axis  to 
form  a  solid  of  revolution.  Find  its  volume. 
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5  (a)  Find  the  coordinates  of  the  points  of  intersection  of  the  line  y  =  2x  and  the  curve 

y  =  x‘. 

(b)  The  region  enclosed  by  the  curve  and  the  line  between  these  points  is  rotated 
about  the  jc-axis  to  form  a  solid.  Find  its  volume. 

6  The  region  between  the  curve  y  =  x*  +  1,  the  2  axes  and  the  line  x=  1  is  revolved  round 
the  x-axis.  Find  the  volume  generated. 

7  Sketch  the  curve  f  =  x  +  4.  The  area  bounded  by  the  curve  and  the  y-axis  is  rotated 
about  the  y-axis  through  360°.  Calculate  the  volume  created  correct  to  3  significant 
figures. 

8  (a)  A  point  P(x,y)  moves  so  that  it  is  always  2  units  from  the  origin  O.  State  the 

relation  between  x  and  y  and  the  name  of  the  curve  this  relation  represents. 

(b)  The  part  of  this  curve  above  the  x-axis  is  rotated  about  that  axis  to  form  a  solid. 
Find  the  volume  of  the  sphere  created. 

9  Fig.  1 1.39  shows  an  ellipse  whose  equation  is  y  +  £  =  1. 

(a)  State  the  coordinates  of  the  points  A  and  B. 

(b)  If  the  part  above  the  x-axis  is  rotated  about  that  axis  through  360°,  find  the 
volume  of  the  ellipsoid  formed. 


10  Fig.  1 1 .40  shows  pan  of  the  curve  y  =  4x  -  x2  and  a  line  OA  where  O  is  the  origin.  The 
x-coordinate  of  A  is  2. 

(a)  Find  the  equation  of  OA. 

(b)  If  the  shaded  region  is  rotated  about  the  x-axis,  find  the  volume  formed. 

(c)  If  the  curve  meets  the  x-axis  at  B,  what  is  the  volume  created  if  the  unshaded 
region  OBA  is  rotated  about  the  x-axis? 
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11  Show  on  a  diagram  the  region  enclosed  by  the  curve  y  =  x3  +  2  and  the  line 
y  =  4x  -  1 ,  stating  the  coordinates  of  the  points  of  intersection.  If  this  region  is  rotated 
completely  round  the  x-axis,  find  the  volume  of  the  solid  formed. 

12  The  curves  y  =  x*  and  y  =  2  -  x3  for  x  >  0,  intersect  at  A.  Find  the  coordinates  of  A. 
The  region  bounded  by  the  curves  and  the  y-axis  is  rotated  about  the  x-axis  through 
360°.  Find  the  volume  of  revolution. 


13  In  Fig.l  1.41,  the  curves  y3  =  4x  and  y  =  2X3  intersect  at  O  and  A. 

(a)  Find  the  coordinates  of  A. 

(b)  The  region  bounded  by  the  two  curves  is  rotated  about  (i)  the  x-axis,  (ii)  the 
y-axis.  Find  the  ratio  of  the  two  volumes  created. 


14  Fig.l  1.42  shows  parts  of  the  curves  y  =  j  (x  >  0)  and  y2  =  x  which  intersect  at  A. 

(a)  Find  the  coordinates  of  A. 

(b)  The  shaded  region  between  the  curves,  the  x-axis  and  the  line  x  =  3  is  rotated 

about  the  jc-axis.  Find  the  volume  of  revolution. 


Fig.l  1.42 

15  Copy  Fig.l  1.43,  which  shows  part  of  the  curve  y  =  j  and  add  the  curve  y  =  x3  and 
the  line  y  =  2.  If  the  region  bounded  by  these  curves  and  the  line  is  rotated  about  the 
x-axis,  find  the  volume  generated. 
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16  OA  lies  on  the  line  y  =  3x  (x  a  0),  where  0  is  the  origin,  and  AB  is  part  of  the  curve 
y  =  4  -  x2  (x  >  0).  B  lies  on  the  x-axis.  Find  (a)  the  coordinates  of  A  and  B,  and  (b)  the 
volume  of  revolution  made  by  rotating  the  region  OAB  about  the  .r-axis. 

17  Fig.  1 1.44  shows  part  of  the  curve  y  =  x-  jforx>0.  The  curve  meets  the  jt-axis  at 
A  and  the  line  y  =  1  j  at  C.  Find  (a)  the  coordinates  of  A  and  C  and  (b)  the  volume 
made  by  rotating  the  shaded  region  about  the  x-axis. 


Fig. 11.44 


18  Fig.  1 1.45  shows  an  arc  of  the  circle  y2  =  4  -  x2  and  a  chord  AB  which  lies  on  the  line 
Jt*  1.  Show  that 

(a)  the  coordinates  of  B  arc  (1,  V3), 

(b)  the  volume  created  when  the  shaded  region  is  rotated  about  the  y-axis  is 
4n  V3  units5. 

19  B  is  the  point  (hJO)  and  A  the  point  (/i,r). 

(a)  Find  the  equation  of  OA,  where  O  is  the  origin,  in  terms  of  h  and  r. 

(b)  If  OA  is  rotated  through  360°  about  the  x-axis,  which  solid  is  formed? 

(c)  Find  the  volume  of  this  solid  in  terms  of  h  and  r. 

20  Fig.  11.46  shows  the  part  of  the  curve  y=  j  for  x  >  0.  A  is  the  point  (1,1)  and  the 
tangent  to  the  curve  at  A  meets  the  x-axis  at  B.  C  is  the  point  (3,0).  Find 

(a)  the  equation  of  the  tangent  and  the  coordinates  of  B,  and 

(b)  the  volume  made  by  revolving  the  shaded  area  round  the  x-axis. 
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21  Fig.l  1.47  shows  the  pan  AB  of  the  curve  y  =  x*  +  2  where  B  is  the  point  (2,6).  The 
tangent  at  B  to  the  curve  meets  the  x-axis  at  C.  Find 
(a)  the  equation  of  the  tangent. 


(b)  the  coordinates  of  C,  and 

.B(2,6) 

(c)  the  volume  of  the  solid  formed  by 

'V/ 

rotating  the  shaded  region  completely  about  the  x-axis. 

\'J/ 

A 

J 

11/ 

Fig.l  1.47  0 

c 

SUMMARY 

•  If  ^  =  f(.r),  then  y  =  J  f(Jt)  dr  +  c  (indefinite  integral). 

•  If  ^  =  <uT.y  =  +  c,(n*-l). 

•  Definite  integral  J*  f(jr)  dt  =  [g(x)  J  =  g (b)  -  g (a)  where  g(.r)  is  the  indefinite  integral 
of  f(x). 

•  Area  between  y  =  f(x),  die  t  axis 
and  .r  =  a.  x  =  h  (Fig.  1 1 .48(a)) 

=  £  y  dr  =  £  f(x)  dr. 

•  If  f(x)  <  0  for  a  <  x  <  b.  the  area 
=  —  jTfWdr. 

•  Area  between  y  =  f(.r)  and  the 
>-axis  for  c  <  >■  <  d  (Fig.  1 1.48(b)) 

=  |  x  dy  where  .r  is  found  in  term 

•  Area  between  y  =  f(.r)  and  y  =  g(.t) 
for  a  S  .r  <  b  and  f(.t)  >  g(jr)  Fig.  1 

=  £  (f(jt)  -  g(Ar)]  dr. 

•  If  y  =  f(.r)  for  a  <  x  S  b  is  rotated  completely  round  the  .v-axis,  the  volume  of  the  solid 
of  revolution  produced  =  it  f*  v*  dr:  if  rotated  about  the  y-axis,  volume  =  it  j^x1  dy. 
where  c,  d  are  the  limits  for  y. 
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REVISION  EXERCISE  1 1  (Answers  on  page  632.) 
Answers  for  volumes  may  be  left  in  terms  of  n. 


1  On  a  curve  for  which  ^  =  p  +  .x,  where  p  is  a  constant,  the  tangent  at  the  point  (2,5) 
has  a  gradient  of  -2.  Find  the  value  of  p  and  the  equation  of  the  curve. 

2  Evaluate  (a)  j  (x-  ~r)dx  (b)  J  ^-jpdx 

3  Fig.  1 1 .49  shows  part  of  the  line  y  =  2x  and  part  of  the  curve  y  =  4jt  -  x2.  Calculate  the 

ratio  of  the  areas  of  the  regions  P  and  Q.  (C) 


4  A  particle,  moving  in  a  straight  line,  passes  through  a  fixed  point  O  with  a  velocity  of 
8  m  s-'.  Its  acceleration,  a  m  s_J,  /  seconds  after  passing  O  is  given  by  a  =  12  -6t.  Find 

(i)  the  velocity  of  the  particle  when  t  =  2, 

(ii)  the  displacement  of  the  particle  from  O  when  t  =  2.  (C) 

5  Fig.  1 1.50  shows  part  of  the  curve  y  =  x2  -2x  +  2  and  a  chord  PQ.  Find 

(i)  the  coordinates  of  P  and  Q, 

(ii)  the  ratio  of  the  area  of  the  shaded  region  A  to  the  area  of  the  shaded  region  B. 

(C) 


Fig.  11. SO 

(-1.0)  0  (2.0) 


277 


6  Fig.  1 1.51  shows  part  of  the  curve  y  =  5  +  4*  -  x2.  A  is  the  maximum  point  of  the 
curve.  Find 

(a)  the  coordinates  of  A, 

(b)  the  equation  of  OA 

(c)  the  area  of  the  shaded  region. 


Fig.  11. SI 


7  Fig.  1 1 .52  shows  part  of  the  curve  y  =  6x  -  x2  and  the  line  y  =  3x.  Show  that  the  area 
enclosed  by  the  curve  and  the  x-axis  is  36  units2.  Calculate  the  ratio  of  the  areas  of  the 
regions  marked  A  and  B.  (C) 


Ftg.11.S2 

8  Fig.  1 1.53  shows  part  of  the  curve  y2  =  x  and  the  line  2y  =  x.  If  the  shaded  region  is 
rotated  through  360°  about  the  y-axis  and  the  x-axis,  find  the  ratio  of  the  volumes 
formed. 


278 


9  In  Fig.  1 1 .54,  the  line  x  +  y  =  5  meets  the  curve  y  =  |  at  A  and  B. 

Find  (a)  the  coordinates  of  A  and  B,  and  (b)  the  volume  obtained  by  rotating  the 
shaded  area  round  the  x-axis  through  360°. 


10  A  particle  travelling  in  a  straight  line  passes  a  fixed  point  O  with  a  velocity  of 
1  j  in  s'1.  It  moves  in  such  a  manner  that,  I  seconds  after  passing  O,  its  acceleration 
a  m  s'2,  is  given  by  a  =  p  +  qt,  where  p  and  q  are  constants. 

Given  that  its  velocity  is  3j  m  s"1  when  r  =  2  and  that  it  comes  instantaneously  to  rest 
when  t  =  3,  calculate  the  value  of  p  and  of  q. 

Find  the  distance  travelled  by  the  particle  between  I  =  1  and  t  =  2.  (C) 

11  (a)  Find/ (£  -  p)dx 

(b)  In  Fig.  1 1 .55,  the  line  y  =  ijc  is  the  tangent  to  the  curve y*=x-  I  at  the  point  (2, 1 ). 
Calculate  the  volume  swept  out  when  the  shaded  region  shown  is  rotated  through 
360°  about  the  x-axis.  (C) 


12  A  particle  passes  a  fixed  point  O  with  a  velocity  of  3  and  moves  in  a  straight  line  with 
acceleration  a  given  by  a  =  3  -  2f  where  t  is  the  time  in  seconds  after  passing  O.  Find 
the  velocity  and  the  distance  of  the  particle  from  O  when  t  =  2. 
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13  Calculate  the  volume  generated  when  the  shaded  region  in  Fig.  11.56  is  rotated 
through  four  right  angles  about  the  x-axis.  (C) 


Fig.  11.56 


14  Fig.  1 1.57  shows  part  of  the  curve  y2  =  x  +  1.  AB,  CD  are  parallel  to  the  y-axis  where 
A  is  the  point  (1,0)  and  C  is  the  point  (i, 0).  If  the  volume  produced  by  rotating  the 
region  Q  about  the  x-axis  is  3  times  the  volume  produced  by  rotating  the  region  P,  find 
the  value  of  k. 


Fig.  11.57 

15  The  tangent  at  the  point  (2,4)  on  the  curve  y  =  jt3  meets  the  x-axis  at  A. 

(a)  Find  the  coordinates  of  A. 

(b)  If  the  region  bounded  by  the  curve,  the  x-axis  and  the  tangent  is  rotated  about  the 
x-axis  through  360°,  find  the  volume  created. 

16  The  part  of  the  curve  y  =  4  -  x2  lying  in  the  first  quadrant  meets  the  y-axis  at  A  and 
the  x-axis  at  B.  C  lies  on  the  curve  and  the  equation  of  OC  is  y  =  3x,  where  O  is  the 
origin. 

(a)  Find  the  coordinates  of  A,  B  and  C. 

(b)  The  region  OAC  is  rotated  about  the  y-axis  and  the  region  OBC  is  rotated  about 
the  x-axis.  Find  the  ratio  of  the  volumes  of  revolution  produced. 

17  (a)  Explain  the  geometrical  meaning  of  the  result  f(x)  dx  =  0  if  f(x)  is  not 

(b)  Given  that  J*  p(x)  dx  =  6  evaluate 

(i)  J]  3p(x)  dx, 

(ii)  Jn  [2  -  p(x)]  dx, 
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(Hi)  J*  [pCr)  -  2]  dr  +  £  [p(x)  +  1)  dx 


18  Fig.  1 1.58  shows  part  of  the  curve  O'  -  2)2  =  x  +  4  and  part  of  the  line  y  =  i.t.  Find 
(a)  the  coordinates  of  B,  (b)  the  area  of  the  shaded  region. 


Fig.  it. SB 


19  Fig.  1 1.59  shows  part  of  the  curve  y  =  x  -  -L.  Given  that  C  is  the  point  (2,0),  find 

(i)  the  equation  of  the  tangent  to  the  curve  at  the  point  A, 

(ii)  the  coordinates  of  the  point  T  where  this  tangent  meets  the  .r-axis, 

(iii)  the  coordinates  of  the  point  B  where  the  curve  meets  the  .v-axis, 

(iv)  the  area  of  the  region  enclosed  by  the  curve  and  the  lines  AT  and  BT. 

(v)  the  ratio  of  the  area  found  in  part  (iv)  to  the  area  of  the  triangle  ATC.  (C) 


20  Part  of  the  curve  y  =  2F  is  shown  in  Fig.  1 1.60  where  A  is  the  point  (a,0).  AB  is 
parallel  to  the  y-axis  and  BC  parallel  to  the  x-axis. 

(a)  Show  that  the  area  of  region  P  is  twice  that  of  region  Q. 

(b)  If  both  regions  are  rotated  about  the  y-axis,  show  the  volumes  produced  ore 


281 


21  y  =  ax2  +  bx  +  c  where  a.  b  and  c  are  constants.  Given  J'  xy  dr  =  0  find  the  value  of 
b.  If  also  y  =  2  when  x  =  1  and  j  y  dr  =  0  find  the  value  of  a  and  of  c. 

B 

22  (a)  If  J*  f(jc)  dr  =  12,  find  the  value  of  J  f(x  -  1)  dr. 

(b)  What  is  the  value  of  a  if  Jo  f(r  +  a)  dr  =  f(jr)  dr. 

J!  xy  dr 

23  If  y  =  jc2  +  1,  evaluate  — - 

J.  y**  3 

24  Sketch  the  graph  of  y  =  |  r1  -  2r  |.  Hence  find  J  |  r*  -  2r  |  dr. 

25  A  solid  bowl  is  formed  by  rotating  the  parts  of  the  curves  y  =  r2  and  y  =  r*  -  1  for 
r  >  0  and  0  Sy  S  1  about  the  y-axis  (Fig.  1 1.61).  Calculate 

(a)  the  capacity  of  the  bowl,  i.e.  the  amount  of  liquid  it  could  hold, 

(b)  the  volume  of  material  in  the  bowl. 


Fig.  11.61 


26  Fig.  11.62  shows  part  of  the  curve  y2  =  4r.  P  is  any  point  on  the  curve  and  PN  is 
perpendicular  to  the  r-axis. 

Show  that  the  volume  generated  by  rotating  the  shaded  region  about  the  r-axis  is 
equal  to  g  x  ON  x  PNJ. 


Fig.  11.62 
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27  The  region  below  the  curve  y  =  ax*  (where  a  is  positive)  for  0  £  x  £  2  is  rotated  about 
the  X-axis,  while  the  region  between  the  curve  and  the  y-axis  for  0  <  y  <,  4a  is  rotated 
about  the  y-axis.  Find  the  value  of  a  if  these  volumes  are  equal. 

28  Sketch  for  0  <  x  <  4  the  graph  of  the  positive  function  f,  where 

f  :  x  i - «-  for  0  <  jr  <  I , 

f :  x  i - *■  for  1  £  x  £  2  and 

f  :  x  i - -  i/8  -  2x  for  2  £  x  £  4. 

Show  that  the  gradients  of  the  last  two  parts  are  equal  where  x  =  2.  If  the  resulting 
figure  is  rotated  about  the  x-axis  through  360°,  calculate  (in  terms  of  tt)  the  volume 
produced. 
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Revision  Papers 
1-5 


PAPER  1  (Answers  on  page  632.) 

1  (a)  Differentiate  (*  -  with  respect  to  x. 

(b)  Evaluate  J 2  (jr  -  2)2  dx 

2  Solve  the  simultaneous  equations  2x  -  3y  =  7.  xy  =  x*  -  6. 

3  The  functions  f  and  g  are  defined  for  x  >  0  as  f :  *  I - *-  3  -  x.  g  :  x  i - »  i . 

Show  that  (a)  f  and  g  are  each  self-inverse  functions,  and  (b)  (fg)1  =  gf.  (c)  Prove  that 
fg(x)  m  gf(.t)  has  no  real  solutions. 

4  Given  the  points  A(-l,2),  B(3,l)  and  C(4,-2),  find 

(a)  the  equation  of  the  line  AB, 

(b)  the  equation  of  the  line  through  C  perpendicular  to  AB. 

5  On  the  same  diagram,  sketch  the  graphs  of  y  =  |  x  -  1  |  and  y  =  |  x  +  2  |.  Hence  find 
the  range  of  values  of  .v  for  which  |  x  -  1  |  >  |  x  +  2 1. 

6  AB  =  2i  +  j  and  A  is  the  point  (-3,  2). 

(a)  State  the  coordinates  of  B. 

(b)  If  C  is  the  point  (0,-1),  use  a  vector  method  to  find  /.ABC. 

7  (a)  Prove  the  identity  (cos  0  +  sin  0)2  s  2  -  (cos  0  -  sin  0>2. 

(b)  Solve  the  equation  cosec  20  =  -2.15  for  0°  S  0  <  360°. 

8  Calculate  the  area  of  the  region  lying  between  the  curve  y  =  jc2  -  3a:  +  2,  the  v-axis  and 
the  lines  x  =  -1,  x  =  2. 

9  The  sector  OAC  of  a  circle  centre  O  and  radius  4  cm  has  an  area  of  12  cm2.  Find 

(a)  the  angle  of  the  sector  in  radians, 

(b)  the  perimeter  of  the  sector, 

(c)  the  area  of  the  segment  cut  off  by  the  chord  AC. 

10  (a)  For  what  values  of  k  is  the  function  x2  +  2kx  +  5  always  positive? 

(b)  Given  that  f(jc)  is  a  quadratic  function  and  that  f(x)  is  only  positive  when  x  lies 
between  -1  and  3,  find  f(x)  if  f(-2)  =  -10. 

PAPER  2  ( Answers  on  page  632.) 

1  The  perimeter  of  a  sector  of  a  circle  is  8  cm  and  its  area  is  4  cm2. 

Find  (a)  the  angle  of  the  sector,  (b)  the  length  of  its  arc. 
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2  Find  the  solutions  of  these  equations  for  0°  <  0  <  360°: 

(a)  sin  20  =  -0.4  (b)  cos  (0  +  30°)  =  0.25 

3  A  particle  starts  from  rest  at  a  point  O  and  moves  in  a  straight  line  with  velocity 
v  m  s_l  given  by  v  =  6/  -  3r!  where  r  is  the  time  in  seconds  after  the  start.  Find 

(a)  its  acceleration  when  the  particle  is  next  at  instantaneous  rest, 

(b)  the  distance  travelled  to  that  position. 

4  (a)  Find  the  coefficient  of  x 3  in  the  expansion  of  (2x  -  3)’. 

(b)  If  the  first  two  terms  in  the  expansion  of  (ax  +  b)!  in  descending  powers  of  x  are 
32X3  -  80X1,  find  the  value  of  a  and  of  b. 

5  The  sides  AB  and  AC  of  a  triangle  lie  on  the  lines  2x  -  y  =  5  and  x  +  3y  =  13 
respectively.  Given  that  C  is  the  point  (-2,5)  and  that  ZACB  =  90°,  find  the  coordi¬ 
nates  of  A  and  of  B. 

6  Fig.R  I  shows  part  of  the  curve  y  =  2  -  x  -  jt  and  the  lines  y  =  2  and  y  =  -4.  Find  the 
area  of  the  shaded  region. 


Fig.  R1 


7  The  gradient  of  the  curve  y  =  2  +  bxr  at  the  point  (1,-1)  is  -8.  Find  the  values  of 
a  and  b.  Hence  find  the  equation  of  the  tangent  to  the  curve  where  r  =  2 

8  Given  the  function  y  =  Jt*  -  3x  +  2,  find  the  approximate  percentage  change  in  the 
value  of  y  if  x  is  increased  by  2%  when  it  is  3. 

9  (a)  The  function  f  is  defined  by  f :  x  i - ►  4-i-|  (jr  *  2). 

Find  (i)  f  '(3)  and  (ii)  the  values  of  x  for  which  f(x)  =  x. 

(b)  The  function  g  is  given  by  g  :  x  I - *■  a  -  j(x*0)  where  a  is  a  constant.  If 

g(2)  -  g_,(— 2)  =  2  find  the  values  of  a. 

10  The  position  vectors  of  two  points  A  and  B  referred  to  an  origin  O  are  2i  -  3j  and 
31  +  4j  respectively.  Find 

(a)  AB  in  terms  of  i  and  j, 

(b)  angle  AOB. 
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PAPER  3  (Answers  on  page  633.) 

1  (a)  Find  (i)  the  range  of  values  of  x  for  which  the  function  x3  -  3x*  -  9x  +  1  is 

increasing  and  (ii)  the  nature  of  the  stationary  points  on  the  curve  and  the  values 
of  x  where  they  occur. 

(b)  Find  the  maximum  value  of  (x  +  b)(a  -  x)  where  a  and  b  are  constants. 

2  Solve  the  simultaneous  equations  x  +  2y  =  8,x3-xy+y2  =  7. 

3  A  cone  of  radius  6  cm  and  height  24  cm  is  held  vertex  down  with  its  axis  vertical. 
Water  is  poured  into  the  cone  at  the  rate  of  90  cm5  s'1.  At  what  rate  is  the  water  level 
rising  when  its  greatest  depth  is  12  cm? 

4  (a)  A  and  B  are  points  with  position  vectors  4i  +  tj  and  i  -  rj  respectively  with 

reference  to  an  origin  O.  If  OA  is  perpendicular  to  OB,  find  the  values  of  t. 

(b)  T  has  position  vector  -2i  +  4j  and  the  line  TP  is  parallel  to  the  vector  i  +  3j.  Show 
that  the  position  vector  of  P  is  given  by  OP  =  (t  -  2)1  +  (3r + 4)j  where  /  is  a  scalar. 
Hence  find  the  value  of  r  for  which  OP  is  perpendicular  to  TP. 

5  Find  the  volumes  created  when  the  shaded 
region  in  Fig.R2  is  rotated  about 

(a)  the  x-axis, 

(b)  the  y-axis, 
each  through  360°. 


Fig.  R2 


6  (a)  Find  the  equation  of  the  normal  to  the  curve  y  =  j  -  2x  at  the  point  where  x  =  1 . 
(b)  Evaluate  2xp1'—  dx. 

7  (a)  Find  and  simplify  the  first  three  terms  in  the  expansions,  in  ascending  powers  of 

x,  of  (1  +  3x)4  and  (2  -  x)4  and  hence  find  the  coefficient  of  x2  in  the  expansion 
of(2  +  5x-3x2)*. 

(b)  Find  the  range  of  values  of  y  for  which  |  y2  -  5y  -  1  |  £  5. 

8  (a)  Find  the  coordinates  and  type  of  turning  points  on  the  curve  y  =  x3  +  2x2+x+l. 
(b)  If  P  =  1  -  £  find  ~ .  Hence  find  the  approximate  percentage  change  in  P,  stating 

if  P  is  increased  or  decreased,  when  r  is  decreased  from  2  by  0.5%. 

9  In  AOAB,  OA  =  a,  OB  =  b  and  M  is  the  midpoint  of  AB.  T  lies  on  OB  where 
OT  =  j  OB.  OM  and  TA  intersect  at  N.  Taking  TO  =  *TA  and  ON  =  mOM.  find  two 
vector  expressions  for  ON  in  terms  of  k,  m,  a  and  b  and  hence  find 

(a)  the  values  of  k  and  m,  and 

(b)  the  ratios  ON:NM  and  TO:NA. 
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10  (a)  Solve  the  equation  3  sin2  0  =  2  cos  0  +  2  for  values  of  0  in  the  range  0°  <  0  <  360°. 
(b)  A  particle  moves  along  a  straight  line  so  that  its  velocity  v  m  s'1  at  time  t  seconds 
from  the  start  is  given  by  v  =  f2  -  4f. 

(i)  Find  the  time  after  the  start  when  the  particle  is  at  instantaneous  rest. 

(ii)  What  is  the  velocity  of  the  particle  when  its  acceleration  is  zero? 

(iii)  Find  the  displacement  of  the  particle  during  the  first  3  seconds  of  motion. 

PAPER  4  (Answers  on  page  633.) 

1  (a)  Differentiate  with  respect  to  jr  (i)  (x2  -  x  +  l)2  (ii)  x  -  -jz 7  • 

(b)  Show  on  a  diagram  a  sketch  of  the  curves  y  =  cos  2x  and  y  =  |  2  sin  x  |  for 
0  S  x  £  2ji.  State  how  many  values  of  x  will  satisfy  the  equation 
cos  2x  =  |  2  sin  x  |  in  that  range. 

2  (a)  Given  that  A  =  3r  +  find  the  rate  of  change  of  r  with  respect  to  I  when  r  =  2 

if  the  rate  of  change  of  A  with  respect  to  t  is 
(b)  Solve  the  equation  cos  §  =  -0.35  for  0°  <  0  <  360°. 

3  A  curve  passes  through  the  point  (0,2)  and  its  gradient  at  any  point  (x,y)  on  the  curve 
is  1  -x-  2X2.  Find 

(a)  the  equation  of  the  curve, 

(b)  the  coordinates  of  the  turning  points  on  the  curve,  stating  the  nature  of  each  one, 

(c)  the  equation  of  the  tangent  to  the  curve  at  the  point  where  x  =  1. 

4  In  Fig.  R3,  the  curve  y3  =  x  +  1  cuts  the  y-axis  at  A  and  meets  the  line  x  =  3  at  B.  Find 
the  ratio  of  the  volumes  produced  by  rotation  through  360°  about  the  x-axis  of  the 
shaded  regions  P  and  Q. 


Flg.R3 

5  (a)  For  each  of  the  following  functions,  find  the  range  of  f(.r)  corresponding  to  the 
domain  given: 

(i)  f(x)  =  I  3  -  x  |  for  -1  £  x  <  4 

(ii)  f(jr)  =  4  -  jr2  for  -1  £x£3 

(iii)  f (x)  =  x2  -  4x  +  3  for  0  S  x  S  3 

(b)  r,  =  21  -  j,  r2  =  i  +  3j  and  r3  =  i  +  j  are  three  vectors.  Find 

(i)  |  p  |  where  p  =  r,  -  r2  +  2r,, 

(ii)  the  product  (r,  +  r2).p, 

(iii)  the  value  of  /  if  r,  +  fr2  is  perpendicular  to  r2  +  r,. 


6  (a)  If  y  =  6  -  x  -  x2,  find  (i)  the  range  of  values  of  x  for  which  y  is  positive  and 

(ii)  the  maximum  value  of  y. 

(b)  If  f :  x  i - —  y*' j  (x  *  -3),  find  in  a  similar  form  f2  and  P. 

(c)  Given  that  f :  x  i - *-  x2  +  2  and  g:  x  i - *-  jr-  1 ,  find  the  value  of  x  for  which 

fg(x)  =  gfW. 

7  OAB  is  a  triangle  with  6X  =  a  and  OB  =  b.  OP  lies  on  OA  where  OP:PA  =  2:  l  and 
Q  lies  on  AB  where  AQ:QB  =  2:1.  OQ  and  PB  intersect  at  R. 

(a)  State  AB,  AQ,  OQ  and  pfe  in  terms  of  a  and  b. 

(b)  By  taking  PR  =  pPB.  show  that  P&  =  §  ( I  -  p)a  +  pb. 

(c)  If  OR  =  qOQ  find  the  values  of  p  and  q. 

(d)  Hence  find  the  ratios  OR:RQ  and  PR:RB. 

8  (a)  Find  the  values  of  on  the  curve  y  =  2x(x  -  3)2  where  ^  =  0. 

(b)  A,  B,  C  and  D  are  the  points  (-5,2),  (2,3).  (-1,-6)  and  (3,10)  respectively.  Find 
(i)  the  coordinates  of  the  point  M  where  AD  and  BC  intersect,  (ii)  the  equation 
of  the  line  through  M  perpendicular  to  AB. 

9  (a)  Sketch  the  curve  y  =  |  x2  -  x  -  2  |  for  -2  <  x  <  1  and  hence  find  the  finite  area 

enclosed  by  the  curve  and  the  x-axis. 

(b)  OABC  is  a  quadrilateral  in  the  first  quadrant  where  O  is  the  origin.  The  equadon 
of  OA  is  2y  =  r  and  the  equation  of  OC  is  y  -  2x.  If  the  coordinates  of  B  arc  (6,6), 
find  the  coordinates  of  A  and  C  and  show  that  OABC  is  a  rhombus.  Find  the  area 
of  the  rhombus. 

10  In  an  acute-angled  triangle  ABC,  the  base  BC  =  a  and  the  height  of  the  triangle  =  h. 
A  rectangle  PQRS  is  drawn  inside  the  triangle  with  P  and  Q  on  BC,  R  on  CA  and  S 
on  AB.  If  PS  =  x,  find  an  expression  for  the  area  of  this  rectangle  in  terms  of  a,  h  and 
x  and  hence  find  the  maximum  area  of  the  rectangle. 

PAPER  5  (Answers  on  page  633.) 

1  A  piece  of  wire  120  cm  long  is  bent  into  the  shape  shown  in  Fig.R4.  Show  that  the 
area  A  cm2  is  given  by  A  =  480x  -  6Q*3.  Hence  find  the  value  of  x  which  gives  the 


Fig.  R4 


Fig.  R5 


2  Fig.R5  shows  a  part  of  the  curve  y  =  X  -  |  and  the  line  x  +  y  =  l. 

Calculate  the  volume  produced  when  the  shaded  region  is  rotated  about  the  .(-axis. 

3  (a)  Find,  in  ascending  powers  of  x,  the  first  three  terms  in  the  expansions  of 

(i)  (1  -  2*)*  and  (ii)  (2  -  xf. 

Hence  find  the  coefficient  of  x1  in  the  expansion  of  (1  -  2x)4(2  -  x)\ 

(b)  The  function  f  is  defined  as  f  :  x  l - »-  20  Given  that  f(l)  =  4  and 

f '(-4)  =  -4,  find  (i)  the  value  of  a  and  of  b,  (ii)  the  values  of  x  for  which 

f«=*. 

4  (a)  The  radius  r  of  a  sphere  increases  from  2  to  2.01.  Find  the  approximate  change 

in  the  surface  area  A.  [ A  =  4) ir2]. 

(b)  The  radius  r  of  a  sphere  is  increasing  at  a  constant  rate  of  0.02  cm  s"1. 

Find  the  rate  at  which  the  volume  is  increasing  when  r  =  3  cm. 

[F=  ijtr3]. 

(c)  The  volume  V  of  a  sphere  decreases  by  approximately  6%  when  the  radius 
decreases  by  p%.  Find  the  value  of  p. 

5  (a)  Given  that  j*  f(x)dt  =  7,  find  the  values  of 

(i)  J^[f(jc)+l]dx+  £[ffcr)-2|dx 

(ii)  J*  2f(jrXU 

(iii)  J’f(x+l)dr 

(b)  On  one  diagram,  sketch  the  graphs  of 

(i)  y  =  sin  lx.  (ii)  y  =  |  sin  x  |  for  0  <  x  <  2n. 

State  the  number  of  solutions  of  the  equation  sin  2x  =  |  sin  x  |  in  this  range. 

(c)  Prove  the  identity 

(cos  0  -  sin  0)(cosec  0  -  sec  0)  s  sec  0  cosec  0-2. 

6  (a)  (i)  The  equation  (*  +  4)^  -  2(k  +  1  )x  +  k  - 1  =  0  has  equal  roots.  Find  the  value 

of  k. 

(ii)  If  the  equation  has  real  roots,  find  the  range  of  values  of  k. 

(b)  With  respect  to  an  origin  O,  the  position  vectors  of  the  points  A  and  B  are 
21  +  j  and  41  -  2J  respectively. 

(i)  Show  that  |  OB  |  =  2|  OA  |. 

The  position  vectors  ofthe  points  C  and  D  are  given  by 
OC  =  20B  -  OA  and  6b  =  BA. 

(ii)  Show  the  points  A,  B,  C  and  D  on  a  diagram  and  calculate  the  angle  between 
OC  and  OD. 
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7  The  mean  value  of  function  f(x)  for  a  <  x  <  b  is  defined  as  £  f(x)  tlr. 

A  lies  on  the  x-axis  where  OA  =  2  and  P  is  the  point  (1,1).  If  Q  is  any  point  on  OA 
where  OQ  =  x,  find  an  expression  for  the  length  of  PQ!  in  terms  of  x.  Using  the  above 
definition,  calculate  the  mean  length  of  PQ2  as  Q  moves  from  O  to  A.  Hence  state  the 
mean  length  of  PQ. 

8  (a)  Sketch  on  the  same  diagram  the  graphs  of  y  =  |  x  |  and  y  =  2  -  x2. 

Hence  find  the  finite  area  enclosed  by  y  =  |  x  |  and  y  =  2  -  x3. 

(b)  A  point  P(x,y)  moves  so  that  its  distance  from  the  point  (1,0)  is  always  twice  its 
distance  from  the  line  x  +  2  =  0.  Find  the  equation  of  the  curve  on  which  P  will 
lie  and  the  coordinates  of  the  points  where  this  curve  meets  the  x-axis. 

9  On  graph  paper,  taking  scales  of  2  cm  for  |  radians  on  the  x-axis  and  4  cm  for  1  unit 
on  the  y-axis,  draw  the  graphs  of  y  =  2  cos  x  and  2ity  =  x  for  0  £  x  £  2n.  Hence  find 
from  your  graph  approximate  solutions  to  the  equation  x  =  4it  cos  x. 

10  (a)  (i)  Given  that  f(x)  =  x-  j,  sketch  the  graph  of  y  =  f(x)  for  1  <  x  <  4.  Hence 
sketch  the  graph  of  y  =  f_'(x)  for  3  S  x  £  3. 

(ii)  Calculate  the  volume  created  if  y  =  f(x)  for  l  <  x  <  4  is  rotated  about  the 

(b)  Find  all  the  angles  between  0°  and  360°  which  satisfy  the  equations 

(i)  3  sec  2x  =  4, 

(ii)  2 cot y cosy  =  3. 
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Remainder  and 
Factor  Theorems: 
Cubic  Equations 


12 


THE  REMAINDER  THEOREM 

Consider  the  polynomial  Xs  -  lx1  +  4.v  -  3.  Divide  this  by  x  -  3.  Using  long  division  as 
in  Arithmetic,  the  steps  are  as  follows. 

®  jt*  +  jr  +  7 
.v-  3  )  ,v'  -  lx1  +  4.r  -  3 
©  x>  -  3x* 

©  ^  +  4x  © 

©  jc*  -  3x 

©  lx  -  3  © 

©  7.r  -  21 

©  1 8  remainder 

Step  (7)  Divide  x'  by  .r  to  give  x~ 

Step  (2)  Multiply  x  -  3  by  jc2 

Step  (3)  Subtract  to  get  x:  and  bring  down  the  next  term,  4.v 
Step  (4)  Divide  x2  by  x  to  give  .v 
Step  (s)  Multiply  .v  -  3  by  x 

Step  (6)  Subtract  to  get  7.v  and  bring  down  the  next  term.  -3 

Step  ©  Divide  7.v  by  x  to  give  7 

Step  (D  Multiply  .v  -  3  by  7 

Step  @  Subtract:  this  gives  the  remainder  18 

In  the  following  it  is  the  remainder  which  is  important. 

Let  f(.r)  =  aj  -  2.r  +  4x  -  3.  Now  find  f(3).  What  do  you  notice? 
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This  result  is  not  a  coincidence.  In  fact  we  shall  prove  that  when  a  polynomial  f(jt)  is 
divided  by  a  linear  expression  .r  -  a  the  remainder  will  be  f(a). 

If  we  divide  say  15  by  4,  then  the  result  (the  quotient)  is  3  and  the  remainder  is  3.  The 
connection  between  these  is 

15  =  4  x  3  +  3 

T  t  t 

divisor  quotient  remainder 

So  if  we  divide  f(jc)  by  (x  -  a)  and  the  quotient  is  Q.  and  the  remainder  ft,  then 
ffv)  =  (x-a)xQ  +  R 

This  is  true  for  all  values  of  a. 

Now  put  x  =  a. 

Then  f(a)  =  0  x  Q  +  ft 
i.e.  R  =  f(a). 

If  we  divide  by  the  general  linear  expression  px  +  q,  then  f(.v)  =  (px  +  q)  x  Q  +  ft. 
Putar  =  -  l  andf(-|)  =ft. 

This  is  the  remainder  theorem  for  a  polynomial  f(.v): 

If  f(x)  is  divided  by  px  +  q,  the  remainder  is  f(- 

It  is  also  worth  remembering  the  simple  form:  when  f(jr)  is  divided  by  (x  -  a),  the 
remainder  is  f(a). 

The  theorem  only  applies  to  polynomials  and  only  to  linear  divisors.  Note  also  that  it 
tells  us  nothing  about  the  quotient. 

Example  1 

What  are  the  remainders  when  x1  -  x2  +  3x  -  2  is  divided  by  la)  x  -  I,  (b)  x  +  2, 
<c)2x-l? 

(a)  Here,  .v  -  a  is  x  -  1  so  a  =  1. 
f(l)  =  1  -  1  +  3-2  =  1 
The  remainder  is  1 . 

(b)  Here,  a  = -2. 

ft— 2)  =  -8-4-6-2  =  -20 
The  remainder  is  -20. 

(c)  px  +  q  =  2x  -  1.  so  -|  =  i. 

The  remainder  is  -  | . 
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Example  2 

The  polynomial  .r1  +ax* -3x  +4  is  divided  by  x-2  and  the  remainder  is  14.  Wliat  is 
the  value  of  a? 

Taking  f(jt)  as  the  given  expression, 

the  remainder  =  f(2)  =  8  +  4a-6  +  4  =6  + 4a. 

Then  6  +  4a  =  14  and  a  =  2. 


Example  3 

fix)  =  x1  +OX1  +bx  -  3.  When  fix)  is  divided  by  x  -  I  and  x  +  I ,  the  remainders  are 
I  and  -9  respectively.  Find  the  values  of  a  and  b. 

Dividing  by  x -  1,  the  remainder  =  f(l)  =  1  +  a  +  h-3  =  a  +  h-2. 

Then  a*  b-  2  =  1,  so  a  +  />  =  3. 

Dividing  by  x  +  1.  the  remainder  is  f(-l)  =  -l  +  a-  b-  3  =  a-b-4. 

Then  a  -  h  -  4  =  -9,  so  a  -  ft  =  -5. 

Solving  the  two  equations  for  a  and  b,  a  =  -1  and  b  =  4. 


Example  4 

The  polynomial  fix)  =  A(x  -  If  +  B(x  +  2f  is  divided  by  x  +  I  and  x-2.  The 
remainders  are  3  and  -15  respectively.  Find  the  values  of  A  and  B. 

Divisor .r  +  1:  remainder  =  f(-l)  =  4(-l  -  l)2  +  B(-l  +  2)2  =  44  +  fl  =  3 
Divisor  x-2:  remainder  =  f(2)  =  4(2  -  l)2  +  B(  2  +  2)2  =  4  +  I6B  =  -15 
Solving  the  simultaneous  equations,  4  =  I  and  B  =  -1. 


Example  5 

(i)  If  the  expression  x3  +  p.r  +  qx  +  r  gives  the  same  remainder  when  divided  by 
x  + 1  or  x-2,  show  that  p  +  q  =  -3. 

(ii)  If  the  remainder  is  4  when  the  expression  is  divided  byx-  l,  find  the  value  ofr. 

(iii)  If  also  the  remainder  is  -60  when  the  expression  is  divided  by  x  +3.  find  the 
values  of  p  and  q. 

(i)  Divisor x  +  1:  remainder  =  f(— 1)  =  -l  +  p-q  +  r 
Divisor  x-2:  remainder  =  f(2)  =  8  +  4p  +  2q  +  r 
Then  -1  +  p-q  +  r  =  S  +  4p  +  2q  +  r 
so  3p  +  3q  =  -9  or  p  +  <7  =  -3. 
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(ii)  Divisor  x-  1:  remainder  =  f(l)  =  i+  p  +  q  +  r  =  4. 

But  p  +  q  =  -3 

Then  1  -  3  +  r  =  4  and  r  =  6. 

(iii)  Divisor  x  +  3:  remainder  =  f(-3)  =  -27  +  9p  -  3q  +  6  =  -60 
Hence  9p  -  3?  =  -39  or  3 p-q  =  -13. 

Solving  the  simultaneous  equations  in  p  and  q,  p  =  -4.  q  =  1. 


Exercise  12.1  (Answers  on  page  634.) 

1  Find  the  remainder  when  x’  +  2x2-jf-lis  divided  by 

(a)  jc  —  1  (b)x+l  <c)x-3  (d)x  +  4 

(e)  2x  -  1  (0  3jc  +  2  (g)2x-3  (h)x  +  / 

2  Find  the  remainder  when 

(a)  x>  -  lx  -  3  is  divided  by* +  2 

(b)  X1  -  3**-*  +  3  is  divided  by  x  +  3 

(c)  3x,-x‘-x-  1  is  divided  by* -4 

3  Find  the  remainder  when  the  following  expressions  are  divided  by  the  linear  express¬ 
ion  stated: 

(a)  I -2*-3x*byx-2  (b)  x3  +  3x- 3  by  3x- 2 

(c)  jr3  +  jts-x-3byjr  +  3  (d)  3x> -x2  +  4  by  3x  +  I 

(e)  2r3-x2  +  4jr  +  2by  2^+ 1  (0  x4  +  X3  -  2xJ  -  3  by  *  +  3 

4  If  2X3  -  x2  —  1  is  divided  by  x  +  2,  what  is  the  remainder? 

5  If  x3  -  2x  +  1  is  divided  by  3x  +  2,  what  is  the  remainder? 

6  What  is  the  remainder  when  or5  +  far1  +  cx  +  d  is  divided  by  x  +  1? 

7  The  expression  2r*  +  px1  -  x  -  2  is  divided  by  x  +  3.  State  the  remainder  in  terms 

of  p. 

8  Given  f(x)  =  <ur3  +  x3-3jr-2  and  that  the  remainder  on  dividing  f(.r)  by  x  +  2  is  0, 
what  is  the  value  of  al 

9  x3  +  px  -  4  is  divided  by  x  +  4  and  the  remainder  is  -28.  Find  the  value  of  p. 

10  The  polynomial  Xs  +  ox3  +  bx  -  1  is  divided  by  x  -  2  and  x  +  1. 

The  remainders  are  7  and  4  respectively.  Find  the  value  of  a  and  of  b. 

1 1  When  the  expression  x5  +  px* + qx  +  2  is  divided  by  x + 2,  the  remainder  is  double  that 
obtained  when  it  is  divided  by  x  -  1 .  Find  a  relation  between  p  and  q.  If  the  remainder 
is  also  6  when  the  expression  is  divided  by  x  +  1.  find  the  value  of  p  and  of  q. 

12  The  remainders  obtained  when  px*  +  qx1  +  4x  -  2  is  divided  by  x  -  1  and  x  +  2  are 
equal.  Show  that  3p  -  q  =  -4.  If  also  the  remainder  is  -18  when  the  polynomial  is 
divided  by  x  -  2,  find  the  value  of  p  and  of  q. 
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13  The  expression  r  - 4.r -  2  has  the  same  remainder  when  it  is  divided  by  cither x -a 
or  x-h(a#  b).  Show  that  a  +  b  =  4. 

Given  also  that  the  remainder  is  1 0  when  the  expression  is  divided  by  x  -  2a,  find  the 
values  of  a  and  b. 

14  When  .r'  -  x2  +  ax  +  b  is  divided  by  a  -  1  and  .v  +  1.  the  remainders  are  -5  and  -1 
respectively.  Find  the  values  of  a  and  b. 

1 5  The  polynomial  x4  +  3*1  +  or  +  bx  -  1  is  divided  by  x  -  1  and  x  +  2. 

The  remainders  obtained  are  4  and  19  respectively.  Find  the  values  of  a  and  h. 

16  When  the  polynomials  x3  -  4x  +  3  and  x3  -  x2  +  x  +  9  are  each  divided  by  x  -  a ,  the 
remainders  are  equal.  Find  the  possible  values  of  a. 

17  If  x3  +  (m  -  2)x  -  m-  -  3m  +  5  is  divided  by  .v  +  m,  the  remainder  is  - 1 .  Find  the  values 

THE  FACTOR  THEOREM 

If  (x  -  a)  is  a  factor  of  f(.v),  then  there  will  be  no  remainder  when  f(x)  is  divided  by 
(.v  -  a).  So  f(a)  =  0.  Similarly,  if  px  +  q  is  a  factor  of  f(jr),  f(-^)  =  0.  This  is  the  factor 
theorem  for  a  polynomial  f(x): 

If  px  +  q  is  a  factor  of  f(jr),  f(-  =  0. 

If  f(- =  0,  px  +  q  is  a  factor  of  fix). 

We  use  the  factor  theorem  to  factorize  polynomials  (if  possible). 


Example  6 

Factorize  x1  -  fltx2  -  x  +  6. 

Take  f(.v)  as  X*  -  6.r  -x  +  6.  As  f(.v)  is  of  the  third  degree,  it  will  have  at  most  three 
linear  factors  of  the  form  px  +  a,  qx  +  b,  rx  +  c. 

Then  x5-6rI-x  +  6  =  (px  +  a)(qx  +  b)(rx  +  c) 

As  the  first  term  is  x3,  p  =  ^  =  r  =  I . 

Sox5-6xJ-x  +  6  =  (x  +  a)(x  +  ft)(x  +  c) 

The  last  term  is  +6  so  a  x  b  x  c  =  +6. 

Hence  the  possible  factors  come  from  x±  1,  x  ±  2,  x  ±  3,  x  ±  6. 

The  first  factor  has  to  be  found  by  trial. 

Try  x—  1.  Then  f(l)=l-6-l+6  =  0so.r-lisa  factor. 

Now  we  could  continue  trying  other  possible  factors.  In  simple  cases,  this  would  be 
quick  and  satisfactory  but  in  general  could  be  time  consuming,  especially  if  the  poly¬ 
nomial  had  only  one  linear  factor. 
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For  a  cubic  polynomial  the  best  method  is  to  find  one  factor  by  trial  and  then  deduce 
the  remaining  quadratic  factor  by  inspection.  The  steps  are  shown  in  full  here  but  in 
practice  all  the  working  is  done  mentally  and  only  the  results  written  down. 

|  Ar3-6itJ-jM-6  =  {jr-  1)(  ). 

i  We  now  complete  the  blank  bracket  step  by  step. 

I  - , 

;  x>-6x?-x  +  6  =  (x- lH^  +  tt-b) 

I  I _ ® _ 'ZT'  ® 

I  Step  (T)  The  first  term  in  the  second  bracket  must  be  jt2 
Step  ©  The  last  term  must  be-6as-lx-6  =  +6 
Step  ©  Take  the  middle  term  as  lx.  To  find  i.  equate  the  coefficients  of  x2. 

-S  (i-lK^  +  ix-6) 

I  So  -6x*  =  -x1  +  lx2  and  t  =  -5. 

Check  the  coefficient  of  x:  (x  -  IX*2  —  5jc  —  6)  i.e.  +5at  -6x  =  -x  which  is  correct. 
Hence  f(jc)  =  (x-  lKx2  —  5jc  —  6)  =  (jt  —  1  )(jc  —  6)(x  +  1). 


Example  7 

Factorize  x1  -  3x?  -  2x  +  8. 

The  possible  factors  are  x  ±  1,  x  ±  2,  x  ±  4,  x  ±  8.  The  first  factor  is  found  by  trial. 
Try  jr  +  1 :  remainder  =  -1  -  3  +  2  +  8  *  0.  x  +  1  is  not  a  factor. 

Try  x  -  1 :  remainder  =  l-3-2  +  8*0.  jc-1  is  not  a  factor. 

Try  x  +  2:  remainder  =  -8  -  12  +  4  +  8  *  0.  .*  +  2  is  not  a  factor. 

Try  jt  -  2:  remainder  =  8-  12-4  +  8  =  0.  Jt-2  is  a  factor. 

Then  x2  -  ix2 -2x  +  »  =  (x  -  2)<r!  -  jc  -  4) 


Hence  the  expression  =  (jc  —  2)(xJ  -  x  -  4)  as  x2  -  Jt  -  4  cannot  be  factorized. 
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Example  8 

Factorize  4x*  -  8x*  -  x  +  2. 

The  first  term  4xJ  makes  the  solution  more  complicated  as  one  of  the  factors  must  be 
2x  +  a  or  4x  +■  b.  However  try  x  -  1  and  x  +  1  and  confirm  that  they  are  not  factors. 
Now  try  x  -  2:  remainder  =  32  -  32  -  2  +  2  =  0sojr-2isa  factor. 

Then  4.r*  —  fir2  —  jc  2  =  (or  —  2)(4.r3  -1) 

L-J  t - no  middle  tom 

Hence  the  expression  =  (x  -  2)(4jt2  -  1)  =  <jc  -  2X2*  -  1X2*  +  1) 

f  - - - - 

Example  9 

The  expression  2.x3  +axi  +bx  -2  is  exactly  divisible  by  x-2  and  2x  + 1 .  Find  the 
values  of  a  and  b  and  hence  find  the  third  factor. 

Divide  by  jr  -  2:  remainder  =  1 6  +  4a  +  2ft  -  2  =  0  so  4a  +  2ft  =  -14  or  2a  +  ft  =  -7. 
Divide  by  2x  +  1:  remainder  =  2 (-j)*  +  a(-^f  +  *(-j)  -  2 

=  -|  +  f  -  |  -2  =  0soa-2*  =  9. 

Solving  the  two  equations  for  a  and  ft.  a  =  -1,  ft  =  -5. 

Let  (px  +  q)  be  the  third  factor. 

Hence  2x>  -  x2  -  Sjt  -  2  =  (2x  +  IX*  -  2 )(px  +  q) 

=  (2 Xs-  3-r  -  2)(px  +  q) 

By  inspection,  p  =  I  and  by  checking  the  last  term,  q  =  +1. 

Hence  the  third  factor  is  jr  +  l. 


Exercise  12.2  (Answers  on  page  634.) 


1  Factorize 

(a)  ie+1 

(c)  x?  -  4j4  +  jc  +  6 
(e)  x>  -  x1  +  2x  -  2 
(g)  2X5  +  7X3  +  8x  +  3 
(0  Jr3-  1 

(k)  2x3  -  3jt  -  Sx  +  12 


(b)  .r3  -  4.x2  +  5-r  -  2 
(d)  x5  +  fix2  +  1  lx  +  6 
(f)  x,  +  3x2-6x-8 
(h)  3jr’  +  2x2-3x-2 
(j)  x3-2x2-9x+18 
(1)  6xs-  13x2  +  9x-2 


2  If  x3  +  ax  +  6  is  divided  by  x  +  1 ,  the  remainder  is  12.  Find  the  value  of  a  and  factorize 
the  expression. 

3  Given  the  expression  ax3  +  ftx2  +  cx  +  d.  show  that  x  -  1  is  a  factor  if  a  +  b  +  c  +  d 
=  0.  (This  result  is  worth  remembering:  if  the  sum  of  the  coefficients  =  0,  then  x  -  1 
is  a  factor.] 
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4  The  expression  2x*  +  ax2  +  bx  +  1  is  exactly  divisible  by  2x  -  1  and  x  +  1.  Find  the 
value  of  a  and  of  b  and  hence  find  the  third  factor  of  the  expression. 

5  Given  that  f(x)  =  x3  -  fix3  +  1  lx  +  p,  find  the  value  of  p  for  which  x  -  3  is  a  factor  of 
f(x).  With  this  value  of  p,  find  the  other  factors  of  f(x). 

6  x3  +  ax  +  b  and  x2  +  2 ax  +  3b  have  a  common  factor  x  +  1 .  Find  the  value  of  a  and  of 
b  and  with  these  values  factorize  the  cubic  expression. 

7  f(x)  =  x2  +  ax2  +  bx +  4  and  f(jc)  is  exactly  divisible  by  x  -  2.  If  the  remainder  is  -  24 
when  f(x)  is  divided  by  x  +  2,  find  the  value  of  a  and  of  b  and  hence  factorize  f(x). 

8  x5  +  ax2  +  x  +  b  i  s  exactly  divisible  by  x  -  3  and  the  remainder  is  -20  when  it  is  divided 
by  x  +  2.  Find  the  values  of  a  and  b  and  then  factorize  the  expression. 

9  The  function  f(x)  =  2x2  + ax2 -2x  +  b  has  a  factor  2x  -  1.  When  f(x)  is  divided  by 
x  +  2,  the  remainder  is  -13.  Find  the  value  of  a  and  of  b  and  find  the  other  two  factors 
of  f(x)'. 

10  Given  that  f(x)  =  x3  +  ax2  +  bx  +  8  and  that  the  remainders  when  f(x)  is  divided  by 
x  +  1  and  x  +  2  are  6  and  -8  respectively,  find  the  value  of  a  and  of  b  and  hence 
factorize  f(x). 

11  If  x  -  2  is  a  common  factor  of  the  expressions  x 2  +  (p  +  q)x  -  q  and 
2X1  +  (p  -  l)x  +  (p  +  2 q),  find  the  value  of  p  and  of  q. 

12  The  remainder  when  x(x  +  b)(x  -  2b)  is  divided  by  x  -  b  is  -16.  Find  the  value  of  b. 

13  Find  the  value  of  k  (*  0)  for  which  x  +  k  and  x  -  *  are  both  factors  of  x3  -  x2  -  9x  + 
9.  Then  find  the  third  factor. 

14  The  expression  x*  +  4x3  +  6x2  +  5x  +  2has  only  two  linear  factors.  Find  these  factors. 

15  The  expression  A(x  -  1)!  +  B(x  +  3)!  +  20  is  exactly  divisible  by  x  +  1  and  the 
remainder  is  26  when  it  is  divided  by  x.  Find  the  value  of  A  and  of  B.  Using  these 
values,  rewrite  the  expression  as  a  polynomial  and  factorize  completely. 

Solving  a  Cubic  Equation 


Example  10 

Solve  the  equation  2x*  +  3x*  -  3x  =  2. 

First  we  factorize  the  polynomial  2x’  +  3X2  -  3x  -  2. 

The  sum  of  the  coefficients  is  0  so  x  -  1  is  a  factor. 

Then  the  polynomial  is  (x  -  l)(2x*  +  5x  +  2)  =  (x  -  l)(2x  +  lXx  +  2). 

Hence  the  roots  of  the  cubic  equation  2x’  +  3X2  -  3x  -  2  =  0  are  x  =  I  or  -  |  or  -2. 
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Example  11 

If  fix)  m  X1  -  3x?  +x  +  2,  solve  the  equation  fix)  =  0. 
x  -  1  is  not  a  factor  of  f(x). 

Verify  that  x  +  1  is  also  not  a  factor. 

Try  x  -  2  and  verify  that  this  is  a  factor. 

Then  f(jc)  =  C*  -  2M*1  -  jr  -  1). 

The  roots  of  f(jc)  =  0  are  x  = 2  and  the  roots  of  x2  -  x  -  1  =  0, 


Given  that  fix)  =  x3  -  2x*  +  2x.  solve  the  equation  fix)  =  4. 

f(jc)  =  4  gives  jt3-2x2  +  2x-4  =  0.  To  solve  this  equation,  we  first  fact 

polynomial  x3  -  lx3  +  2x  -  4. 

Check  that  x  +  1  and  x  -  1  are  not  factors.  Now  try  x  -  2. 

Divide  the  polynomial  by  jc  -  2  to  obtain  the  other  factor. 

The  equation  is  (x  -  2)(xJ  +  2)  =  0  and  the  only  root  is  x  =  2  as  jr  +  2  =  0  ha 


^  =  I2xJ+ I2*1- 12r-12=  12<x5+xI-x- 1) 

=  0  when  x3+xs-x  -  1  =0. 
x  -  1  is  a  factor  of  the  left  hand  side  of  this  equation. 
Thenx3+x*-x-  1  =(x-  l)(xJ  +  2x+  t)  =  (x-l)(x+  l)2a 
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X 

slightly  <  -1 

-1 

slightly  >  -1 

sign  of 

- 

0 

- 

sketch  of  tangent 

— 

At  x  =  -1,  the  curve  has  a  point  of  inflexion. 


IDENTICAL  POLYNOMIALS 

If  we  state  that  two  cubic  polynomials  are  identical,  then  corresponding  coefficients  must 

Soif2x3-xJ+x-5  =  ax’  +  hx2  +  cx  +  <f  then  a  =  2,  b  =  -1,  c  =  1  and  d  =  -5. 

We  can  also  say  that  the  polynomials  are  equal  for  all  values  of  x. 

This  enables  us  to  convert  a  polynomial  into  a  form  which  may  be  more  suitable  for 
further  computations.  The  method  is  general  and  applies  to  any  polynomials  of  the  same 
degree. 


Example  14 

Given  that  2x*  -x*  -  7x  -  5  =  ( Ax  +  B)(x  -  l)(x  +  2)  +  Cfor  all  values  of  x.  evaluate 
A.  B  and  C. 

First  expand  the  right  hand  side,  obtaining 
(Ajr  +  BX^  +  Jt-2)  +  C  =Ax,  +  (B  +  A)xJ  +  (B-2A)x-2B  +  C 
s2x3-xJ-7x-5 
Now  compare  coefficients: 

The  x3  term  gives  A  =  2. 

The  x3  term  gives  B  +  A  =  -1  so  B  =  -3. 

Check  that  the  x-coefficients  are  equal.  B-2A  =  -3-4  =  -7  which  is  correct,  finally 
-2B  +  C  =  -5soC  =  -ll. 

An  alternative  method  is  to  substitute  suitable  values  of  x  into  each  polynomial, 
remembering  that  these  are  equal  for  all  values  of  x. 

Put  x  =  1.  Then  2-l-7-5  =  0  +  CsoC  =  -ll.  Note  why  1  was  chosen.  What  other 
value  of  x  could  we  have  chosen  instead? 

Now  put  x  =  0.  Then  -  5  =  (B)(-1X2)  -  1 1  so  B  =  -3. 

Put  x  = -1.  Then -2  -  1  +  7  -  5  =  (-A  -  3X-2XD  -  1 1 
i.e.  -1  =  2A  +  6  -  11  so  A  =  2. 

Either  method  is  simple  to  use.  but  the  second  method  needs  a  careful  choice  of  values 
for  x. 
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Exercise  12.3  (Answers  on  page  634.) 

1  Solve  the  equations 

(a)  x3  +  x2-x=  1 
(c)  x3  +  (ix2  +  1  lx  +  6  =  0 
(e)  *5  +  2*J-2>c  +  3  =  0 
(g)  x3-9x2  +  26x  =  24 
(i)  x3-4i2  +  x  +  6  =  0 
(k)  ^(2*+  l)=  13* -6 

2  The  expression  x*  +  a*2  +  bx  +  1 2  is  exactly  divisible  by  x  -  1  and  x  +  3.  Find  the  value 
of  a  and  of  b  and  the  remaining  factor  of  the  expression.  Hence  solve  the  equation 
x3  +  ax1  +  bx  +  12  =  0. 

3  (x  -  2)  is  a  factor  of  2k3  +  ax3  +  bx  -  2  and  when  this  expression  is  divided  by  x  +  3, 
the  remainder  is  -50.  Find  the  value  of  a  and  of  b  and  the  other  factors.  Hence  solve 
the  equation  2x*  +  ax3  +  bx  -  2. 

4  In  each  of  the  following,  the  polynomials  are  equal  for  all  values  of  x.  Evaluate  A.  B 
and  C. 

(a)  x3-x2-2x-7  =  x(Ax  +  B)(x  +  1)  +  C 

(b)  3xs-8x2  +  4x-5=x(Ax  +  B)(x-2)  +  C 

(c)  Sx3-  13xi+  18x  -  10  =  (Ax  +  B)(x -  l)(x - 2)  +  C 

(d)  4x3-7x3-5x  +  6  =  (Ax+B)(x-2)(x+l)  +  C 

(e)  2x2-x  +  3  =  A(x  +  l)2  +B(x+  1)  +  C 

(f)  2x3-7x2  +  7x-5  =A(x- 1)3  +  Bx(x- 1)  +  C 

5  (a)  Solve  the  equation  x3  -  7x  +  6  =  0.  Hence  state  the  solutions  of  the  equation 

(x  -  2)3  -  7(x  -  2)  +  6  =  0. 

(b)  Solve  the  equation  2s3  =  1  lx2  -  17x  +  6. 

6  If  f(x)  =  x3  +  ax2  +  bx  +  6  and  the  remainders  when  f(x)  is  divided  by  x  +  1  and  x  -  2 
are  20  and  8  respectively,  find  the  value  of  a  and  of  b  and  hence  solve  the  equation  f(x) 
=  0. 

7  (a)  f(x)  =  x3  +  ox2  +  bx  +  12.  Given  that  the  remainders  when  f(x)  is  divided  by 

x  +  1  and  x  +  3  are  12  and  -30  respectively,  find  the  value  of  a  and  of  b.  With 
these  values,  solve  the  equation  f(x)  =  0. 

(b)  f(x)  =  Xs  +  Jfcr  +  3x  -  2  is  divided  by  x  +  k.  If  the  remainder  is  4,  find  the  value 
divisible  by  x  -  4.  With  this  value  for  k.  solve  the  equation  f(x)  =  4(x  -  1). 

8  Find  the  x-coordinates  of  the  points  where  the  line  y  =  5x  -  1  meets  the  curve 
y  =  2x*  +  x2  +  1. 

9  Find  the  coordinates  of  the  points  of  intersection  of  the  curve  y  =  x3  and  the  line 
y  =  7x  +  6. 

10  Show  that  2X3  -  x2  +  3x  -  4  cannot  be  equal  to  x(Ax  +  B)(x  -  2)  +  C  for  all  values 
of  x.  State  the  new  coefficient  of  x  in  the  first  polynomial  which  will  make  the 
polynomials  identical. 


(b)  x3  +  2x2-x=  2 
(d)  x3  -  4X2  +  5x  -  2  =  0 
(f)  x3  =  13x  +  12 
(h)  x3  =  6x  +  5 
0)  4X3-  12x2  +  5x  +  6  =  0 
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11  Find  the  jr-coordinates  of  the  points  where  the  line  y  =  x  +  6  meets  the  curve 
y  =  r’  +  3jr2  +  jr  +  2  and  show  that  the  line  is  a  tangent  to  the  curve  at  one  of  these 

12  Find  the  .t-coordinates  and  the  type  of  the  turning  points  on  the  curve 
y  =  Jt4-8xJ  +  22x1-24.x  +  4. 

13  Fig.  1 2. 1  shows  part  of  the  curve  y  =  x3  +  1 .  The  tangent  at  A  (-1 ,0)  meets  the  curve 
again  at  T.  Find 

(a)  the  equation  of  AT, 

(b)  the  coordinates  of  T, 

(c)  the  area  of  the  shaded  region  in  the  figure. 


A(-l ,  0) 


Fig.  12.  l 


14  The  tangent  at  P(l,l)  on  the  curve  y  =  Xs  meets  the  curve  again  at  Q.  Find 

(a)  the  equation  of  PQ, 

(b)  the  coordinates  of  Q, 

(c)  the  area  of  the  finite  region  enclosed  by  the  tangent  and  the  curve. 


SUMMARY 

•  Remainder  theorem:  if  a  polynomial  f(or)  is  divided  by  px  +  q.  the  remainder  is 


f(-jj):  if  divided  by  x  -  a.  the  remainder  is  f(a). 

•  Factor  theorem:  if  px  +  q  is  a  factor  of  f(jr),  f(-  ^)  =  0; 
if  x  -  a  is  a  factor  of  f(jc),  f(a)  =  0. 

•  If  f(- =  0,  p.t  +  </  is  a  factor  of  f(jr): 
if  f(o)  =  0,  x  -  a  is  a  factor  of  f(jr). 

•  If  ihe  sum  of  the  coefficients  of  f(.r)  is  0.  then  .v  -  I  is  a  factor  of  f(x). 
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REVISION  EXERCISE  12  (Answers  on  page  635.) 


A 

1  The  expression  ax'  -  x2  +  bx  -  1  leaves  remainders  of  -33  and  77  when  divided  by 
x  +  2  and  x  -  3  respectively.  Find  the  value  of  a  and  of  b  and  the  remainder  when 
divided  by  x-2. 

2  (a)  The  expression  fix2  +  x  +  7  leaves  the  same  remainder  when  divided  by  jr  -  a  and 

x  +  2a,  where  a  *  0.  Calculate  the  value  of  a. 

(b)  Given  that  x2  +  px  +  q  and  3 x2  +  q  have  a  common  factor  x  -  b.  where  p,  q  and 
b  are  non-zero,  show  that  3p2  +  4q  =  0.  (C) 

3  (a)  Find,  in  terms  of  p,  the  remainder  when  3x3  -  2x3  +  px  -  6  is  divided  by  x  +  2. 

Hence  write  down  the  value  of  p  for  which  the  expression  is  exactly  divisible  by 

V  +  2. 

(b)  Solve  the  equation  x3  -  12x  +  16  =  0. 

(c)  Given  that  the  expression  x3  +  ax2  +  bx  +  c  leaves  the  same  remainder  when 
divided  by  x  -  l  or  x  +  2,  prove  that  a  =  b  +  3. 

Given  also  that  the  remainder  is  3  when  the  expression  is  divided  by  x  +  1, 
calculate  the  value  of  c.  (C) 

4  Find  the  x-coordinates  of  the  points  where  the  curves  y  =  x3  -  4x3  -  5  and 
y  m  2X2  -  1  lx  +  I  intersect. 

5  (a)  The  expression  2X3  +  ax2  -  72x  -  18  leaves  a  remainder  of  17  when  divided  by 

x+5.  Determine  the  value  of  a. 

(b)  Solve  the  equation  2x*  =  x2  +  5x  +  2. 

(c)  Given  that  the  expression  x2  -  5x  +  7  leaves  the  same  remainder  whether  divided 
by  x  -  b  or  x  -  c,  where  b  *  c,  show  that  b  +  c  =  5. 

Given  further  that  4 be  =  21  and  that  b>c,  find  the  value  of  b  and  of  c.  (C) 

6  (a)  Given  that  x  +  2  is  a  factor  of  f(x)  =  x>-3x2-4x+p  find  the  value  of  p  and  hence 

factorise  f(x). 

(b)  Solve  the  equation  2x*  +  3X2  -  4x  -  4,  giving  the  answers  correct  to  2  decimal 
places  if  necessary. 

(c)  If  4x>  -  1  lx2  -  (a  +  7  =  (Ax  +  B)(x  +  1  )(x  -  3)  +  C  for  all  values  of  x,  evaluate  A. 
B  and  C. 

7  (a)  The  expressions  x3  -  7x  +  6  and  x’  -  x2  -  4x  +  24  have  the  same  remainder  when 

divided  by  x  +  p. 

(i)  Find  the  possible  values  of  p. 

(ii)  Determine  whether,  for  either  or  both  of  these  values,  x  +  p  is  a  factor  of  the 
expressions. 

(b)  Given  that  E  =  x*  -  x3  +  Sx2  +  4x  -  36,  find  (i)  the  remainder  when  E  is  divided 
by  x  +  1 ,  (ii)  the  value  of  a  (a  >  0)  for  which  x  +  a  and  x  -  a  are  both  factors 
of  E.  (C) 
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8  If  the  polynomials  (i)  3X3  +  x3  +  2x  +  4  and  (ii)  x3  +  2X2  +  fix  -  10  are  each  divided 
by  x  -  a,  the  remainder  from  (i)  is  double  the  remainder  from  (ii).  Find  the  possible 
values  of  a. 


9  The  gradient  of  a  curve  at  the  point  (x,y)  is  given  by  3x*  -  12x  +  12  and  the  curve 
passes  through  the  point  (0.-7).  Find  the  equation  of  the  curve  and  the  coordinates  of 
the  point(s)  where  it  meets  the  x-axis. 


10  If  the  vectors  r,  =  (r  -  1)1  -  (r  +  2)j  and  r2  =  »!i  +  (r  -  l)j  are  perpendicular,  find  the 
possible  values  of  t. 

11  (a)  Find  the  remainder  when  x3  +  3x  -  2  is  divided  by  x  +  2. 

(b)  Find  the  value  of  a  for  which  (1  -  2aW  +  Sax  +  (a  -  l)(a  -  8)  is  divisible  by 
x  -  2  but  not  by  x  -  1. 

(c)  Given  that  lfix*  -  Ax3  -  4 bV  +  7 bx  +  18  is  divisible  by  2r  +  b, 

(i)  show  that  b3  -  lb1  +  36  =  0, 

(ii)  find  the  possible  values  of  b.  (C) 

12  The  tangent  at  the  point  P(  1 ,3)  on  the  curve  y  =  x5  -  x  +  3  meets  the  curve  again  at  T. 
Find  (i)  the  equation  of  PT,  (ii)  the  coordinates  of  T  and  (iii)  the  area  of  the  finite 
region  enclosed  by  the  curve  and  the  tangent. 


13  Fig.  12.2  (not  drawn  to  scale)  shows  parts  of  the  curves  y  =  x3  +  2  and  y  =  x(2x  +  1). 
Find  the  coordinates  of  the  points  A,  B  and  C  where  the  curves  intersect  and  the  areas 
of  the  shaded  regions  P  and  Q. 


14  By  first  solving  the  equation  x3  -  3x  +  2  =  0  or  otherwise,  find  the  solutions  of  the 
equation  (x  +  2)3  =  3x  +  4. 


15  If  f(x)  =  x3-3x2  +  x-3,  show  that  x  -  2  is  a  factor  of  f(x  +  I). 

16  Given  that  2x  +  p  is  a  factor  of  2**  +  px3  +  2 px1  +  7x  +  3,  show  that  p3  -  7p  +  6  =  0 
and  hence  find  the  possible  values  of  p. 
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17  Solve  the  equation  6  cos3  0  =  7  cos2  0  -  I  for  0°  <  0  <  360°. 

18  Factorize  the  polynomial  f(jr)  =  x1  -  (2p  +  l)*2  +  (2p  -  q)x  +  q  where  p  and  q  are 
constants.  If  the  equation  f(jr)  =  0  has  three  real  roots,  show  that  p2  +  q  2  0. 

19  If  the  polynomial  or*  +  bx?  +  cx  -  4  is  divided  by  x  +  2,  the  remainder  is  double  that 
obtained  when  the  polynomial  is  divided  by  x  +  1 .  Show  that  c  can  have  any  value  and 
find  b  in  terms  of  a. 

20  If  the  solutions  of  the  equation  jr3  +  px?  +  qx  +  r  =  0  are  a,  b  and  c  it  can  be  proved 

that  a2  +  fr2  +  c2=p2  -  2 pq  and  that  o'  +  +  c!  =  3 pq  -  p3  -  3r. 

Verify  these  statements  for  the  equation  j3  +  2r2-5jr-6  =  0. 

Make  up  a  cubic  equation  (.r  -  a){ x  -  b)(x  -  c)  =  0  with  values  for  a,  b  and  c  and  verify 
the  statements  for  your  equation. 

21  Find  the  ranges  of  values  of  .t  for  which 
2*3-3jc2  +  jc  +  6<(.x  +  2)(*  +!)(*-  1) 
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Arithmetic  and 
Geometric 
Progressions 

ARITHMETIC  PROGRESSIONS 

Here  are  3  sequences  of  numbers  which  follow  a  simple  pattern.  Can  you  say  what  the 
next  two  numbers  should  be? 

(i)  1,4.7,10,... 

(ii)  -15,  -1 1.  -7,  -3, ... 

(Hi)  29,  27s ,  26,  24| , ... 

You  will  have  found  that  in  (i)  the  numbers  increase  by  3  so  the  next  two  numbers  are 
13  and  16,  in  (ii)  the  numbers  increase  by  4  so  the  next  two  are  1  and  5.  and  in  (iii)  the 
numbers  decrease  by  1  ^  so  the  next  two  arc  23  and  2 1 1 . 

These  arc  examples  of  an  arithmetic  progression,  which  we  shall  abbreviate  as  AP. 
An  AP  is  a  sequence  of  numbers  which  increase  by  a  constant  amount  (+  or  -).  This 
amount  is  called  the  common  difference  (d)  and  the  starting  number  is  called  the  first 
term  (o).  Hence  the  second  term,  or  7",  for  short  is  a  +  d.  the  third  term  7',  is  a  +  d  +  d 
=  a  +  2d  and  so  on. 

1st  term  2nd  term  3rd  term  4tli  term  ...  nth  term 

7,  T,  Tj  T4  ...  T, 

a  a  +  d  a  +  2d  a  +  3d  ...  a  +  (n-l)d 

So  the  formula  for  the  nth  term  (7'>)  of  an  AP  is 

Tm  =  a  +  (n-  l)d 


13 


Note  that  the  difference  between  consecutive  terms  is  constant: 

r,-r,  =  rJ-r,  =  T4-rJ  =  ...  =  t/ 
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Example  1 

(a)  What  is  the  15th  term  of  the  AP  -5.  -2, 1. ...  ? 

(b)  Which  term  is  28? 

In  this  AP,  a  =  -5  and  d  =  3. 

(a)  r,5  =  a+ 14rf  =  -5  +  42  =  37 

(b)  =  a  +  (n  -  l)rf  so  28  =  -5  +  (n  -  1)  x  3  =  3n  -  8 
Hence  n  =  12  i.e.  28  is  the  12th  term. 


Example  2 

Find  a  formula  in  terms  of  n  for  the  nth  term  of  the  AP  15, 9, 3, ...  and  hence  find  the 
30th  term. 

T,  =  a  +  (n  -  \}d=  15  +  (n-  1)  x  (-6)  =  21  -  6n 
Then  TM  =  21  -  6  x  30  =  -159. 

Example  3 

The  nth  term  of  an  AP  is  given  by  Tn  =  2n  +  9.  Find  (a)  the  first  term,  ( b)  the  common 
difference. 

(a)  r,  =  2xl+9=ll 

(b)  =  2x2  +  9-11=2 

Example  4 

If  the  5th  term  of  an  AP  is  -4  and  the  I Oth  term  is  16,  find  the  first  term  and  the 
common  difference. 

Ts  =  a  +  4d  =  -4  and  T)0  =  a  +  9d=  16. 

Solving  these  equations,  d  =  4  and  a  =  -20. 


Example  5 

The  first  term  of  an  AP  is  -4  and  the  15th  term  is  double  the  5th  term.  Find  the  12th 

We  must  first  find  d. 

ris  =  -4+  14dandr,  =  -4  +  4</. 

r„  =  27,  so  —4  +  14d  =  2( — 4  +  4<f)  =  -8  +  id. 

Hence  6d  = -A  and  d  =  - 

Then  the  12th  term  =  a+  lld  =  -4+llx(-^  =  -11  j. 


Example  6 

The  sum  of  three  consecutive  terms  of  an  AP  is  1 8  and  their  product  is  120.  Find  these 

We  could  take  k,k  +  d  and  k  +  2d  as  the  three  consecutive  terms  but  it  is  simpler  to 
take  k-d,k  and  k  +  d  instead. 

The  sum  of  these  is  3k  =  18  and  so  k  =  6. 

The  product  of  the  three  terms  is 

(k-d)k(k  +  d)  =  (6-d)x6x(6  +  d)=  120 
so  (6  -  <f)(6  +  d)  =  20  i.e.  36  -  =  20  or  d2  =  16. 

Hence  d  =  ±4. 

The  numbers  are  either  2, 6,  10  or  10, 6,  2.  The  numbers  are  the  same  but  they  come 
from  different  APs. 


Arithmetic  Means 

If  a,  b  and  c  are  three  consecutive  terms  of  an  AP,  b  is  called  an  arithmetic  mean 
between  a  and  c.  Now  b-a  =  c-b  so  2b  =  a  +  c  and  b  =  |  (a  +  c).  For  example,  the 
arithmetic  mean  between  -7  and  3  is  j(-7  +  3)  =  -2. 

Exercise  13.1  (Answers  on  page  635.) 

1  State  the  first  term  and  the  common  difference  and  then  find  the  7th  and  the  13th 
terms  of  the  following  APs: 

(a)  2, 6,  10, ... 


(b)  -3,0,  3  ... 


2  For  the  AP  -2,  1.4. ...  state  (a)  the  8th  term,  (b)  the  12th  term,  (c)  Find  a  formula  for 
the  nth  term. 

3  Find  (a)  the  9th,  (b)  the  20th,  terms  of  the  AP  17,  13,  9.  ... 

(c)  Which  term  of  this  AP  will  be  -35  ? 

(d)  Find  a  formula  for  the  nth  term. 

4  (a)  Find  a  formula  for  the  nth  term  of  the  AP  -10,  -7,  -4,  ... 

(b)  If  lx  -  3  is  the  arithmetic  mean  of  jr  -  4  and  5.v  -  8  find  the  values  of  x. 

5  The  8th  term  of  the  AP  a,  a  +  4,  a  +  8, ...  is  33.  Find  (a)  the  value  of  a.  (b)  the  15th 
term. 

6  If  the  first  term  of  an  AP  is  5  and  the  9th  term  is  25,  find  the  common  difference. 

7  Find  (a)  the  7th  term  and  (b)  a  formula  for  the  nth  term  of  the  AP  5,  |,  1  g, ... 

8  The  4th  term  of  an  AP  is  13  and  the  10th  term  is  31.  Find  the  20th  term. 

9  The  5th  term  of  an  AP  is  5  5  and  the  9th  term  is  85.  Find  the  17th  term  and  a  formula 
for  the  nth  term. 

10  The  4th  term  of  an  AP  is  5  and  the  1 1th  term  is  26.  Find 

(a)  the  first  term  and  the  common  difference, 

(b)  a  formula  for  the  nth  term. 

11  A  ball  rolls  down  a  slope  so  that  it  travels  4  cm  in  the  1st  second,  7  cm  in  the  2nd, 
10  cm  in  the  3rd  and  so  on.  How  far  does  it  travel  in 

(a)  the  7th, 

(b)  the  nth,  second? 

12  The  nth  term  (T,)  of  an  AP  is  given  by  T„  =  3  -  5 n. 

(a)  State  (i)  the  8th  term,  (ii)  the  21st  term. 

(b)  What  is  the  first  term? 

(c)  What  is  the  common  difference? 

13  The  nth  term  (TJ  of  an  AP  is  given  by  Ta  =  5  (4n  -  3). 

(a)  State  (i)  the  5th  term,  (ii)  the  10th  term. 

(b)  Find  the  common  difference. 

14  If  the  5th  term  of  an  AP  is  10  and  the  10th  term  is  5,  find  the  first  term  and  the 
common  difference. 

15  If  the  12th  term  of  an  AP  is  double  the  5th  term  find  the  common  difference,  given 
that  the  first  term  is  7. 

16  The  16th  term  of  an  AP  is  three  times  the  5th  term.  If  the  12th  term  is  20  more  than 
the  7th  term,  find  the  first  term  and  the  common  difference. 

17  In  an  AP  the  9th  term  is  -4  times  the  4th  term  and  the  sum  of  the  5th  and  7th  terms 
is  9.  Find  the  first  term  and  the  common  difference. 

18  In  an  AP  the  22nd  term  is  4  times  the  5th  term  while  the  12th  term  is  12  more  than  the 
8th  term.  Find  the  first  term  and  the  common  difference. 
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19  Find  a  formula  for  the  nth  term  of  the  AP  3, 2j,  2, ... 

20  The  sum  of  3  consecutive  terms  of  an  AP  is  6  and  their  product  is  -42.  Find  these 

21  p,  q  and  r  are  three  consecutive  terms  of  an  AP.  Express  p  and  r  in  terms  of  q  and  d, 
where  d  is  the  common  difference.  If  the  sum  of  the  terms  is  21  and  p  =  6 r,  find  p,  q 
and  r. 

22  Which  of  the  following  sequences  is  an  AP? 

(a>  S-  5’-  W  V  5-  !•" 

(O  i.f  (d) 

23  The  9th  term  of  an  AP  is  3  times  the  5th  term. 

(a)  Find  a  relation  between  a  and  d. 

(b)  Prove  that  the  8th  term  is  5  times  the  4th  term. 

24  If  x  +  1,  2x  -  1  and  x  +  5  are  three  consecutive  terms  of  an  AP,  find  the  value  of  .r. 

25  x  +  2,  x  +  3  and  2j~  +  I  are  three  consecutive  terms  of  an  AP,  find  the  possible  values 

of  X. 


Sum  of  an  Arithmetic  Progression 

Suppose  you  were  asked  in  a  quiz:  ‘What  is  the  sum  of  the  first  20  numbers?'.  Could  you 
give  the  answer  quickly? 

It  would  be  too  slow  (and  difficult!)  to  add  them  all  up,  so  we  think  of  a  quicker  way. 
The  sequence  is  an  AP.  Call  the  sum  Sa. 

Sx  =  1  +  2  +  3  +  ...  +  18  +  19  +  20 
Sa  =20+19+18  +  ...+  3+  2+  1 
Now  add: 

2 Sm  =  21  +  21  +  21  +  ...  +  21+21+21 

which  is  20  x  (first  number  +  last  number) 

=  20  x  21  =  420 
so  SM  =  210 

Generalizing  this  for  any  AP  with  n  terms  of  which  the  first  is  a  and  the  last  is 
L,  2 S,  =  n(a  + 1)  and  therefore  S„  =  j(a  +  L). 

Hence  a  formula  for  the  sum  Sm  of  n  terms  of  an  AP,  with  first  term  a  and  last  term 


However  we  may  not  know  the  last  term.  So  we  convert  this  formula  into  a  more  suitable 
one.  L  is  the  nth  term  and  so  L  =  a  +  (n-  1  )d. 
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Then. 5.  =  |(a  + 1)  =  \  [a  +  a  +  (n  -  l)d]  =  |  [2 a  +  (n  -  1)</1  giving  this  alternative 
fonnula  for  5.: 

5„=  Jj|2a  +  («-  IWI 

We  also  say  that  adding  the  terms  of  a  sequence  gives  a  series.  Thus  I  +  2  +  3  +  4  is  an 
arithmetic  series  of  4  terms  and  the  sum  of  this  series  is  10.  The  formula  of  5.  above  gives 
the  sum  of  an  arithmetic  series  of  n  terms. 

5.  is  the  sum  of  all  the  terms  7,,  7,, ...  7,. 

5,  ,  is  the  sum  of  all  the  terms  7,,  7,. ...  7_ ,. 

Hence  7.  =  5,-5..,. 

For  example  the  9th  term  =  5,-  5,. 


Example  7 

The  integers  from  12  to  55  are  added.  What  is  their  sum? 
There  are  44  integers. 

Hence  5,  =  |  (a  +  L)=  y(12  +  55)  =  22  x  67  =  1474. 


Example  8 

A  spot  of  light  is  made  to  travel  across  a  screen  in  a  straight  line  and  the  total  distance 
travelled  is  115.5  cm.  The  distances  travelled  in  successive  seconds  are  in  AP.  It 
travels  1.5  cm  in  the  first  second  and  9.5  cm  in  the  last.  How  long  did  it  take  to  cover 
the  total  distance? 

In  this  AP,  a  =  1.5,  L  =  9.5  and  5  =  1 15.5. 

Then  115.5=  |(1.5  +  9.5)=  so  I  In  =  231  andn  =  21. 

It  took  21  seconds. 


Example  9 

The  sum  of  the  first  8  terms  of  an  AP  is  12  and  the  sum  of  the  first  16  ter 
the  AP. 

ms  is  56.  Find 

5,  =  |(2a  +  Id)  =  12  and  5„  =  ^(2a  +  15<f)  =  56. 

Then  2a  +  Id  =  3  and  2a  +  15d  =  7. 

Solving  these  equations,  we  obtain  a  =  -  ^  and  d  =  7. 

The  APis  -j, 
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=  f(2a  +  9d)  =  80  so  2a  +  9d=  16 


Sa=  y(20  +  21</)  =  7O4so2a  +  2ld  =  64 
olving  equations  (i)  and  (ii).  a  =  -10  and  <1  =  4. 


is  675,  find  the  sum  of  the  first  10  te 


=  f  (2a  +  29 d)  -  f  (2o  +  19 d) 
=  13(20  +  2 9d)  -  10(20  +  19 d) 
=  100  +  245 d  =  675 


Solving  (i)  and  (ii),  a  =  -6  and  <1  =  3. 

Then  Sw  =  ^  (-12  +  9  x  3)  =  5  x  15  =  75. 


The  sum  of  the  first  10  terms  of  an  AP  is  3  j  limes  the  sum  ot 

(a)  Find  the  ratio  of  the  10th  term  to  the  4th  term. 

( b )  Given  that  the  5th  term  is  2,  find  the  sum  of  the  first  10 1 
(a)  S10  =  5(2n  +  9d)  and  St  =  2(2 a  +  3d) 

Then  IO0  +  45d  =  \(4 a  +  6d)  =  )4a  +  2 id. 


(b)  r5  =  0  +  4<Z  =  2so  lOrf  =  2 and d  =  0.2.  Then 0 
=  5(20  +  9 d)  =  5(2.4  +  1.8)  =  21 


=  1.2. 


Example  13 

What  is  the  least  number  of  terms  of  the  AP  3.  8.  13, ... 
a  total  greater  than  80? 

that  m 

tst  be  added  to  obtain 

Here  a  =  3.  d  =  5  and  Sm>  80. 

Then  S„=  2[6  +  5(n  -  1)]  >  80  i.e.  n(6  +  5n  -  5)  >  160 

So  5nJ  +  n  -  160  >  0.  Hence  n  <  -5.8  (not  applicable)  o 
must  be  added. 

>  5.6  and  therefore  6  terms 

Exercise  13.2  (Answers  on  page  635.) 

1  Find  the  sum  of  the  first 

(a)  20  terms  of  the  AP  4,  2. 0.  ... 

(b)  15  terms  of  the  AP  -6.  -2,  2, ... 

(c)  10  terms  of  the  AP  5,  3  i,  2, ... 

(d)  1 1  terms  of  the  AP  -1.7,  -1.3,  0.9, ... 

(e)  8  terms  of  the  AP  -8,  -2,  4,  ... 

(0  20  terms  of  the  AP  12,7,2... 

(g)  13  terms  of  the  AP  2,  2i.  2±, ... 

2  Calculate  the  sum  of  the  first  8  terms  of  the  AP  j ,  § .  | , ... 

3  The  first  term  of  an  AP  is  35  and  the  last  of  15  terms  is  -109.  Find  the  sum  of  these 

4  In  an  AP,  the  first  term  is  -5  and  the  last  term  is  105.  If  the  sum  of  these  terms  is  1550, 
how  many  terms  are  there  in  the  AP? 

5  Find  the  sum  of  all  the  even  integers  from  6  to  50  inclusive. 

6  For  an  AP,  a  =  25  and  d  =  -3.  What  is  the  value  of  n  if  A',  =  116? 

7  How  many  terms  of  the  AP  2, 5,  8, ...  will  add  up  to  155? 

8  How  many  terms  are  there  in  the  AP  -12,  -7 . 133?  Find  the  sum  of  the  last  20 

terms. 

9  The  sum  of  the  first  5  terms  of  an  AP  is  5  and  the  sum  of  the  next  10  terms  is  175.  Find 
the  first  three  terms. 

10  In  an  AP  the  8th  term  is  equal  to  the  sum  of  the  first  8  terms.  Show  that  the  4th  term 
must  be  0. 

11  The  first  three  terms  of  an  AP  are  t.  2x  +  1  and  Sit-  1.  Find  the  value  of  Jt  and 
the  sum  of  the  first  10  terms. 

12  The  first  three  terms  of  an  AP  are  t  +  3, 2t+  6  and  8.  Find  the  value  oft  and  the 
sum  of  the  first  12  terms. 


313 


13  126  logs  of  wood  are  piled  up  as  shown  in  Fig.  13.1.  There  are  21  logs  in  the  bottom 
row.  How  many  rows  are  there  and  how  many  logs  are  there  in  the  top  row? 


14  In  an  AP,  T„  =  2  x  Tr  Find  the  ratio  S„:S,. 

15  What  is  the  least  number  of  terms  of  the  AP  5,  1 1, 17, ...  that  must  be  added  to  give 
a  total  sum  greater  than  100? 

16  A  line  which  is  140  cm  long  is  divided  into  20  pieces  whose  lengths  form  an  AP.  If 
the  shortest  piece  is  3  cm  long.  And  the  length  of  the  longest  piece. 

17  (a)  20  pieces  of  wood  have  lengths  in  AP.  The  shortest  is  5  cm  long  and  the  total 

length  of  the  pieces  is  4S0  cm.  What  is  the  length  of  the  longest  piece? 

(b)  In  an  AP  the  sum  of  the  first  1 1  terms  equals  the  sum  of  the  first  20  terms.  Given 
that  the  5th  term  is  33  find  the  sum  of  the  first  31  terms. 

18  The  6th  term  of  an  AP  with  12  terms  is  14  and  the  sum  of  the  last  6  terms  is  126. 
Calculate  the  sum  of  the  first  6  terms. 

19  The  first  term  of  an  AP  is  3.  Given  that  the  sum  of  the  first  6  terms  is  48  and  that  the 
sum  of  all  the  terms  is  168.  calculate 

(a)  the  common  difference, 

(b)  the  number  of  terms  in  the  AP, 

(c)  the  last  term. 

20  (a)  What  is  the  least  number  of  terms  of  the  AP  4, 4.5, 5, ...  to  be  added  to  obtain  a 

total  greater  than  50? 

(b)  Strips  of  wood  whose  lengths  form  the  AP  10,  12,  14  ...  cm  arc  laid  end  to  end 
in  a  straight  line.  How  many  must  be  laid  to  give  a  total  length  L  cm  where 
160  <L<  190? 

21  Given  that  the  ratio  of  the  1 8th  term  to  the  6th  teim  in  an  AP  is  3: 1 ,  calculate  the  ratio 
of  the  sum  of  the  first  18  terms  to  the  sum  of  the  first  6  terms. 
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GEOMETRIC  PROGRESSIONS 

Can  you  see  the  difference  in  the  pattern  of  these  sequences  of  numbers? 

(i)  2, 4, 6.  8,  10, ...  (ii)  2, 4,  8,  16.  32. 64  ... 

The  first  is  an  AP  with  common  difference  2.  In  the  second  however,  each  term  is 
multiplied  by  2  to  form  the  next  term.  This  is  the  feature  of  a  geometric  progression  or 
GP  for  short.  In  a  GP,  each  term  is  multiplied  by  a  constant,  called  the  common  ratio  (r), 
to  give  the  next  term. 

Taking  a  as  the  first  term,  the  pattern  will  be  as  follows: 


first  term  second  term  third  term 

fourth  term 

..  nth  term 

r,  t:  r3 

Tt 

r. 

a  a  Xr  arxr 

ar2  xr 

a  ar  at 2 

at3 

ar*x 

The  formula  for  the  nth  term  of  a  GP  is 

r  =  ar-' 

Note  carefully  -  the  index  for  Tt  is  n  -  1. 

In  a  GP,  the  ratio  of  a  term  to  the  preceding  one 

s  always  equal 

0  r 

Tj:T,  =  TyT,  =  Ta:Ts 

=  ...  =  r 

Example  14 

State  the  common  ratio  of 

(a)  12,-4, 1$....  (b)  5.3.5... 

(c) 

10j ,  16, 24. ... 

To  find  r,  divide  a  term  by  the  preceding  one. 

(a)  r  =  -4  +  12  =  -3 

(b)  r  =  3  +  j  =  5 

(c)  r=  16+  lof  =  16  x  ^  =  \ 
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Example  15 

Find  (a)  the  12th  term  of  the  GP  128, 64, 32, ...  (b)  a  formula  for  the  nth  term. 

(a)  a  =  128,  r  =  i 

Then  Tn  =  ar"  =  128  x  (5)  =  jrr  =  y  = 

(b)  T  =  ar-'  =  128  x  (i]"'  =  ^7  =  27-<*-,>  =  2‘" 

Example  16 

If  x  +  1.x  +  3  and  x  +8  are  the  first  three  terms  of  a  GP,  find  (a)  the  value  of  x, 
(b)  the  common  ratio  r. 

(a)  r-  -  & I 

Then  (.t  +  3)(x  +  3)  =  (*  +  IK*  +  8) 

i.e.  x‘  +  6x  +  9  =  x‘  +  9x  +  8  which  gives  x  =  5. 

(*»  »•=  frr  =  f  -  5  =  § 

Example  17 

The  4th  and  8th  terms  of  a  GP  are  3  and  jj  respectively.  Find  the  possible  values  of 
a  and  of  r. 

Tt  =  ar>  =  3  and  Tt  =  ar 7  =  jy. 

Divide  to  eliminate  <*:^=/4=^+3=jf. 

Hence  r  =  ±  j . 

If  r  =  +  =  3  and  a  =  3  x  27  =  81. 

If  r  =  -  =  3  and  a  =  -81. 

This  gives  two  possible  GPs:  81,  27, 9, ...  or  -81, 27,  -9, ... 


Example  18 

The  first  term  of  a  GP  exceeds  the  second  term  by  4  and  the  sui 
terms  is  2  j.  Find  the  first  three  terms. 

of  the  2nd  and  3rd 

a  -ar  =  4 

(i) 

and  ar  +  ar3  =  | 

Divide  (i)  by  (ii)  to  eliminate  a:  ^  +  ^  =  4  +  |  =  | 

Then  jyy  =  | 

which  gives  2  -  2r  =  3r  +  3H  or  3r*  +  5r  -  2  =  0. 

Hence  (3r  -  l)(r  +  2)  =  0  giving  r  =  ^  or  -2. 

From  (i),  when  r  =  j,  a  =  6  and  when  r  =  -2,  a  =  |. 

The  first  three  terms  are  therefore  either  6.  2,  5  or  5,  -5 ,  y. 

(ii) 

Example  19 

A  store  finds  that  it  is  selling  10%  less  of  an  article  each  week.  In  the  first  week  it  sold 
500.  In  which  week  will  it  he  first  selling  less  than  200? 

The  number  of  articles  sold  forms  a  GP  with  a  =  500  and  r  =  0.9. 

[If  a  =  500  then  T1  is  10%  less  i.e.  T,  =  0.9o] 

T  =  500(0.9)" 1  and  we  require  the  least  value  of  n  for  which  500(0.9)" 1  <  200 
i.e.  0.9"  1  <  0.4.  Then  0.9"  <  0.4  x  0.9  =  0.36. 

This  can  be  found  quickly  using  the  xy  key  of  a  calculator  and  testing  values  of  0.9" 
for  say  «  =  5.6, ...  and  slopping  when  the  result  is  first  <  0.36.  This  will  be  forn  =  10. 
In  the  10th  week  less  than  200  are  sold.  (An  alternative  method  using  logarithms  is 
shown  in  Chapter  15). 


Geometric  Means 

If  a,  h  and  c  are  consecutive  terms  of  a  GP,  then  b  is  the  geometric  mean  of  a  and  c. 
j  =  ^sob2  =  ac  or  b  =  4ac.  For  example,  the  geometric  mean  of  2  and  32  is  8  as 
V2  x  32  =  8. 


317 


Exercise  13.3  (Answers  on  page  635.) 

1  Find  the  term  stated  for  the  following  CPs: 

(a)  5th  term  of  80.  20.  5 . 

(b)  6th  term  of  the  GP  60. 40. 26= . 

(c)  8th  term  of  222,  24J,  81 . 

2  Find  a  formula  in  terms  of  n  for  the  nth  term  of  the  GP  gp ,  jj ,  .... 

3  The  2nd  and  7th  terms  of  a  GP  are  40  j  and  g  respectively. 

Find  the  first  term  and  the  common  ratio. 

4  The  sum  of  the  1st  and  3rd  terms  of  a  GP  is  §  and  the  sum  of  the  2nd  and  4th  terms 
is  1  j .  Find  the  first  term  and  the  common  ratio. 

5  The  3rd  and  6th  terms  of  a  GP  are  2g  and  respectively.  Find  the  2nd  term. 


6  Which  of  these  sequences  of  numbers  is  a  GP? 

(a)  j,  !,...  (b)  j,  §.  §,... 

(o  i  1. 1.  • 

(d)  2.1.2.... 

<*>  I-*.*.- 

(0  8.  12.  18. 

(g)  9.  12.  15. ... 

(h)  l.i.i.... 

7  The  2nd  and  6th  terms  of  a  GP  (with  common  ratio  r  >  0)  are  |  and  4 1  respectively. 
Find 

(a)  r. 

(b)  the  first  term, 

(c)  the  3rd  term. 

8  The  2nd  and  5th  terms  of  a  GP  are  pg  and  respectively.  Find 

(a)  the  common  ratio. 

(b)  the  first  term, 

(c)  the  3rd  term. 

9  The  nth  term  T  of  a  GP  is  given  by  T  =  ah?" ' State  the  first  two  terms.  If  the 
5th  term  is  16  times  the  3rd  term,  find  the  common  ratio. 

10  If  8,  ,r,  y  and  27  are  four  consecutive  terms  of  a  GP.  find  the  value  of  x  and  y. 

11  The  arithmetic  mean  of  two  numbers  is  15  and  their  geometric  mean  is  9.  Find  the  two 
numbers. 

12  Given  that  .r  +  2,  *  +  3  and  jc  +  6  arc  the  first  three  terms  of  a  GP,  find  (a)  the  value 
of  x  and  (b)  the  5th  term  of  the  GP. 

13  Show  that  .r  +  1 ,  jt  +  3  and  x  +  5  cannot  be  three  consecutive  terms  of  a  GP,  whatever 
the  value  of  x. 

14  If  jc  -  2,  x  -  1  and  3jc  -  5  are  the  first  three  terms  of  a  GP,  find 

(a)  the  possible  values  of  x, 

(b)  the  common  ratio  for  each  of  the  possible  GPs. 
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15  Each  year  the  value  of  an  article  decreases  by  8%  of  its  value  at  the  beginning  of  the 
year.  If  the  original  value  was  $4000,  after  how  many  years  will  its  value  first  be  less 
than  $1000? 

16  Which  term  of  the  GP  f ,  ...  is  fjf 

17  The  first  term  of  a  GP  is  4  and  the  sum  of  the  first  three  terms  is  7.  Find 

(a)  the  possible  values  of  r  and 

(b)  the  5th  term  of  each  possible  GP. 

18  In  a  GP  the  sum  of  the  2nd  and  3rd  terms  is  1  §  and  the  4th  term  is  p. 

Find  (a)  the  possible  values  of  r  and  (b)  the  first  term  of  the  GP. 

19  In  a  GP  where  r>0,  the  sum  of  the  2nd  and  3rd  terms  is  and  the  4th  term  is  lj. 
Calculate  the  value  of  r. 

20  For  the  GP  4,  6,  9,  ...  find  the  value  of  n  if  the  nth  term  is  the  first  term  greater 
than  100. 

21  When  a  ball  is  dropped  onto  a  floor,  it  always  rebounds  a  distance  equal  to  \  of  the 
height  from  which  it  fell.  If  it  is  dropped  from  a  height  of  300  cm,  calculate,  correct 
to  the  nearest  cm,  the  height  to  which  it  will  rise  after  the  6th  bounce. 

22  The  sum  of  the  first  3  terms  of  a  GP  is  7  times  the  first  term.  Find  the  possible  values 
of  the  common  ratio  r  if  r  *  1, 

Sum  of  a  Geometric  Progression 

If  S'  denotes  the  sum  of  the  first  n  terms  of  a  GP  then 
St  =  a  +  ar  +  or2  +  ...  +  ar-1 
Now  multiply  throughout  by  r: 

rS ,  =  ar  +  ar1  +  or*  +  ...  +  ar-1  +  ar*  (ii) 

Subtract  (ii)  from  (i): 

S'  -  rS'  =  a  -  ar" 

or  S^l  -  r)  =  a(l  -  r")  which  gives  SM  = 

Hence  the  sum  Sm  of  the  first  n  terms  of  a-  GP,  i.e.  the  sum  of  the  first  n  terms  of  a 
geometric  series,  is  given  by: 


This  formula  can  also  be  written  as  Sm  =  °,rr  •  This  form  is  more  suitable  when  r  >  1. 
If  r  =  1 ,  the  formula  cannot  be  used  but.  the  GP  is  then  a  +  a  +  a  +  ...  +  a  and  5,  =  no. 
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Example  20 

Find  the  sum  of  the  first  10  terms  of  | ,  3 ,  | , . 


S  0  =  jl: _ _  =  5  (1024  -  1)  =  ^  =  127g 


Calculate,  correct  to  3  significant  figures,  the  sum  of  the  first  8  terms  oft, 


'2[i-(n‘i  _  »2[i -(!)■] 


1  36[1  -  (5)' ]  =  36  x  0.961  -  34.6 


Example  22 

What  is  the  least  number  of  terms  of  the  GP  2,  3,  —,  ...  to  be  added  to 


Sa  =  22! - -  =  4(1.5"  -  1)  and  this  must  be  >30. 


3  significant  figures,  the  sum  of  the  first  7  terms  of  the  GP  2,  1, 


i  of  a  GP  are  108  and  -32  respectively.  Find 


4  In  a  GP  the  product  of  the  2nd  and  4th  terms  is  double  the  5th  term. 

(a)  Find  the  first  term. 

(b)  If  the  sum  of  the  first  four  terms  is  80,  show  that  r’  +  r2  +  r  +  1  =  40. 

(c)  Hence  find  the  value  of  r. 

(d)  Show  that  the  sum  of  the  first  n  terms  is  3"  -  1. 

5  In  a  GP  the  product  of  the  1st  and  7th  terms  is  equal  to  the  4th  term.  Given  that  the 
sum  of  the  1st  and  4th  terms  is  9,  find 

(a)  the  first  term, 

(b)  the  common  ratio, 

(c)  the  sum  of  the  first  six  terms. 

6  Three  consecutive  terms  of  a  GP  are  x  +  1,  x  -  3  and  x  -  6.  Find 

(a)  the  value  of  x, 

(b)  the  common  ratio 

If  x  +  1  is  the  4th  term  of  the  GP,  find 

(c)  the  first  term  and 

(d)  the  sum  of  the  first  5  terms  correct  to  3  significant  figures. 

7  The  numbers  p  -  1, 2p  -  2  and  3p  -  1  are  the  first  three  terms  of  a  GP,  where  p  >  0. 

(a)  Find  the  value  of  p. 

(b)  Using  this  value  of  p,  calculate  the  sum  of  the  first  8  terms  of  the  GP. 

8  In  a  GP  the  3rd  and  5th  terms  are  9  and  1  respectively.  Find  the  possible  values  of 

(a)  the  common  ratio, 

(b)  the  first  term, 

(c)  the  sum  of  the  first  6  terms. 

9  A  particle  moves  along  a  straight  line  starting  from  a  point  O  on  the  line.  It  covers  a 
distance  of  24  cm  in  the  1st  second,  16  cm  in  the  2nd,  10j  cm  in  the  3rd  and  so  on. 
What  is  its  distance  from  O  after  10  seconds,  correct  to  the  nearest  cm? 

10  The  first  term  of  a  GP  is  64  and  the  common  ratio  is  j .  How  many  terms  must  be 
added  to  obtain  a  total  of  127j  ? 

11  The  1st,  3rd  and  7th  terms  of  an  AP  with  common  difference  2  are  the  first  three  terms 
of  a  GP.  Find 

(a)  the  common  ratio  of  the  GP  and 

(b)  the  sum  of  the  first  6  terms  of  the  GP. 

12  Find  3  geometrical  means  between  401  and  8.  Hence  find  the  sum  of  these  5  terms  of 
the  GP. 

13  A  ball  is  thrown  vertically  upwards  to  a  height  of  81  cm  above  a  floor.  After  each 
bounce  it  rises  to  a  height  of  |  of  the  distance  it  dropped.  Show  that  the  total  distance 
it  travels  until  it  reaches  the  floor  for  the  nth  bounce  is  given  by  486(1  -(§)"]  cm. 
Calculate  this  distance  correct  to  the  nearest  cm  if  n  =  8. 
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14  The  sum  of  n  terms  of  a  GP  is  given  by  10  -  Find 

(a)  the  sum  of  the  first  4  terms. 

(b)  the  4th  term, 

(c)  the  first  term, 

(d)  the  common  ratio. 

15  The  nth  term  (T,)  of  a  GP  is  given  by  T  =  2*-".  Find 

(a)  the  first  term, 

(b)  the  common  ratio, 

(c)  the  sum  of  the  first  9  terms. 

16  What  is  the  least  number  of  terms  of  the  GP  5, 6. 7.2, ...  to  be  added  for  the  total  to 
exceed  100? 

17  The  annual  output  from  an  oil  well  diminishes  each  year  by  5%.  200  000  barrels  were 
extracted  in  the  first  year.  It  will  become  uneconomic  to  use  the  well  when  the  output 
is  less  than  80  000  barrels  per  year.  For  how  many  years  can  the  well  be  used?  How 
much  oil  (in  barrels  correct  to  2  significant  figures)  will  have  been  extracted  by  then? 

Sum  to  Infinity  of  a  Geometric  Progression 

If  we  take  more  and  more  terms  of  a  GP  so  that  there  is  never  a  last  term,  we  have  an 
infinite  GP.  We  look  at  what  happens  to  the  sum  of  such  a  GP. 

Consider  these  two  GPs: 

(1)  1,2,4,  8,...  (U)  1.  £.  i>  |.  - 

In  (i)  a  =  1  and  r  =  2.  Then  the  sum  of  n  terms  (S<)  is  given  by  S,  =  =  2*  -  1. 

Now  as  n  increases,  2*  will  also  increase,  in  fact  doubling  for  each  successive  value  of  n. 
2’  -  1  will  increase  beyond  any  bound.  We  say  Sn  — >  <*>  (tends  to  infinity)  as  /!-»<*>.  Note 
carefully  that  ~  is  NOT  a  number  but  a  symbol  to  indicate  that  n  and  Sn  continually 
increase  without  limit 

Now  in  (ii),  a  =  1,  r  =  j  and  Sm  =  =2(l -£). 

As  n  gets  larger  and  larger  (i.e.  n  -»  °°),  -p  will  become  smaller  and  smaller,  i.e.  — >  0. 
So  1  -  wilt  get  closer  and  closer  to  the  value  1. 

Then  S,  =  2(l  --p)  will  get  closer  and  closer  to  2  . 

Here  are  some  calculated  values  of  S,  to  show  this: 

n  S„ 

5  1.9375 

10  1.998  046  88 

15  1.999  938% 

20  1.999  998  09 

25  1.999  999  94 
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S.  -  S,  =  2  X  i  <  0.001.  Then  |  x  1000  <  3"  or  3"  >  4500. 
By  calculator  the  least  value  of  n  to  satisfy  this  inequality  is  8. 


Example  25 

The  sum  to  infinity  of  a  certain  GP  is  27.  If  the  first 


This  GP  is  36,  —12, 4,  —  j,  g,  — ... 

If  we  add  the  terms  one  by  one  we  get  36,  24,  28,  26j ,  27  5,  26  ^ , ...  which  ai 
alternately  greater  and  smaller  than  27  but  tend  to  the  limit  27. 


In  its  first  year  a  tin  mine  produced  100  tonnes  but  thereafter  output  felt  by  12  -% 
per  year.  (Assume  that  production  could  continue  in  this  way  indefinitely). 

(a)  What  is  the  maximum  amount  that  could  be  extracted  from  the  mine? 

(b)  It  is  decided  to  close  the  mine  when  the  annual  production  falls  below  40  tons. 
After  how  many  years  will  this  be  done? 

I c)  How  many  tonnes  of  tin  (correct  lo  2  significant  figures)  had  been  taken  up  lo 
( d)  What  percentage  of  the  maximum  amount  was  extracted  in  that  time  ? 

This  is  a  GP  with  a  =  100  and  r  =  1  -  0.125  =  0.875 

(a)  Maximum  amount  =  sum  to  infinity  =  |  *”75  =  800  tonnes. 

(b)  We  must  find  n  where  100(0.875)"- 1  <  40  i.e.  0.875*' 1  <  0.4  so  0.875“  <  0.35. 

BY  calculator,  n  =  8,  so  the  mine  will  be  closed  after  8  years. 

(c)  Amount  produced  in  8  years  =  luoll  ~  0li7yl 


(d)  Percentage  produced  =  5jj2  x  100%  =  66%. 


Exercise  13.5  (Answers  on  page  636.) 

1  Find  the  sum  to  infinity  (if  possible)  of  the  following: 

(a)  2  +  i  +  i  +  ...  (b)  24  +  8  +  2|  +  ... 

(c)  1  -  2  +  4  -  8  +  ...  (d)  36  +  30  +  25  +  ... 

(e)  1  +  3  +  9+  ...  (f)  10  -  5  +  2i  +  ... 

(g)  12  +  8  +  51 +  ...  (h)  16-4+  1  +  ... 

(i)  If  +  l  +  l  ...  0)  1  +  cos  60°  + cos2  60°  +  ... 

2  The  sum  to  infinity  of  a  GP  is  j  and  the  first  term  is  jj-  Find  the  common  ratio. 

3  In  Question  13  of  Exercise  13.4,  the  distance  the  ball  travels  up  to  the  nth  bounce  was 
given  as  486[  1  -  (  j  J  ]  cm.  What  would  be  the  maximum  distance  the  ball  will  travel 
before  coming  to  a  stop? 

4  What  is  the  sum  to  infinity  of  the  GP  2,  0.2,  0.02, ...? 

5  The  sum  to  infinity  of  a  GP  with  common  ratio  |  is  12.  Find  the  first  term. 

6  The  sum  to  infinity  of  a  GP  is  75  and  the  common  ratio  is  j.  Find  the  first  term. 

7  The  sum  to  infinity  of  a  GP  is  9  and  its  second  term  is  2.  Find  the  possible  values  of 

(a)  the  first  term  and  (b)  the  common  ratio. 

8  If  the  sum  to  infinity  of  a  GP  is  4  times  the  first  term,  find  the  common  ratio. 

9  Find  the  sum  of  the  first  8  terms  of  the  GP  1,  1,  1,  ... 

(a)  What  is  the  difference  between  this  value  and  the  sum  to  infinity? 

(b)  Express  this  difference  as  a  percentage  of  the  sum  to  infinity. 

(c)  Find  the  smallest  value  of  n  for  which  the  sum  of  n  terms  differs  from  the  sum  to 
infinity  by  less  than  0.001. 

10  If  the  sum  to  infinity  of  a  GP  is  twice  the  first  term,  find  the  common  ratio. 

11  If  the  sum  to  infinity  of  the  GP  e  +  e3  +  e5  +  ...  is  |,  find  the  value  of  e. 

12  If  the  sum  to  infinity  of  a  GP  is  18  and  the  second  term  is  4,  find  the  first  term  and 
the  common  ratio  of  the  possible  GPs. 

13  The  sum  to  infinity  of  a  GP  whose  first  term  is  a  is  a2.  Find  the  common  ratio  in  terms 
of  a. 

14  If  1  +  p.  1  +  3p  and  1  +  Ap  (p  *  0)  arc  the  first  three  terms  of  a  GP,  find 

(a)  the  value  of  p, 

(b)  the  common  ratio, 

(c)  the  sum  to  infinity  of  the  GP. 

15  The  first  three  terms  of  a  GP  are  2x  -  1,  jr  +  1  and  x  -  1  (x  *  0).  Find  the  value  of  x 
and  the  sum  to  infinity  of  the  GP. 
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16  A  pendulum  is  released  from  the  position  OP  (Fig.  13.3)  and  swings  freely.  It  swings 
through  angles  of  60°,  50°,  41  j  0  and  so  on.  Find  the  total  angle  it  swings  through 
before  coming  to  a  halt. 


17  The  3rd  and  6th  terms  of  a  GP  are  2  j  and  gj  respectively.  Find 

(a)  the  common  ratio. 

(b)  the  first  term, 

(c)  the  sum  to  infinity  of  this  GP. 

18  The  5th  term  of  a  GP  is  ^  and  the  sum  of  the  3rd  and  4th  terms  is 
Find  the  possible  values  of  (a)  r  and  (b)  the  sum  to  infinity  of  this  GP. 

19  What  is  the  common  ratio  of  a  GP  if  the  ratio  of  the  sum  to  infinity  to  the  sum  of  the 
first  7  terms  is  128:127? 

20  1200  people  visited  an  exhibition  on  its  opening  day.  Thereafter  the  attendance  fell 
each  day  by  4%  of  the  number  on  the  previous  day. 

(a)  The  exhibition  closed  after  10  days.  How  many  people  visited  it? 

(b)  If  it  had  been  kept  open  indefinitely,  what  would  be  the  maximum  number  of 
visitors? 

21  An  oil  well  produced  100  000  barrels  of  oil  in  its  first  year  but  output  fell  by7i%each 
year  thereafter.  (Give  answers  correct  to  2  significant  figures). 

(a)  What  is  the  maximum  amount  of  oil  that  could  be  extracted? 

(b)  If  the  well  is  closed  down  after  15  years,  what  was  the  total  amount  of  oil 
extracted  in  that  time? 

(c)  What  percentage  of  the  maximum  amount  is  left  in  the  well? 

22  Find  the  sum  to  infinity  of  the  GP  0.9, 0.09,  0.009, ... 
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23  In  Fig.13.4.  ABC  is  an  isosceles  triangle  with  AB  =  AC.  B,,  C,  are  the  midpoints  of 
AB,  AC  respectively.  B2,  C2  are  the  midpoints  of  AB,,  AC,  respectively  and  so  on. 


Fig.  13.4 


(a)  Show  that  the  areas  of  the  triangles  ABC,  AB,C,,  AB,C2,  ABjCr..  form  a  GP  and 
state  the  common  ratio  of  this  GP. 

(b)  If  this  sequence  of  triangles  is  continued  indefinitely,  find  the  sum  of  the  areas 
AB,C,,  AB,C,,  ABjC3,  ...  as  a  fraction  of  the  area  of  triangle  ABC. 

24  The  first  three  terms  of  a  GP  are  1,  a  and  b  while  the  first  three  terms  of  an  AP  are  I, 
b  and  a  where  a  *  b  *  1.  Find 

(a)  the  value  of  a  and  of  b, 

(b)  the  sum  to  infinity  of  the  GP. 

25  (a)  If  each  term  of  the  GPo,  ar,  an, ...  (r#  1)  is  squared,  show  that  the  new  sequence 

is  also  a  GP  and  find  its  sum  to  infinity. 

(b)  If  this  sum  is  equal  to  the  sum  to  infinity  of  the  original  GP,  find  a  relation 
between  a  and  r. 
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SUMMARY 

•  Arithmetic  progression  (AP):  a  sequence  a,  a  +  d,  a  +  2d,  ...  in  which  the 
terms  increase  by  a  fixed  amount  (the  common  difference  d).  a  is  the  first  term 

•  The  mh  term  f=a  +  (n-l)t/. 

•  The  sum  of  n  terms  Sm  =  5  [2a  +  (n  -  l)r/|  =  f  (a  +  L)  where  L  is  the  last  term 
being  added. 

•  If  a,  b,  c  are  consecutive  terms  of  an  AP,  b  is  the  arithmetic  mean  of  a  and  c. 
f»=  i(a  +  c). 

•  Geometric  progression  (GP):  a  sequence  a,  ar,  ar. ...  in  which  each  term  is 
multiplied  by  a  constant  (the  common  ratio  r).  a  is  the  first  term. 

•  The  mh  term  Tm  =  ar^'. 

•  The  sum  of  n  terms  S„  =  a(|l  ■  (Either  form  can  be  used). 

•  If  a,  b,  c  are  consecutive  terms  of  a  GP,  ft  is  the  geometric  mean  of  a  and  c. 
b  =  'lac. 

•  Provided  - 1  <  r  <  I .  a  GP  will  have  a  sum  to  infinity  S_  which  is  the  limit  of  Si: 


REVISION  EXERCISE  13  (Answers  on  page  636.) 


1  The  5th  and  1 2th  terms  of  an  AP  are  2  and  23  respectively.  Find 
(a)  the  9th  term,  (b)  the  sum  of  the  first  20  terms. 

2  There  are  20  terms  in  an  AP.  The  sum  of  the  first  10  terms  is  S3  and  the  sum  of  the  last 
10  terms  is  355.  Find  the  first  term  and  the  common  difference. 

3  If  the  9th  term  of  an  AP  is  3  times  the  3rd  term  and  the  sum  of  the  first  10  terms  is 
1 10,  find  the  first  term  and  the  common  difference. 

4  What  is  the  greatest  number  of  terms  of  the  AP  40. 45, 50, ...  which  can  be  added  if 
the  total  is  not  to  exceed  500? 

5  Find  the  sum  of  all  the  multiples  of  3  between  5  and  91. 

6  In  an  AP  the  sum  of  the  first  three  terms  is  1 2  and  their  product  is  28.  Find  the  possible 
values  of  the  first  term  and  the  common  difference. 

7  The  numbers  x  +  3,  5jc  +  3  and  I  l.r  +  3  (:r  *  0)  are  three  consecutive  terms  of  a  GP. 
Find  the  value  of  .r  and  the  common  ratio. 


328 


8  (a)  The  sum  of  the  first  8  terms  of  an  arithmetic  progression  is  24  and  the  sum  of  the 

first  18  terms  is  90.  Calculate  the  value  of  the  seventh  term. 

(b)  A  geometric  progression  with  a  positive  common  ratio  is  such  that  the  sum  of  the 
first  2  terms  is  17j  and  the  third  term  is  4j .  Calculate  the  value  of  the 
common  ratio.  (C) 

9  (a)  An  arithmetic  progression  contains  20  terms.  Given  that  the  8th  term  is  25  and 

that  the  sum  of  the  last  8  terms  is  404,  calculate  the  sum  of  the  first  8  terms, 
(b)  The  first  term  of  a  geometric  progression  exceeds  the  second  term  by  2,  and  the 
sum  of  the  second  and  third  terms  is  5. 

Calculate  the  possible  values  of  the  first  term  and  of  the  common  ratio  of  the 
progression.  Given  further  that  all  the  terms  of  the  progression  are  positive, 
calculate  the  sum  to  infinity.  (C) 

10  (a)  The  first  term  of  an  arithmetic  progression  is  2.  The  sum  of  the  first  8  terms  is  58 

and  the  sum  of  the  whole  series  is  325. 

Calculate  (i)  the  common  difference,  (ii)  the  number  of  terms  (iii)  the  last  term, 
(b)  The  first  three  terms  of  a  geometric  progression  are  x  +  5,  x  +  1,  jc. 

Calculate  (i)  the  value  of  jt,  (ii)  the  common  ratio,  (iii)  the  sum  to  infinity.  (C) 

11  (a)  A  length  of  200  cm  is  divided  into  25  sections  whose  lengths  are  in  arithmetic 

progression.  Given  that  the  sum  of  the  lengths  of  the  3  smallest  sections  is 
4.2  cm,  find  the  length  of  the  largest  section. 

(b)  An  infinite  geometric  progression  has  a  finite  sum.  Given  that  the  first  term  is  1 8 
and  that  the  sum  of  the  first  3  terms  is  38,  calculate  the  value  of  (i)  the  common 
ratio,  (ii)  the  sum  to  infinity.  (C) 

12  In  an  AP,  the  15th  term  is  double  the  9th  term.  If  also  the  sum  of  the  first  15  and  the 
sum  of  the  first  9  terms  added  together  is  279,  find  the  first  term  and  the  common 
difference. 

13  Deliveries  from  a  warehouse  are  reduced  each  week  by  10%.  In  the  first  week  2000 
loads  were  taken.  Assuming  that  this  operation  can  continue  indefinitely,  find  (i)  the 
maximum  number  of  loads  in  the  warehouse.  If  it  is  decided  to  stop  the  operation  as 
soon  as  the  number  of  loads  taken  falls  below  400,  find  (ii)  the  number  of  weeks  the 
operation  was  in  action,  (iii)  the  total  number  of  loads  taken  and  (iv)  the  percentage 
of  the  maximum  left  in  the  warehouse. 

14  What  percentage  of  the  sum  to  infinity  is  the  sum  of  10  terms  of  the  GP  1  +  0.8  + 
0.64  + . . .  ?  Find  the  least  value  of  n  for  which  the  sum  of  n  terms  differs  from  the  sum 
to  infinity  by  less  than  0.1. 

15  r  is  the  common  ratio  of  a  GP  (r  *  1)  and  the  sum  of  the  first  4  terms  is  5  times  the 
sum  of  the  first  2  terms.  Find  the  possible  values  of  r. 

16  The  positive  numbers  p,  6  and  q  are  three  consecutive  terms  of  a  GP.  p  and  q  are  also 
the  3rd  and  5th  terms  respectively  of  an  AP  whose  common  difference  is  2  j .  Find  the 
possible  values  of  p  and  q  and  the  common  ratio  of  the  GP. 
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Further 
Trigonometry: 
Compound  and 
Multiple  Angles: 
a  cos  Q  +  b  sin  0 


14 


In  this  Chapter,  we  study  the  trigonometric  functions  for  compound  angles  such  as 
A  ±  B  where  A  and  B  are  any  two  angles. 

Let  us  consider  the  values  of  sin  A,  sin  B  and  sin(A  +  B)  where  A  =  60°  and  B  =  30°. 
Is  sin(A  +  B)  =  sin  A  +  sin  B?  Is  sin(A  -  B)  =  sin  A  -  sin  B?  The  answers  are  ‘No’  in  both 
cases.  We  now  derive  suitable  formulae  to  give  the  correct  results. 


ADDITION  FORMULAE 


/  Sum  of  two  angles  A  +  B 

Fig.  1 4. 1  shows  two  angles,  ZUOP  =  A,  ZTOU  =  B.  Then  ZTOP  =  A  +  B. 

For  simplicity  we  take  OT  as  I  unit  in  length. 

TP  is  perpendicular  to  OP,  TU  is  perpendicular  to  OU  and  UR  is  perpendicular  to  TP. 
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Now  PT  =  1  x  sin(A  +  B).  QU  =  OU  sin  A  and  RT  =  UT  cos  A. 

So  sin(A  +  B)  =  OU  sin  A  +  UT  cos  A. 

But  OU  =  1  x  cos  B  and  UT  =  1  x  sin  B. 

Hence  sin(A  +  B)  =  sin  A  cos  B  +  cos  A  sin  B  (i) 

This  gives  us  a  formula  for  sin(A  +  B)  in  terms  of  A  and  B.  It  is  rather  more  complicated 
than  you  may  have  expected. 

Now  we  find  a  formula  for  cos(A  +  B). 

OP  =  OQ  -  PQ  =  OQ  -  RU 

OP  =  1  x  cos(A  +  B),  OQ  =  OU  cos  A  and  RU  =  UT  sin  A. 

So  cos(A  +  B)  =  OU  cos  A  -  UT  sin  A. 

But  OU  =  cos  B  and  UT  =  sin  B. 

Hence  cos(A  +  B)  =  cos  A  cos  B  -  sin  A  sin  B  (ii) 

II  Difference  of  two  angles,  A  -  B 
In  each  of  (i)  and  (ii),  change  B  to  -B. 

Remember  that  sin(-B)  =  -  sin  B  and  that  cos(-B)  =  cos  B. 

Then  sin(A  -  B)  =  sin  A  cos  B  -  cos  A  sin  B  (iii) 

and  cos(A  -  B)  =  cos  A  cos  B  +  sin  A  sin  B  (iv) 

These  four  formulae  are  very  important.  Note  the  pattern  of  sin  and  cos  in  each  pair  to 
help  you  remember  them.  Also  note  carefully  the  reversal  of  the  sign  in  the  two  cos 
formulae. 

sin(A  +  B)  =  sin  A  cos  B  +  cos  A  sin  B 
Addition  formulae  sin(A  -  B)  =  sin  A  cos  B  -  cos  A  sin  B 

cos(A  +  B)  b  cos  A  cos  B  -  sin  A  sin  B 
cos(A  -  B)  =  cos  A  cos  B  +  sin  A  sin  B 


These  formulae  are  identities  and  are  true  for  any  angles  A  and  B. 


Example  1 

Show  that  cos  <90°  +  9)  =  -sin  0. 
cos(90°  +  9)  =  cos  90°  cos  9  -  sin  90°  sin  9 

=  9  -  sin  9  as  cos  90°  =  0  and  sin  90°  =  1. 
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TANGENTS  OF  COMPOUND  ANGLES  A  ±  B 


Wecai 

tan(A 


i  derive  the  formulae  for  tan(A  ±  B)  directly  from  the  four  formulae  derived  earlier. 
kB)=  sin(A  +  B)  =  sin  A  cos  B  +  cos  A  sin  B 
cos(A  +  B)  cos  A  cos  B  -  sin  A  sin  B 


So  the  two  formulae  for  tan(A  ±  B)  are 


Exercise  14.1  (Answers  on  page  636.) 
1  Simplify 

(a)  cos(  A  -  B)  -  cos(A  +  B), 

(b)  sin(A  +  B)  -  sin(A  -  B). 
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2  Prove  that 

(a)  sin(90°  +  8)  =  cos  0, 

(b)  cos(180°  +  0)  =  -cos  8. 

3  If  cos  A  =  |  and  cos  B  =  j|  where  A  and  B  are  both  acute  angles,  find,  without  using 
tables  or  a  calculator, 

(a)  sin(A  +  B), 

(b)  cos(A-B), 

(c)  tan(A  +  B). 

4  Simplify  cos  0  cos(j  +  0)  +  sin  0  sin(§  +  0) . 

5  Simplify  cos  40°  cos  x  -  sin  40°  sin  x  and  hence  solve  the  equation 
cos  40°  cos  x  -  sin  40°  sin  *  =  0.7  for  0°  <  x  <  360°. 

6  Given  that  sin  A  =  -  £  (180°  <  A  <  270°)  and  that  cos  B  = -^  (90°  <  B  <  180°), 
calculate  (without  using  tables  or  a  calculator)  the  value  of  (a)  cos(A  -  B), 

(b)  sin(A  +  B),  (c)  tan(A  -  B). 

7  Prove  that  tan(0  +  45°)  =  yr^f  • 

Given  that  tan(0  +  45°)  =  §,  find  the  value  of  tan  0. 

8  Given  that  -  b>  =  J  • show  thaI  2  sin  A  sin  B  =  cos  A  cos  B  and  that 
2  tan  A  =  cot  B.  Given  also  that  tan  A  =  5 .  find  tan  B  and  hence  find  tan(A  -  B). 

9  If  A  and  B  are  acute  angles  such  that  tan  A  =  ^  and  tan  B  =  show  that  A  +  B  =  45°. 

10  Find  the  value  of  sin(f  +  0)  cos  0  -  cos(f  +  0)  sin  0. 

11  Express  tan(a  +  P)  in  terms  of  tan  a  and  tan  p.  Given  that  tan  a  =  <t  and 
tan(a  +  P)  =  b,  find  tan  p  in  terms  of  a  and  b.  Hence  express  tan(a  -  P)  in  terms  of 
a  and  b. 

12  Solve,  in  the  domain  0°  £  0  S  360°,  the  equations 

(a)  cos(0  +  30°)  =  sin  0 

(b)  V2  cos(0  -  45°)  =  4  sin  0 

(c)  cos(0  -  30°)  =  i/2  sin(0  +  45°) 

(d)  cos(0  +  60°)  =  2  sin(0  +  30°) 

(e)  2  sin(0  +  120°)  =  cos(0  +  150°). 

13  Solve  the  equations  (a)  sin  50°  cos  x  +  cos  50°  sin  x  =  1  and 
(b)  tan  x  -  tan  35°  =  1  +  tan  x  tan  35°  for  0°  <  x  <  360°. 

14  Given  that  cos  A  =  0.6  and  cos  B  =  0.8  (A  and  B  both  acute  angles),  find,  without 
using  tables  or  a  calculator,  the  value  of 

(a)  sin(A  +  B), 

(b)  cos(A-B), 

(c)  tan(A-B). 
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15  6  and  0  are  acute  angles  where  cos  0  =  5  and  tan  0  =  yj .  Without  using  tables  or  a 
calculator,  find  the  value  of 

(a)sin(0  +  0),  (b)  tan(0-0),  (c)  sec<0  -  0),  (d)cot(0  +  0). 

16  A  and  B  are  both  acute  angles  such  that  cos  A  =  yy  and  tan  B  =  Without  using 
tables  or  calculators,  find  the  value  of 

(a)  sin(A  -  B),  (b)  cos(A  +  B).  (c)  tan(A  -  B).  (d)  cot(A  +  B). 

17  If  cos  0  +  cos  0  =  p  and  sin  0  +  sin  0  =  q,  by  squaring  each  one  and  adding,  prove  that 
cos(0  -  0)  =  jfp*  +  if  -  2). 

18  If  sin  A  sin  B  =  j  and  cos  A  cos  B  =  j  (A  and  B  both  acute),  find  the  values  of 
cos(A  +  B)  and  cos(A  -  B).  Using  tables  or  a  calculator,  find  the  values  of  the  angles 
A  +  B  and  A  -  B  and  hence  find  the  values  of  A  and  B. 

19  If  sin  0  =  2  sin(A  -  0),  prove  that  tan  0  =  y  • 

Given  that  cos  A  =  5 ,  where  A  is  an  acute  angle,  solve  the  equation 
sin  0  =  2  sin(A  -0)  for 0°  5  0  S  360°. 

20  Simplify  sin(A  +  B)  -  sin(A  -  B)  and  cos(A  +  B)  -  cos<A  -  B). 

By  taking  X  =  A  +  BandY  =  A-B,  show  that 

sin  X  -  sin  Y  =  2  sin  i(X-Y)cos  ±(X  +  Y)and 
cos  X  +  cos  Y  =  2  cos  |(X  +  Y)cos  |(X  -  Y). 

21  The  position  vectors  with  respect  to  an  origin  O  of  the  points  A  and  B  are 
a  =  cos  0i  +  sin  0j  and  b  =  cos  0i  +  sin  0j  respectively,  where  0  >  0, 

(a)  Show  by  means  of  a  diagram  that  the  angle  between  OA  and  OB  is  0  -  0. 

(b)  Find  the  scalar  product  a.b  and  hence  derive  the  formula 
cos(0  -  0)  =  cos  0  cos  0  +  sin  0  sin  0. 

MULTIPLE  ANGLES 

The  addition  formulae  can  be  used  to  find  expressions  for  trigonometric  functions  of 
multiple  angles  such  as  2A,  y.  etc. 

In  the  formula  for  sin(A  +  B),  put  B  =  A. 

Then  sin  2A  =  sin  A  cos  A  +  cos  A  sin  A  =  2  sin  A  cos  A.  (i) 

Again,  in  the  formula  for  cos(A  +  B),  put  B  =  A. 

Then  cos  2A  =  cos  A  cos  A  -  sin  A  sin  A  =  cos2  A  -  sin2  A  (ii) 

This  can  also  be  expressed  in  two  other  useful  forms. 

cos  2A  =  cos2  A  -  sin2  A  =  cos2  A  -  (1  -  cos2  A)  =  2  cos2  A  -  1  (Hi) 

or  cos  2A  =  (1  -  sin2  A)  -  sin2  A  =  1  -  2  sin2  A  (iv) 

Also  putting  B  =  A  in  the  formula  for  tan(A  +  B), 


These  five  formulae  are  known  as  the  double-angle  formulae. 
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2A  = 


Note  that  in  these, 
the  cos  always  comes 
first,  sin  second. 


■  2  cos2  A  -  1 


Note  that  in  each  one.  the  angle  on  the  left  is  double  the  angle  appearing  on  the  right.  So, 
for  example,  we  could  have 

sin  0  =  2  sin  §  cos  §  or  cos  4A  =  1  -  2sin2  2A,  etc. 

If  we  start  with  angle  A  on  the  left  hand  side,  then  the  formulae  become 


2  tan  4 

1  -  tan1  4 


These  are  sometimes  called  the  half-angle  formulae. 
Also,  for  future  use,  note  that 


sin2  A  ■  j(l  -  cos  2A) 
cos2  A  =  5(1  +cos2A) 
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Exercise  14.2  (Answers  on  page  637.) 

1  Show  that  sin!  |  =  j(l  -  cos  |)  and  that  cos1  y  =  j(l  +  cos  30). 

2  Given  that  cos  A  =  ^  where  A  is  an  acute  angle,  calculate  without  using  tables  or  a 
calculator  the  value  of  (a)  sin  2A,  (b)  cos  2A,  (c)  tan  2A,  (d)  cos  y. 

3  If  cos  0  =  |  (0°  <  0  <  90°).  find,  without  using  tables  or  a  calculator,  the  value  of 

(a)  sin  0  (b)  sin  20  (c)  cos  20 

(d)  tan  20  (c)  sin  f  (0  cos  | 

4  If  0  is  an  acute  angle  and  cos  20  =  find,  without  using  tables  or  a  calculator,  the 
value  of  (a)  sin  0,  (b)  cos  0,  (c)  tan  20. 

5  Given  that  sin  |  =  |,  find,  without  using  tables  or  a  calculator,  the  value  of 
(a)  cos  9,  (b)  sin  0.  (c)  cos  0. 

6  Prove  that 

(a)  (sin  0  +  cos  0)=  s  1  +  sin  20  (b)  tan  0  ■  , 

<c) * (e)  T7^is,an!!  (d)1i^f2sum! 

(e)  (2  cos  0  +  1)(2  cos  0  -  1)  s  2  cos  20  +  1 
(0  cos4  0  -  sin4  0  ■  cos  20 

(g)  cot  0  -  tan  0  =  2  cot  20 

(h)  cos^S  _e)=  i  + 

7  Find,  without  using  tables  or  a  calculator,  the  value  of  tan  20  if  sin  0  =  i. 

8  If  tan  20  =  |,  find,  without  using  tables  or  a  calculator,  the  value  of 
(a)  tan  0,  (b)  sin  0. 

9  If  tan  y  =  find,  without  using  tables  or  a  calculator,  the  value  of  cot  A. 

10  If  cos  0  =  p,  find  in  terms  of  p,  the  value  of  (a)  sin  0,  (b)  sin  |,  (c)  cos  I, 

(d)  cos  20,  (e)  sin  20.  (f)  cos  40. 

11  Express  each  of  the  following  as  a  single  trigonometrical  function: 

(a)  sin  A  cos  A  (b)  I -2  sin2  A 

(e)  iIwa  (4)  cos2  A  -  sin2  A. 

Given  that  sin  A  =  s,  find  the  values  of  each  one  in  terms  of  s. 

12  State  each  of  the  following  as  a  single  trigonometrical  function 

(a)  sin  35°  cos  35° 

(b)  t«n  40* 

(c)  sin  25°  cos  35° -cos  25°  sin  35° 

...  an  30°  -  an  40° 
w  I  +  an  50°  an  40" 

(e)  0.5 -sin2  30° 
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13  Solve  the  equations  (a)  cos  29  =  3  cos  6-2,  (b)  cos(20  +  30°)  =  sin  29. 
(c)  sin(  |  -  45°)  =  V2  cos  S  for  0°  <  9  S  360°. 

14  Solve  the  equations  (a)  sin  2x  =  cos  x,  (b)  sin  §  =  cos  x,  for  0°  <  x  <  360°. 

15  Conveit  the  equation  3  cos  29  =  cos  9  -  1  into  a  quadratic  equation  in  cos  9  and  hence 
find  the  solutions  of  the  equation  for  0°  <  9  <  360°. 

16  By  writing  3A  as  2A  +  A,  show  that 
(a)  sin  3A  =  3  sin  A -4  sin1  A,  and 
<b)  cos  3A  =  4  cos1  A- 3  cos  A. 

Using  (b),  solve  the  equation  cos  3A  =  cos  2A  for  0°  <  A  <  360°. 

17  Show  that  cos2  A  +  2  sin2  A  =  |(3  -  cos  2A) 

Given  that  tan  B  =  2  tan  A.  show  that  tan(B  -  A)  =  3  • 

Given  also  that  sin  2A  =  j ,  find  the  size  of  the  angle  B  -  A. 

18  Show  that  ‘  • 

Given  that  =  i,  find  the  values  of  A  for  0°  £  A  £  180°. 

THE  FUNCTION  a  cos  0  +  b  sin  0 

This  function  occurs  frequently  and  we  now  show  how  it  can  be  converted  to  one  of  the 
forms  R  sin(9  ±  a)  or  R  cos(9  ±  a)  where  the  constant  R  and  the  angle  a  have  to  be  found. 


Example  13 

Comen  3  cos  6+4  sin  6  into  (a)  R  sin(6  +  a),  (b)  R  cos  <6-  a)  by  finding  the 

necessary  values  of  R  and  cl 

(a)  R  sin(6  +  a)  =  R  sin  0  cos  a  +  R  cos  9  sin  a 

and  this  must  be  identical  to  4  sin  6  +  3  cos  9  matching  the  terms  with  sin  9  and 
cos  9. 

Hence  R  cos  a  =  4 
and  R  sin  a  =  3. 

Squaring  each  one  and  then  adding, 

«2  (cos2  a  +  sin2  a)  =  R1  =  32  +  42  =  25. 

Therefore  R  =  5  (the  +  value  is  always  taken  for  R). 

Also  =  tan  a  =  |  so  a  =  36.87°  (acute  value  taken  as  sin  a  and  cos  a  are 

both  +). 

Hence  3  cos  9  +  4  sin  6  a  5  sin(9  +  36.87°). 
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Example  15 

Express  S  sin  0- 12  cos  9  in  the  form  R  sin!  9  -  a). 

Hence  find  the  values  of  0(0°  <  9  <  360°)  for  which  the  expression  has  a  maximum 
or  minimum  value. 

R  sin(0  -  o)  =  R  sin  0  cos  a  -  R  cos  0  sin  a 
=  5  sin  0  -  12  cos  0 

Hence  R  cos  a  =  5  and  R  sin  a  =  12. 

Verify  that  R  =  1 3  and  a  =  67.38° 

Hence  5  sin  0  -  12  cos  0  =  13  sin(0  -  67.38°). 

The  maximum  value  is  13  when  0  -  67.38°  =  90°  i.e.  0  =  157.38°. 

The  minimum  value  is  -13  when  0  -  67.38°  =  270°  i.e.  0  =  337.38°. 


Exercise  14.3  (Answers  on  page  637.) 

1  Express  the  following  functions  of  0  in  the  form  stated: 

(a)  4  cos  0  +  3  sin  0:  R  cos(0  -  a) 

(b)  5  sin  0  +  12  cos  0:  R  sin(6  +  o) 

(c)  2  cos  0  -  3  sin  0:  R  cos(0  +  a) 

(d)  2  <2  sin  0  -  cos  0:  R  sin(0  -  a) 

(e)  2  cos  0  +  V5  sin  0:  R  sin(0  +  a) 

2  Using  the  results  in  Question  1,  find  the  maximum  and  minimum  values  of  the 
functions  and  the  values  of  0  where  these  occur  for  0°  <  0  <  360°. 

3  Express  3  cos  20-4  sin  20  in  the  form  R  cos(20  +  a).  Hence  find  the  values  of  0 
(0°  <  0  <  360°)  for  which  the  expression  has  a  maximum  or  minimum  value. 

4  By  converting  the  expression  'll  sin  |  +  V2  cos  |  into  the  form  R  sin(  §  +  a),  find 
the  values  of  0  between  0°  and  360°  for  which  the  expression  has  a  maximum  or  a 
minimum  value. 

5  Express  V?  sin  0  +  2  cos  0  in  the  form  R  sin(0  +  a).  Hence  sketch  the  graph  of 
y  =  V5  sin  0  +  2  cos  0  for  0°  £  0  S  360°.  State  the  value  of  a  for  which  3  cos(0  -  a) 
will  have  the  same  graph. 
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12  If  sin  x  =  -  j§  and  270°  <x<  360°,  calculate  without  using  tables  or  a  calculator,  the 
values  of  (a)  cos  2x,  (b)  sin  lx. 

13  (a)  Find  all  the  angles  between  0°  and  360°  which  satisfy  the  equation 

4  cos  6  +  2  sin  0  =  1. 

(b)  Given  that  ^(A  -  B)  =  4  ■  Prove  that  cos  A  cos  B  =  7  sin  A  sin  B  and  deduce 
a  relationship  between  tan  A  and  tan  B.  Given  further  that  A  +  B  =  45°,  calculate 
the  value  of  tan  A  +  tan  B.  (C) 

14  (a)  Find  the  maximum  and  minimum  values  of  S  cos  0  +  2  sin  6  and  the  values  of 

6  where  they  occur. 

(b)  Solve  the  equation  sin  2a  +  cos  2a  =  -|=  for  0°  <  a  <  360°. 

V2 

15  (a)  Convert  the  expression  V2  sin  x  +  V7  cos  x  to  the  form  R  sin(x  +  a)  where 

R  >  0  and  a  is  acute.  Hence  sketch  the  graph  of  y  =  V2  sin  x  +  V7  cos  x  for 
0°<Jt£360°. 

(b)  Solve  the  equation  V7  cos  x  +  'fi  sin  x  =  2  for  that  domain. 

16  Find  all  the  values  of  x  between  0°  and  360°  which  arc  solutions  of  the  equation 
3  tan  2x  -  2  cot  X  =  0. 

17  Given  that  tan  30°  =  ~j  and  that  tan  45°  =  I,  calculate,  without  using  tables  or  a 
calculator,  the  values  of  (a)  tan  150°,  (b)  tan  15°,  (c)  tan  75°. 

18  If  sin(6  +  (?)  =  2  sin(6  -  0),  prove  that  tan  9  =  3  tan  0.  Given  that  tan  4>=  f .  find, 
without  using  tables  or  a  calculator,  the  values  of  (a)  tan  6,  (b)  cosec  6,  (c)  cos  0, 
(d)  tan(6  +  0),  where  0  and  <j>  are  both  acute  angles. 

19  If  A,  B  and  C  are  the  angles  of  a  triangle  and  tan  A  =  2,  tan  B  =  3,  find  the  value  of 
tan  C  without  using  tables  or  a  calculator. 

20  If  r  =  tan  0  (f  *  ±1),  show  that  sin  20  =  j^-p  and  cos  20  =  jfp. 

Given  that  sec  20  +  tan  20  =  k.  prove  that  t  =  j-j-j . 

B 

21  A  and  B  are  both  acute  angles.  Given  that  tan  A  +  tan  B  =  3x  and  that 
tan  A  tan  B  =  2r  find,  in  terms  of  x 

(a)  tan  A  -  tan  B, 

(b)  tan(A  +  B), 

(c)  tan(A-B). 

<d)  Hence  solve  the  simultaneous  equations  tan  A  +  tan  B  =  3,  tan  A  tan  B  =  2. 

22  Solve  for  0°  Si  0  <  360°,  the  equation  28  =6. 

23  Given  that  A  -  B  =  5,  show  that  1  +  tan  A  tan  B  =  0. 
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Exponential 
and  Logarithmic 
Functions 


15 


In  this  chapter,  we  study  functions  such  as  3'  where  x  is  an  index  or  exponent.  Hence  3' 
is  called  an  exponential  function  and  3  is  the  base  of  the  function. 

First,  here  is  a  revision  check  on  the  rules  for  working  with  indices. 

RULES  FOR  INDICES 

The  three  basic  rules  are: 

I  J"XI*  =  X"*"  When  multiplying  exponential  functions 

with  the  same  base,  ADD  the  indices. 

II  x“  +  x"  =  XT'"  When  dividing  exponential  functions  with 

the  same  base,  SUBTRACT  the  indices. 

III  (x")"  =  j“  If  an  exponential  function  is  raised  to 

another  power,  MULTIPLY  the  indices. 

Using  these  rules  we  can  deduce  that  x°  =  1  (x  *  0)  and  that  x-"  =  -p  (x  *■  0).  A  negative 
index  gives  the  reciprocal  of  the  function. 

Fractional  indices 

We  can  also  find  a  meaning  for  fractional  indices.  For  example 
(9i)2  =  9» « 2  =  9’  =  9.  So  95  =  V9  =  3. 

In  general,  x*  =  Vx. 

Further,  IV  =  (IVY  =  (V27)2  =  (3>*  =  9. 

In  general,  x>  =  (Vx)". 
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Exercise  15.1  (Answers  on  page  638.) 

1  Find  the  value  of: 

(a)  8°  (b)  4Jj  (c)  (-3)-1 

(d)  8>  (e)  81*  (0  325 

(g)  16’*  (h)  (x5)'*  (i)  (-ij* 

2  Show  that 

(a)  2'*2  =  4x2’  (b)  16*  =  41*  (c)  =  8x4' 

(d)  2>-=  (e)  43'=Jf  (0  5-x25>  =  5“2' 

3  Simplify  (a)  21'2*  x  4-\  (b)  27*  +  9*5,  (c)  8*  x  4H 

EXPONENTIAL  EQUATIONS 

An  equation  such  as  3‘  =  81  is  an  exponential  equation.  The  unknown  (x)  is  the 
exponent.  We  can  solve  such  equations  by  expressing  both  sides  in  terms  of  the  same 
base.  Sometimes  this  can  be  done  directly.  If  not.  a  more  general  method  using  loga¬ 
rithms  can  be  used.  This  will  be  shown  later. 
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Example  6 

Solve  the  equation  2'  +  2'~‘  =  3. 

The  equation  is  2*  +  2'  x  2  '  =  3  i.e.  2*  +  £  =3. 
Take  p  =  2’. 

The  equation  becomes  p  +  |  =  3  i.e.  p2  -  3p  +  2  =  0. 
Then  (p  -  2)(p  -  1)  =  0  and  p  =  2  or  1. 

Then  2'  -  2  =  2'  and  j  =  t  or  2'  =  1  =  2°  and  Jt  =  0. 
The  solutions  are  x  =  1  or  0. 


Exercise  15.2  (Answers  on  page  638.) 

1  Solve  the  following  equations: 

(a)  2‘  =  64  (b)  S'  =  125 

(c)  S’  =  1  (d)  9*  =  81 

(e)  16' =  0.125  (0  4*  =  0.5 

(g)  9-  =  ^5  (h)  2U- 9(2')  +  8  =  0 

(i)  3*-  12(30  +  27=0  0)  5*  +  1  =  26(5-') 

(k)  22”1-  129(2')  +  64  =  0  (I)  31"1  +  26(3')  -9  =  0 

(tn)  2*"'  -  15(2')  =  8  (n)  2'  +  2J '  =  5 

(o)  2'°  =  21'  +  15  (p)  3lt"  -  28(3'  ')  +1=0 

2  Show  that  the  equation  2U  +  3(2'")  +  8  =  0  has  no  solutions. 
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Conversely,  if  log,  10  =  4.  then  10  =  or* 
if  log,  x  =  5,  then  x  =  35. 


Example  8 

Write  in  logarithmic  form:  (a)  32  =  9.  (b)  x1  =  10.  (cl  2~*  =  1. 

(a)  If  32  =  9.  then  log,  9  =  2. 

(b)  If  jc*  =  10,  then  log,  10  =  3. 

(c)  If  2':=  i,  then  log,  (A)  =  -  2.  (Logarithms  can  be  negative) 


Example  9 

Write  in  exponential  form:  (a)  4  =  log ,  x,  (b)  x  =  logs  7,  (c)  2  =  tog,  5. 

(a)  4  =  log,  x  becomes  34  =  x 

(b)  x  =  log,  7  becomes  5'  =  7 

(c)  2  =  log,  5  becomes  jr2  =  5 


Example  10 

Find  the  value  of  x  if  (a)  x  =  tog,  64.  (b)  logt  25  =  2,  (c)  x  =  tog,  (j).  (d)  log ,  x  =  4. 

(a)  If  x  =  log,  64.  then  2'  =  64  and  x  =  6  (as  64  =  2s). 

(b)  If  log,  25  =  2,  then  x2  =  25  and  x  =  5  (+  as  base  must  be  positive). 

(c)  If  jc  =  log, (i),  then  3'=  I  =  3*‘  and x  =  -1. 

(d)  If  log,  *  =  4.  then  34  =  x  =  81. 


Exercise  15.4  (Answers  on  page  638.) 


1  Write  in  logarithmic  form: 
(a)  42  =  16 
(d)  10-3  =  0.001 
(g)  7' =  21 
0)  82  =  64 


(b)  33  =  81 
(e)  4*  =  2 
(h)  jr4  =  16 
(k)  4' =  9 


(c)  103  =  1000 
(f)  ^  =  2 
(i)  10-' =  0.1 
(1)  jr3  =  0.3 


2  Write  the  following  in 
(a)  x  =  log,  16 
(c)  x  =  log,  64 
(e)  jr  =  log|0  0.001 

(8)  •t  =  1°g,(^) 

(i)  x  =  log,  (yj) 

(k)  x  =  loglw  13 


:xponcntial  form  and  hence  find  the  value  of  x: 
(b)  x  =  log,  27 
(d)  *  =  108,(1) 

(0  *  =  l0gM  4 
(h)  log,  625  =  *  • 

(j)  *  =  log,,  169 
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3  Find  the  value  of: 


(a)  logs  5  (b) 

(d)  log.',  1  (e) 

(g)  log, 3  (h) 

(j)  log,  8  (It) 

(m)  log,  jr  (n) 


4  Find  the  value  of  x  if: 
(a)  log,  9  =  2 
(c)  log,  125  =  3 
(c)  log,  (at -2)  =  3 
(g)  log,  81  =4 

(i)  log,_2  3  =  1 
(It)  log,,  64  =  3 


log,  64  (c)  log,  1 

log,  16  (0  log,  243 

log,,  p7  (i)  log,  ^ 

log,,  8  (1)  log,  16 

log,  (j)  (o)  logj(i) 

(b)  log,  .v  =  -3 
(d)  log*,  ,27  =  3 
(0  log,,  36  =  2 
(h)  log,  .r  =  -1 
(j)  log,  U- 2)  =  4 


The  Graph  of  the  Logarithmic  Function 

As  the  logarithmic  function  is  the  inverse  of  the  exponential  function  y  =  o',  we  can  obtain 
its  graph  by  reflecting  y  =  a'  in  the  line  v  =  x  (Fig.  15.3). 


Note  the  following: 

(1)  log,  1  =  0.  This  follows  because  o°  =  1. 

(2)  log,  x  is  not  defined  if  x  <  0.  The  logarithm  of  a  negative  number  does  not  exist. 

(3)  If  0  <  x  <  1,  log,  x  <  0.  The  logarithm  of  a  positive  number  <  1  is  always  negative. 

(4)  log,  0  is  undefined. 

(5)  As  x  increases,  log,  x  increases. 


357 


Rules  for  Logarithms 

These  are  similar  to  the  rules  for  indices. 

Let  P  =  a".  Then  m  =  loga  P. 

Let  Q-  a".  Then  n  =  loga  Q. 

I  PQ  =  a"  x  a"  =  a"*" 

Then  log.  PQ  =  m  +  n  =  log.  P  +  log.  Q. 

log.  PQ  =  log.  P  +  log.  Q 

For  example.  log.  12  =  log.  (4x3)  =  log.  4  +  log.  3. 

Note:  Do  NOT  write  log.  (P  +  Q)  =  log.  P  +  log.  Q.  This  is  not  true. 

*  *-$-"• 

Then  log.  ^  =m-n  =  log.  P  -  log.  Q. 

log.  £  =  log.  P  -  log.  Q 


For  example,  log.  3  =  log.  12  -  log.  4. 

Note:  This  rule  docs  NOT  apply  to  ^  which  is  the  division  of  two  logarithms. 
Ill  P"  =  (amr  -  a"" 

Then  log.  P"  =  mn  =  n  log.  P 

log.  P’  =  n  log.  P 

For  example,  log.  25  =  3  log.  2  and  log.  VJ  =  log.  3'  =  j  log.  3. 

Two  Special  Logarithms 

1  For  any  base,  a0  =  1.  Hence 

log.  1  =  0 

The  logarithm  of  1  is  always  0. 

2  a1  =  a.  Hence 

log.  a  =  1 

The  logarithm  of  the  base  is  always  1 . 
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Example  11 

Simplify  (a)  log,  49,  (b)  log 3  ($). 

(a)  log,  49  =  log,  V  =  2  log,  7  =  2  as  log,  7  =  1 

(b)  log,  (  i)  =  log,  1  -  log,  9  =  0  -  log,  y 

= -2  log,  3 

_ a _ 


Example  12 

Simplify  log ,  9  +  log ,  21  -  log4  7. 

log,  9  +  log,  21  -  log4  7  =  log,  (9x21+7)  =  log,  27  =  log,  3J  =  3  log,  3 


Example  13 

Given  that  log s  2  =  0.431  and  log,  3  =  0.683,  find  the  value  of 
(a)  log,  6,  (b)  log,  1J.  (c)  log,  8,  (d)  log,  12,  (e)  log,  jg. 

We  must  express  each  in  terms  of  powers  of  2  and  3. 

(a)  log,  6  =  log,  (3x2)  =  log,  3  +  log,  2  =  1.1 14 

(b)  log,  1.5  =  log,  ( |)  =  log,  3  -  log,  2  =  0.252 

(c)  log,  8  =  log,  23  =  3  log,  2=  1.293 

(d)  log,  12  =  log,  (4x3)  =  log,  4  +  log,  3  =  log,  22  +  log,  3 

=  2  log,  2  +  log,  3  =  1.545 

(e)  log,  =  log,  1  -  log,  18  =  0  -  log,  (9  x  2) 

=  -log,  9  -  log,  2 
=  -log,  32  -  log,  2 
= -2  log,  3 -log,  2  =-1.797 
(Withpractice.  some  of  these  steps  could  be  omitted). 


Example  14 

Given  that  loga  x  =  p  and  log4  y  =  q,  express 

(a)  log*  xf.  (b)  log'  y,  (c)  log'  in  terms  cf  p  and  q. 

(a)  log,  xy2  =  log,  x  +  log,  y2  =  log,  x  +  2  log,  y  =  p  +  2q 

(b)  log,  jp  =  log, x -  log, y3  =  log,  jc - 3  log, y-p-3q 
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Example  18 

Find  the  value  of  x  if  loga  x,  loga  (x  +3)  and  loga  (x  + 12)  are  three  consecutiv 
ofanAP. 

As  the  terms  are  consecutive,  log,  x  +  log,  (or  +  12)  =  2  log,  (a:  +  3). 

Then  log,  x(x  +  12)  =  log,  (x  +  3)1  i.e.  4*  +  12)  =  (x  +  3)J 
which  gives  a^  +  12x  =  .x2  +  6r  +  9  or  6x  =  9. 


Exercise  15.5  (Answers  on  page  639.) 

1  Taking  scales  of  2  cm  for  1  unit  on  each  axis,  draw  the  graph  of  y 
-2  <  x  <  2.  Add  the  line  y  =  x.  By  reflecting  y  -  2'  in  this  line,  draw  the 
y  =  log,  at  for  j  S.t<4. 

From  your  graph,  find  approximate  values  for  (a)  log,  l.S,  (b)  log,  3. 

2  Simplify: 

(a)  log,  VI  (b)  log6  36 

(c)  log,  27  (d)  log,  25 

(e)  log,  125  (f)  log|0  10  000 

(g)  log,  121  (h)  log,  a4 


(0 

log,  12.5  +  log,  10 

0) 

2  log,  9 

-log,  81 

00 

log,  24  +  log,  15  -  log 

;,  10 

(1) 

log,  98- 

•  log,  30 

+  log,  15 

(m) 

log,  V6  +  log,  9 

(n) 

(o) 

log,  8 

(P) 

log,  81 

(q) 

log,  5* 
log,  V10 

(r) 

log,  4‘ 

(s) 

(0 

log,  10 

3  Given  that  log,  4  =  1.262  a 

nd  th 

at  log,  5  = 

1.465,  find  the  values  of: 

(a) 

log,  20 

<b) 

log,  0.8 

(c) 

log,  1.25 

(d) 

log,  100 

(e) 

log,  64 

(0 

log,  80 

(8) 

log,  6.25 

(h) 

log,  15 

0) 

log,  0.25 

4  Giv 

en  that  log,  2  =  0.356  a 

nd  lo; 

g,  3  =  0.565,  find  th, 

s  values  of 

(a) 

l°8,6 

(b)‘ 

log,  9 

(c) 

log,  18 

(d) 

log,  24 

(e) 

log,  4.5 

(0 

l°8,  | 

(8) 

log,V3 

<h) 

log,  14 

(i) 

log,  42 

<j> 

1°8,  f 

00 

'08, 4§ 

5  If  log,  x*  +  log,  x  =  8,  find  the  value  of  x. 

6  If  log,  x  =  a  and  log,  y  =  b  express  (a)  xy\  (b)  -y-  in  terms  of  a  and  h. 

7  If  log,  x  =  p  and  log,  y  =  q,  express  (a)  log,  x?y,  (b)  log,  'fxy,  (c)  log,  y,  (d)  log,y 
in  terms  of  p  and  q. 

8  Find  y  if  log,  y  =  2  log,  7. 

9  If  log,  p  -  log,  4  =  2,  find  the  value  of  p. 

10  Given  that  log,  8  +  log,  4  =  5,  find  the  value  of  x. 

11  Given  that  log,  x  =  p  and  log,  y  =  q,  express  (a)  x’y,  (b)  ^  as  powers  of  3. 

12  Given  that  log,  4  =  p  and  log,  5  =  q,  find  the  value  of  x  if  (a)  log,  x  =  p  +  2q, 
(b)  log,  x  =  2p  -  q  +  2. 

13  log,  x  =  a  and  log,  y  =  b.  Express  x*y  and  y  as  powers  of  2. 

Given  also  that  x 2y  =  32  and  that  y  =  j.  find  the  values  of  a  and  b. 

14  Given  that  log,,  2  =  h  and  log,,,  1  =  k.  find  the  value  of  x  if  (a)  log,,  x  =  2h  +  k, 

(b)  log,„  jc  =  3A  - 1  +  I. 

15  If  logJ0  x  =  a  and  Iog,„  y  =  b,  express  log,0  V  yr  in  terms  of  a  and  b. 

16  Given  that  log,  x*y  =  p  and  that  log,  (  y)  =  q,  find  log,  x  and  log,  y  in  terms  of  p  and 
q  and  hence  express  log,  xy  in  terms  of  p  and  q. 

17  If  log,  x  =  p,  show  that  log,  x  =  2p.  Hence  find  (a)  the  value  of  k  if 
log,  k  =  2  +  log,  k  and  (b)  the  value  of  n  if  log,  n  +  log,  n  =  9. 
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18  Solve  the  equations 

(a)  2  log,  x  =  log,  (2x  +  3) 

(b)  3  logj  x  =  log,  (3x  -  2) 

(c)  log,  (x2  +  2)  =  1  +  log,  (x  +  2) 

(d)  log4  (x2  +  8jc-  1)  =  2  +  log4  (x-  I) 

(e)  log,  (2jF  +  3*  +  5)  =  3  +  log,  (x  +  1) 

(0  log4  (x  +  17)  =  2  log,  (x  -  3) 

(g)  log,  (x2  -x  +  2)  =  1  +  2  log, x 

(h)  log,  x  =  1  -  log,  (x  -  4) 

19  (a)  If  logo  b  =  x,  deduce  that  x  log,  a  =  I  and  hence  show  that  loga  b  =  |og  g  . 

(b)  Find  log,  8  and  hence  state  the  value  of  log,  2. 

20  If  log4  x,  log4  y  and  log4  z  are  three  consecutive  terms  of  an  AP,  show  that  x,  >■  and  z 
arc  consecutive  terms  of  a  GP. 


Common  Logarithms 

For  practical  calculation,  base  10  is  used  and  logarithms  on  this  base  are  called  common 
logarithms.  These  arc  written  as  Igx,  which  is  an  abbreviation  for  loglox.  10  is  chosen 
as  it  is  the  base  of  the  decimal  system  of  numbers. 

To  see  the  advantage  of  base  10,  suppose  we  know  that  Ig  5.6  =  0.748.  Then  Ig  560  = 
Ig  5.6  x  10:  =  lg  5.6  +  2  Ig  10  =  0.748  +  2  =  2.748  (as  lg  10=1).  The  decimal  part  .748 
is  unchanged.  Similarly  lg  5600  would  be  3.748.  On  any  other  base  the  logarithms  of 
these  numbers  would  be  quite  different. 

Tables  of  common  logarithms  are  available  but  they  can  be  found  directly  using  the 
LOG  (or  LG)  key  on  a  calculator. 

There  is  another  system  of  logarithms,  called  natural  logarithms,  written  as  In  x, 
which  is  used  in  Calculus.  The  base  of  natural  logarithms  is  a  certain  number  e  (-  2.7 18). 
We  shall  sec  the  reason  for  this  in  Chapter  18. 

Logarithmic  Equations 


Example  19 

Find  log,  7. 

If  log,  7  =  x,  then* 2*  =  7. 

We  cannot  express  7  as  a  power  of  2  directly  so  we  convert  this  equation  to  a 
logarithmic  equation  using  logarithms  of  base  10. 

Take  the  lg  of  each  side. 

Then  Ig  2'  =  lg  7. 

Hence  x  lg  2  =  lg  7  and  so  x  =  j|y 

=  2.81  (by  calculator  correct  to  3  sig.  figs.) 
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Hence  log,  7  -  2.81. 

(Verify  the  result  by  using  the  jry  function  on  the  calculator). 


Example  20 

Find  x  if  3'~‘  =  2M*1. 

Convert  to  a  logarithmic  equation.  Take  the  Ig  of  each  side. 

Then  lg  3*-'  =  Ig  2"'  i.e.  (at  -  1)  Ig  3  =  (or  +  l)  Ig  2. 

Now  solve  for  or.  We  do  not  find  Ig  2,  Ig  3  yet 
x  lg  3  -  lg  3  =  at  Ig  2  +  lg  2  which  gives  at(lg  3  -  lg  2)  =  Ig  3  +  lg  2 
i.e.  at  Ig  |  =  lg  6  or  at  =  =  4.42  by  calculator. 

( Note :  The  right  hand  side  is  NOT  Ig  pj). 


Example  21 

Find  x  if  logM  6  =  1.5. 

If  log,  6  =  1.5,  then  or15  =  6. 

Taking  the  lg  of  each  side, 

1.5  Ig  at  =  lg  6  and  lg  at  =  =  0.5188  (by  calculator). 

I  Hence  or  =  K7)  5IM  =  3.30  by  calculator,  using  the  x>  function. 


Example  22 

In  Example  19,  Chapter  13  we  found  the  least  value  of  n  where  0.9"  '  <  0.4.  This  can 
also  be  done  using  logarithms. 

Ig  0.9-'  <  Ig  0.4  i.e.  (n  -  1)  lg  0.9  <  Ig  0.4. 

However  we  cannot  now  write  n  -  I  <  ^  |0g  0.9  <  0  and  so  the  inequality  sign 

must  be  reversed.  (Division  by  a  negative  quantity). 

So  n  -  1  =  8.696  by  calculator 

and  hence  n  >  9.696  and  we  take  the  integral  value  n  =  10. 

Note:To  solve  an  inequality,  if  an  integral  result  is  required,  the  calculator  method 
(using  at')  as  in  Chapter  13,  is  very  suitable  and  quick.  However  to  solve  an  equation 
such  as  0.9‘  =  0.4.  the  logarithmic  method  must  be  used.  Here  at  =  8.70  (to  3  significant 
figures). 
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Exercise  1 5.6  (Answers  on  page  639.) 

Give  answers  correct  to  3  significant  figures  if  not  exact. 

1  Find  the  value  of  x  if 

(a)  3' =  5  (b)  2**'  =  7  (c)  6”' =  8 

(d)  52"1  =  3*-'  (e)  21”'  =  3,_*  (f)  2*  =  1.5 

(g)  4"'  =  7  (h)  51"2  =  74-1  (i)  22"1  =  3!' 

(j)  1 .3*  =  5  (k)  0.6"  =  0.4  (1)  0.8'  * 1  =  0.2* 

2  Calculate  log,  S  and  log,  7. 

3  If  log,  3=17,  find  the  value  of  x. 

4  What  is  the  least  number  of  terms  of  the  GP  3, 4,  -y , ...  that  can  be  added  for  their 
sum  to  be  greater  than  90? 

5  If  the  sum  of  n  terms  of  the  GP  8,  12, 18,...  is  not  to  exceed  500,  what  is  the  largest 
value  of  n? 

6  Find  the  least  integral  value  of  x  if  (a)  1.8" 1  >  47,  (b)  0.75*  <  0.15. 

7  In  how  many  years  will  $3000  invested  at  5%  per  year  compound  interest  amount  to 
$5000? 

8  After  how  many  years  will  $9000  amount  to  $20  000  if  it  is  invested  at  4.5%  per  year 
compound  interest? 

9  Given  that  P  =  50(0.75)",  find  (a)  the  value  of  P  when  n  =  4,  (b)  the  value  of  n  when 
P=  10. 

10  The  population  of  a  city  in  1980  was  3  200  000  and  this  was  an  increase  of  1.7%  over 
the  population  in  1979.  If  this  rate  of  increase  is  continued,  in  what  year  will  the 
population  first  exceed  5  000  000? 

1 1  The  decay  of  a  radioactive  substance  is  given  by  the  formula  M  =  M0  er°*  where  M0 
is  the  initial  mass,  M  the  mass  after  t  years  and  e  =  2.7 1 8.  Calculate  the  half-life  of  the 
substance,  i.c.  the  number  of  years  taken  for  the  mass  to  be  halved. 
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12  Find  the  value  of  log,  49  x  log,  9  x  log,  5. 

13  Find  the  value  of  log,  9  x  log,  7  x  log,  2  x  log,  25. 

14  If  log,  8  x  log,  x  =  3,  find  the  value  of  x. 

15  Given  that  lg  y  =  1  -  3  lg  x,  show  that  y  can  be  expressed  in  the  form  y  =  px*  and  find 
the  values  of  p  and  q. 

16  Show  that  lg  ^  =  -1.  Hence  find  the  values  of  x  which  satisfy  the  equation 
lg(sin  jc)  +  1  =  0  for  0°  <  x  <  180°. 

17  (a)  Solve  the  equation  log,  2.5  =  8. 

(b)  Find  the  value  of  jc  if  jc3-2  =  10. 

18  Find  x  if  log,  12  =  5. 

19  y  =  ax*  -  2.  Given  that  y  =  6  when  x  =  2  and  y  =  22  when  x  =  4,  find  the  values  of 

SUMMARY 

•  Rules  for  indices:  jTxr"  =  .r””" 

xr  +  x"  =  xm- 
(jrr  =  x~ 

•  Negative  index:  at*  = 

Zero  index:  x°  =  1 
Fractional  index:  x  •  =  ( Vj)m 

•  Exponential  form  y  =  a'  < - »  x  =  log,  y  logarithmic  form 

(a  >  0)  a  is  the  base  of  the  logarithm 
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13  If  T  =  show  that  r  =  2(^21 )  . 

Hence  find  the  value  of  /  given  that  e  =  2.72,  T„  =  30  and  T  =  10. 

14  If  log,  (x  -  6)  =  2 y  and  log2  (x  -  7)  =  3>\  show  that  x3  -  13*  +  42  =  72'.  Given  that 
y  =  1,  find  the  possible  value(s)  of  x. 

15  Find  the  relation  between  a  and  b  not  involving  logarithms  if  log,  a  =  2  +  log,  b. 

16  $2000  is  invested  at  5%  per  year  compound  interest.  After  how  many  years  will  it 
have  amounted  to  $3500? 

17  Inflation  in  a  certain  country  is  15%  per  year.  If  this  rate  continues  unchanged,  after 
how  many  years  will  the  cost  of  living  have  doubled? 

18  Draw  the  graph  of  y  =  2'  for  0  S  x  £  3  taking  values  of  x  at  intervals  of  0.5.  By  adding 
a  suitable  straight  line  to  your  graph,  find  an  approximate  solution  of  the  equation 
2"'+x  =  4. 

19  Sketch  the  graphs  of  y  =  lg  x  and  y  =  Ig  I  Ox.  State  the  coordinates  of  the  points  where 
each  curve  meets  the  .r-axis. 

20  (a)  Draw  the  graph  of  y  =  2'  for  0  <  x  S  2  taking  scales  of  2  cm  for  1  unit  on  each 

axis.  Add  the  line  y  =  x  and  hence  draw  the  graph  of  y  =  log,  jc  for  1  <  x  <  4. 

(b)  Calculate  the  value  of  log,  6. 

(c)  Express  x2‘  =  6  in  the  form  log,  x  =  px  +  q  stating  the  values  of  p  and  q. 

(d)  What  is  the  equation  of  the  straight  line  that  must  be  added  to  the  graph  to  find 
the  solution  of  the  equation  x2‘  =  6? 

(e)  Draw  this  line  and  hence  solve  the  equation  approximately. 

21  (a)  Solve  the  equations  (i)  2  x  4”'  =  16*",  (ii)  log,  y3  =  4  +  log,  (y  +  5). 

(b)  Given  that  y  =  ax"  +  3,  that  y  =  4.4  when  x  =  10  and  y  =  12.8  when  x  =  100,  find 
the  values  of  n  and  of  a.  (C) 

22  Solve  the  equation  lg  (cos3  x)  +  2  =  0  for  0°  S  x  £  360°. 

23  Show  that  the  sequence  lg  k,  lg  10k,  lg  100k,...  forms  an  AP  and  find  the  sum  of  the 
first  10  tetms  of  this  AP. 


B 

24  Solve  the  simultaneous  equations  log,  x  -  log,  y  =  4,  log,  (x  -  2y)  =  5. 

25  Solve  the  simultaneous  equations  91  =  27',  64^  =  512"'. 

26  If  log,  2  =  o  and  log,  13  =  6,  express  log,,  52  in  terms  of  a  and  b. 

27  Solve  the  inequality  log,  (log,  x)  >  0. 

28  Given  that  log,  (p  +  2)  +  log,  q  =  r  -  |  and  that  log,  {p-2)~  log,  q  =  2r  +  1,  show 
that  p2  =  4  +  32'.  If  r  =  1,  find  the  possible  values  of  p  and  q. 
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Conversion 
to  Linear  Form 


16 


In  science,  when  two  variables  .r  and  y  are  thought  to  be  connected,  a  set  of  measurements 
is  made.  The  results  can  be  used  to  find  the  mathematical  law  connecting  x  and  y  —  if 
there  is  one.  When  the  law  is  found,  it  can  be  used  to  predict  further  values  and  these  can 
be  tested  by  other  experiments  to  see  if  the  law  is  still  valid. 

Usually  the  results  are  plotted  as  a  graph.  If  this  is  a  straight  line,  the  relationship  is 
easily  deduced  as  it  will  be  of  the  form  y  =  mx  +  c,  and  m  and  c  can  be  found  from  the 

'  However  if  the  graph  is  not  a  straight  line,  the  relationship  will  not  be  so  simple.  A  trial 
formula  is  therefore  guessed.  We  convert  this  formula  to  a  linear  form  and  see  if  the 
transformed  values  lie  on  a  straight  line  graph.  If  they  do,  then  we  can  confirm  that  the 
formula  is  true  for  these  values,  allowing  for  experimental  errors. 

Two  very  common  relationships  are  y  =  nfr*  and  y  =  <u*  where  a  and  b  are  constants. 


Example  1 


The  following  set  of  measurements  of  two  variables  x  and  y  were  obtained  in  an 
experiment.  It  is  thought  that  they  are  related  by  the  formula  y  =  ah  '.  By  converting 
this  to  a  linear  form,  find  whether  the  relationship  is  true  for  these  values. 


x  IS 
y  SO 


2.8 

35 


3.0 

33 


42 

18 


5.0 

10 


65 

6 


If  the  formula  is  y  =  ab~‘,  then  taking  the  Ig  of  each  side,  lg  y  =  lg  a  -  x  Ig  b. 

Now  write  Y  =  lg  y. 

Then  Y  =  -x  Ig  b  +  Ig  a.  which  is  a  linear  equation  of  the  form  Y  =  mx  +  c,  where 
m  =  -Ig  b  and  c  =  lg  a. 

So  we  plot  values  of  Y  (=  Ig  y)  against  .v. 

First  we  find  the  values  of  K. 


* 

1.5 

2.8 

3.0 

4.2 

s.n 

6.5 

n=  igy) 

1.90  | 

1.54 

1.52 

1.26  ] 

These  values  are  plotted  as  shown  in  Fig.  16.1.  We  see  that  the  points  lie  very  nearly 
in  a  straight  line.  Any  inaccuracies  can  reasonably  be  assumed  to  be  due  to  cxpcrimen- 
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tal  errors.  We  draw  the  line  which  fits  the  points  as  well  as  we  can  judge.  There  may 
be  some  difference  of  opinion  over  the  position  of  the  line,  so  our  results  will  be 
approximate. 
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Fig.  16.1 

Now  find  the  gradient  by  taking  two  well  spaced  points  such  as  A  and  B  on  the  line. 
It  helps  to  make  the  jr-step  between  these  points  a  convenient  number.  The  gradient 
=  ^  =-0.25. 

Then  -lg  b  =  -0.25  and  b  =  1.8. 

To  find  c  =  lg  a.  extend  the  line  to  cut  the  f-axis  (point  C). 

Then  lg  a~  2.3  giving  a  =  200. 

Hence  we  find  that  the  law  relating  these  values  is  y  =  200  x  1.8". 


Example  2 


The  following  set  of  values  for  two  variables  x  and  y  was  obtained  in  an  experiment. 
It  is  believed  that  they  are  related  by  the  formula  y  =  ax*.  By  converting  to  a  linear 
form,  estimate  the  values  of  a  and  b.  From  your  graph,  estimate  the  value  of  x  for 
which  y  =  2000  and  compare  with  the  value  found  using  the  formula. 


x  20 

y  890 


30 

1640 


40  50 

2500  3700 
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If  the  formula  is  y  =  ox*,  then  talcing  the  lg  of  each  side,  lg  y  =  lg  a  +  b  Ig  x. 
We  write  Y  =  Ig  y  and  X  =  lg  x. 

Then  Y  =  bX  +  lg  a  which  is  a  linear  equation  of  the  form  y  =  mx  +  c  where 
m  =  b  and  c  -  lg  a. 


If  we  plot  values  of  Y  (=  lg  y)  and  X  (=  lg  x)  and  the  graph  is  a  straight  line,  then  the 
relationship  is  correct. 


Now  find  the  values  of  X  (=  lg  x )  and  Y  (=  lg  y). 


X  1.30  1.48 

Y  2.95  3.21 


1.70 

3.57 


These  are  plotted  as  shown  in  Fig.  16.2.  To  allow  space  for  large  scales,  we  take*  from 
1.3  and  Y  from  2.9. 


Fig.  16.2 
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Example  5 

Fig.16.7  shows  the  straight  line  obtained 
Find 

(a)  Ig  y  in  terms  of  Ig  x. 

(b)  yin  terms  of  x. 

(c)  the  value  of  x  when  y  =  700. 


Fig  16.) 

(a)  The  gradient  of  the  line  =  =  -  j  and  the  intercept  on  the  Ig  y  axis  is  4.  Hence 

the  equation  of  the  line  is  Ig  y  =  -  j  Ig  x  +  4  which  is  the  expression  required. 

(b)  From  (a),  lg  y  =  - 1  lgjr  +  4  i.e.  3  Ig  y  +  Ig  x  =  12. 

Then  Ig  /jr  =  Ig  1012  giving  y3*  =  1012  or  y3  =  *2!?. 

Hence  y  =  =  KCx’i. 

(c)  If  y  =  700,  then  700  =  10  000*-!  and  J 
Hence  r  =  2913. 


Example  6 

Convert  each  of  the  following  relations  to  a  linear  form  and  state  what  functions  of  x 
and  y  should  be  plotted  to  obtain  a  straight  line  graph.  State  also  the  gradient  and 
intercept  of  the  straight  line  in  terms  of  a  and  b. 

(a)  f  +  j  =  2  lb)  y  =  ax  +  £  (c)  y2  =  a  +  bx 

<d)  y  =  irh  <e>  >'  =  a<15^  &  y  =  a<x  +  3? 

(a)  Take  X  =  j,  T  =  ± .  Then  aX  +  bY  =  2  i.e.  T  =  -j3f  +  |. 

Plot  Y  against  X.  Gradient  =  -  f ,  intercept  =  j, . 

(b)  If  y  =  ax  +  j,  then  xy  =  ax2  +  b.  Take  X  =  x2,  T  =  xy. 

This  gives  the  linear  equation  Y  =  aX  +  b.  Plot  Y  against  X. 

Gradient  =  a,  intercept  =  b. 


(c)  Take  Y  =  f.  Then  Y  =  bx  +  a.  Plot  Y  against  x.  Gradient  =  b,  intercept  =  a. 

(d)  xy  -  by  =  a  so  by  =  xy  -  a  or  y  =  j;xy  - 1.  Plot  v  against  X  -  xy. 

Gradient  =  j,  intercept  =  -f. 

(e)  y  =  a(l  .5)-*1.  Then  Ig  y  =  Ig  a  -  hx  log  1 .5.  Take  Y  =  Ig  y  then 

T  =  -<f>  lg  1.5)jr  +  lg  a.  Plot  Y  against  x.  Gradient  =  -b  Ig  1.5  and 
intercept  =  lg  a. 

(0  y  =  a( x  +  3)*.  Then  Ig  y  =  lg  a  +  b  lgCr  +  3).  Take  K  =  Ig  y  and  X  =  lg(x  +  3).  Plot 
Y  against  X.  Gradient  =  b  and  intercept  =  lg  a. 


Exercise  16.1  (Answers  on  page  640.) 

1  A  set  of  values  of  x  and  y  are  believed  to  be  connected  by  the  equation  v  =  ab'  where 
a  and  b  are  constants.  Values  of  x  and  lg  y  are  plotted  and  the  graph  is  a  straight  line 
with  gradient  0.47  and  intercept  -0.65.  Find  the  value  of  a  and  of  b  correct  to  2 
significant  figures. 

2  A  graph  of  lg  y  against  lg  x  gives  a  straight  line  with  gradient  3  and  intercept  1 .3.  Find 
y  in  terms  of  x. 

3  Fig.  1 6.8  shows  the  graph  of  lg  y  against  lg  x,  where  y  =  axh.  Find  the  value  of  a  and 


4  Covert  the  equation  by  =  ax1  +  x  into  the  linear  form  Y  =  mX  +  c,  stating  X  and  Y  in 
terms  of  *  and  y.  Y  is  plotted  against  X  and  the  graph  has  a  gradient  of  2.3  with 
intercept  0.5.  Find  the  value  of  a  and  of  b. 


5  The  following  results  were  obtained  experimentally  for  tv 


It  is  believed  that  x  and  y  are  related  by  the  equation  y  =  ab‘.  By  drawing  a  straight  line 
graph,  verify  this  is  confirmed  by  the  given  data,  except  for  one  point.  Using  your 
graph  estimate  the  value  of  a  and  of  b  and  calculate  a  more  accurate  value  of  y  for  the 
point  which  did  not  fit. 
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6  The  variables  x  and  y  are  related  in  such  a  way  that  when  is  plotted  against  y, 
a  straight  line  is  obtained,  passing  through  the  points  (1,  5)  and  (3,  11)  (Fig.  16.9). 


Fig.  16.9 


7  It  is  believed  that  two  variables  u  and  v  are  related  by  the  equation  uv2  =  av  +  b,  where 
a  and  b  are  constants. 

A  set  of  values  of  u  and  v  was  obtained,  as  in  the  following  table: 


0.8 


8 

0.41 


By  plotting  uv2  against  v,  verify  that  these  values  satisfy  the  equation  and  find 
approximate  values  for  a  and  b. 

8  Two  variables  x  &  y  are  connected  by  the  equation  y  =  a-fx  +  Given  the 
following  values  of  x  and  y,  show  how  a  straight  line  graph  may  be  drawn 


Draw  this  graph  and  from  it,  estimate  the  value  of  a  and  of  b. 


9  The  following  set  of  values  of  x  and  y  obtained  i 
connected  by  the  equation  y  -  J  =1. 


experiment , 


thought  to  be 


Explain  how  a  straight  line  graph  may  be  obtained  and  draw  this  graph  for  these 
values.  From  your  graph,  estimate  the  value  of  p  and  of  q. 
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10  The  following  table  gives  i 


:  of  related  values  of  x  and  y: 


x  and  y  are  known  to  be  related  by  the  equation  x !y  =  p  +  qx1.  Convert  this  equation 
to  linear  form  and  draw  a  graph  for  the  given  values  of  x  and  y.  Using  the  graph,  find 
approximate  values  for  p  and  q. 


SUMMARY 

•  If  y  =  at*.  Ig  v  =  h  Ig  .v  +  Ig  a 
Linear  form  Y  =  bX  +  Ig  a 
where  T  =  Ig  y,  X  =  lg  x. 

•  If  y  =  Ob',  lg  y  =  41g  b)  +  Ig  a 
Linear  form  Y  =  (lg  b)x  +  lg  a 
where  Y  =  lg  y. 


•  Other  relationships  can  also  be  converted  to  linear  form,  e.g. 

|  +  |=1  gives  Y  =  -  |x+  i  where  Y=  y.X  =  j. 

ay2  =  bx1  +  x  gives  £  =  +  i  i.e.  T  =  jx  +  i  where  T  =  ■£. 


REVISION  EXERCISE  16  (Answers  on  paf;e  Ma) 

1  Corresponding  values  of  .r  and  v  are  showing  in  the  following  table: 
x  2  3  5  6  9 

y  1.7  2.2  3.0  3.3  4.1 


It  is  known  that  x  and  y  are  related  by  the  equation  y  =  a  +  bx.  Show  that  a  linear 
equation  can  be  derived  from  this  and  draw  its  graph  for  the  above  values.  Hence 
estimate  the  value  of  a  and  of  b  and  estimate  the  smallest  possible  value  of  x. 
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(b)  lg  y  is  plotted  against  Ig  x  and  a  straight  line  obtained,  part  of  which  is  shown  in 
Fig.  16.13.  Two  of  the  points  on  the  line  are  given.  Express  y  in  terms  of  x. 


(c)  If  variables  x  and  y  are  connected  by  the  equation  axt-yt  =  bx(,a  and  b  constants) 
explain  how  the  value  of  a  and  of  b  can  be  obtained  from  a  straight  line  graph. 

3  Measured  values  of  x  and  y  are  given  in  the  following  table. 


It  is  known  that  x  and  y  are  related  by  the  equation  ax2  +  by  =  x. 

Explain  how  a  straight  line  graph  may  be  drawn  to  represent  the  given  equation  and 
draw  it  for  the  given  data. 

Use  your  graph  to  estimate  the  value  of  a  and  of  b.  (C) 


4  (a)  It  is  known  that  the  variables  x  and  y  are  related  by  the  equation  y  =  77^,  where 
p  and  q  are  unknown  constants. 

Express  this  equation  in  a  form  suitable  for  drawing  a  straight  line  graph,  and 
state  which  variable  should  be  used  for  each  axis.  Explain  how  the  value  of  p  and 
of  q  could  be  determined  from  this  graph. 

(b)  The  table  shows  experimental  values  of  two  variables  x  and  y. 


x  0.5  1.0 
y  14.6  6.8 


It  is  known  that  .v  and  y  are  related  by  an  equation  of  the  form  y  =  ax  +  | 
a  and  b  are  unknown  constants.  Plot  xy  against  x2  and  use  the  graph  to  es 
(i)  the  value  of  a  and  of  b,  (ii)  the  value  of  y  when  x  =  1.2. 


5  (a)  The  table  shows  experimental  values  of  two 


x  1.5  2.0 

>•  1.8  2.1 


2.5 

2.4 


3.0 

2.6 


3.5 

2.9 


variables  x  and  y: 


It  is  known  that  x  and  y  are  related  by  the  equation  y  =  hr,  where  k  and  n  are 
constants.  Draw  a  suitable  straight  line  graph  to  represent  the  above  data  and  use 
it  to  estimate  k  and  n. 

(b)  The  variables  x  and  y  are  related  in  such  a  way  that  when  x  +  y  is  plotted  against 
x 2  a  straight  line  is  obtained  passing  through  (1.  -1)  and  (5, 2)  (Fig.  16.14).  Find 
(i)  the  values  of  x  when  x  +  y  =  5,  (ii)  y  as  a  function  of  x,  (iii)  the  values  of 
x  when  y  =  0.  (C) 


6  (a)  The  variables  x  and  v  are  connected  by  the  equation  v  =  ax’’  where  a  and  b  are 
constants.  Rg.  16.15  shows  the  straight  line  graph  obtained  by  plotting  Ig  y 
against  lg  x. 

Calculate  the  value  of  a  and  of  b  and  hence  find  the  value  of  y  when  *  =  5. 

I*' 


Fig.  16.15 


(b)  The  variables  x  and  y  are  connected  by  the  equation  x+py  =  qxy,  where  p  and  q 
are  unknown  constants.  Explain  how  the  value  of  p  and  of  q  may  be  obtained 
from  a  suitable  straight  line  graph.  (C) 


7  It  is  predicted  from  theory  that  two  variables  P  and  T  are  related  by  the  equation 


The  following  values  of  P  and  T  were  found  by  experiment: 


T  10 
P  13.3 


By  plotting  P  against  ^  ,  confirm  that  the  equation  is  approximately  true  for 

these  values.  Use  your  graph  to  estimate  the  value  of  a  and  of  b. 

8  (a)  Variables  x  and  y  are  known  to  be  related  by  an  equation  of  the  form 
a(x  +  y  —  b)  =  bx2,  where  a  and  b  are  constants.  Observed  values  of  the  two 
variables  are  shown  in  the  following  table. 


2  3  4  5 

0.5  1.5  3.5  6 


Plot  x  +  y  against  r\  draw  the  straight  line  graph  and  use  it  to  estimate  the  value 
of  a  and  of  b. 

(b)  Variables  x  and  y  are  related  by  the  equation  4  +  “£  =  •  where  p  and  q  are 
positive  constants.  p  r 

When  the  graph  of  y2  against  x2  is  drawn,  a  straight  line  is  obtained.  Given  that 
the  intercept  on  the  y’-axis  is  4.5  and  that  the  gradient  of  the  line  is  -0.18, 
calculate  the  value  of  p  and  of  q.  (C) 
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Calculus  (4): 

Further 

Techniques: 

Trigonometric 

Functions 


17 


So  far  we  can  differentiate  single  terms  such  as  x3,  polynomials  such  as  Z*3  -  3*  +  j  and 
composite  functions  such  as  (it3  -  l)4  . 

We  now  extend  the  range  of  functions  we  can  deal  with. 

Fractional  Indices 

If  y  =  ax",  then  you  will  recall  that  jj-  =  nax^'  and  J  x"  dx  =  +  c. 

The  rules  for  differentiation  and  integration  still  hold  when  the  index  n,  is  a  rational 
number.  i.e.  a  fraction. 
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Example  2 

Find  (a)  fx')dx.(b)  J  2x*  dx. 

(a)  JVi  dx=  +c  =  -y-  +  c  =  +c 
Check  by  differentiating. 

(b)  f*2x>  dx=  [777]' 


=  (ix95)-(ix45) 

=  (5  x  243)  - ( 5  x  32)  =  5 (243  -  32)  =  5  x  21 1  =  I685 

Integration  of  Powers  of  the  Linear  Function  ax  +  b 

If  y  =  (ax  +  by",  then  jj-  =  (n  +  1  )a(a.v  +  by. 

Hence  J  (n  +  1  )a(ax  +  by  dx  =  (ax  +  ft)'*' 


and  so  J  (ax  +  by  dr  =  ^  +  c  where  n  *  -1 

This  result  only  applies  to  a  linear  function  ax  +  b.  The  integration  of  powers  of  non¬ 
linear  functions  such  as  ax1  +  b  cannot  be  done  in  this  way  and  is  outside  our  work. 
The  case  where  n  =  -1  will  be  studied  in  Chapter  18. 
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Example  5 

The  section  of  the  curve  y  =  q~j  between  the  lines  x-2  and  x  =  9  is  rotated  about 
the  x-axis  through  360?.  Find  the  volume  of  the  solid  created. 

You  will  recall  that  the  volume  of  a  solid  of  revolution  dx. 

Here  y  =  (x-  1)'!. 

So  the  volume  =fn(x  -  l)'J  dx 

=  =  f  3tt(.r  —  1)*1*  =  (3k  x  2)  -  (3it  x  1)  =  3ji 


Exercise  17.1  (Answers  on  page  640.) 
1  Differentiate  wrt  .r. 


(a)  *'• 

(b)  4'/T 

(c) 

(d)  2x>  -2x  'i 

(e) 

fa  -  6x 1 

(0 

2x' 

(8)  ~k 

2  Integrate  wrt  x: 

(h) 

J4x>  -  3 

0) 

V 1  -  2x  +  4x* 

(a) 

<b) 

JCt 

(c) 

*'  ~  x~* 

(d)  {x 'I 

(e) 

xS-x* 

(0 

5jc3 

(g)  i 

(h) 

5*'1 

(i) 

if 

3  Evaluate 

(a)  J  y  dv  (b)  J  s 

*5dc 

(e)  j;  ,5 

dx  (d)  f  dt  (e)  J(  Jt  s 

4  Integrate  wrt  jr: 

(a)  (2* -3)* 

(b) 

(2x  +  5)4 

(c) 

(x  -  2)-5 

(d)  4x^1 

(e) 

Ox -2? 

<0 

(Zr  +  3)-* 

(«)  ^=3 

<h) 

(3  -  4ar)3 

(i) 

•JTIT, 

(j)  Ox  +  2)* 

00 

(4*  -  1)> 

(1) 

Ox-sr'i 

(m)  V4jt  -  1 

(n) 

(l-2r)J 

S  Find  the  values  of 

(a)  j't  (2tt+  1)*<U 

(b) 

J(  V 3jt+  1  dr 

(C)  £(3x-  Ipchr 

(d) 

J°5  Vl  -  3a:  dr 

(e)  J’  (3jc  -  4)>  dr 

(0 

J1  -fax  +  5  dt 
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to  7=  (h)  J*  (3jc  -  2)J  dx 

6  Calculate  the  area  bounded  by  the  curve  y  =  (3jc  —  l)*2,  the  jr-axis  and  the  lines  x  =  1, 
jr  =  3. 

7  The  part  of  the  curve  y  =  -jjry  between  x  =  2  and  x  =  3  is  rotated  about  the  x-axis 
through  360°.  Find  the  volume  of  the  solid  of  revolution. 

8  If  y  =  3  'lx,  find  the  approximate  change  in  y  when  x  is  increased  from  4  to  4.01. 

9  Given  that  y  =  3  V9+X2,  find  the  change  in  y  approximately  when  x  is  decreased  from 
4  to  3.99. 

10  Given  that  T=9r’  and  that  r  is  increased  from  8  to  8.01,  find  the  approximate  change 
inT. 

11  If  P  =  kv  >  ,  where  £  is  a  constant,  find  the  approximate  percentage  change  in  P  if  v  is 
increased  by  3%  when  it  is  5. 

12  If  V  =  10x!\  find  the  approximate  change  in  V  when  x  is  decreased  from  4  to  3.998. 

Differentiation  of  the  Product  of  Two  Functions 

y  =  (3x  -  1  >3(jc2  +  5)2  is  a  product  of  two  functions  of  x,  (3x  -  1 )’  and  (x2  +  5)2.  Each  of 
these  can  be  differentiated  but  how  can  we  find  ?  As  we  shall  see,  the  result  is  NOT 
the  product  of  their  derivatives. 

Let  y  =  uv  where  u  and  v  are  each  functions  of  x. 

Suppose  x  has  an  increment  &r.  This  will  produce  increments  8u  in  u  and  8v  in  v  and 
finally  produce  an  increment  8y  in  y. 

So  y  +  8y  =  (a  +  8u)(v  +  8v)  =  uv  +  u8v  +  v8u  +  (8u)(8v) 

Then  8y  =  u8v  +  v8u  +  (8u)(Sv) 

=«S  +vl  +  S5v 

Now  let  8x  -»  0.  Consequently  8u  -»  0,  8v  ->  0,  ||  ^  and  g;  ->  . 

So,  as  8x  -*  0,  gj  -¥  ujj  +  v  . 

Hence  we  have  the  product  rule  for  y  =  uv: 

dy  _  dv  +  du 
dr  d>-  dr 

where  u  and  v  are  functions  of  x. 

As  the  result  is  symmetrical  in  u  and  v,  it  does  not  matter  which  function  is  chosen  as 


Example  7 

Differentiate  <3x  -  2JfxJ  +  4) 
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Take  u  =  3x  -  2,  v  =  x3  +  4. 

£  =  3,  £  =  3X3 
Then  g  -.£  +  *$ 

=  (3^-2)x3aj  +  (jt5  +  4)x3 
=  9X3  -  fix3  +  3X3  +  12  =  12x>  -  6tr  +  12 


Example  8 

Differentiate  x>(2x  -  If  wrt  x. 

Take  «  =  x3,  v  =  (2x  -  l)4. 

£  =jr>x4(2r-l)Jx2  +  (2*-l/x3^ 

T'  1 - T - 1  t  l 

"  V  S 

dr 

In  this  example,  we  simplify  as  far  as  possible  and  leave  the  result  in  factor  form. 
£  =  x*(2x  -  Ifflx  x  8  +  (2x  -  1)3] 

=  x3(2x-l)3(14x-3) 


Example  9 

Differentiate  (3x  -  //(i*  +5 11  wrtx. 

=  (3jc—  1)J  x  2<Jt»  +  5)  x  2x  +  (x3  +  Sf  x  3(3x-  l)1  x  3 
=  (3x-  1)V  +  5)[(3x  -  1)  x  4x  +  (x3  +  5)  x  9] 

=  (3x  -  lftx3  +  5X12*3-  4x  +  9X3  +  45) 

=  (3*  -  Wx3  +  5X21X2  -  4x  +  45) 


Exercise  17.2  (Answers  on  page  641.) 

1  Differentiate  each  of  the  following  products  wrt  x.  Leave 
factor  form. 

(a)  x(x  -  2)! 


(d)  (x  +  l)3(x  -  2Y 
(g)  x3(x1-x-l)3 
(j)  (x3  *•  l)3(2x-  l)3 
<m)2x(l-2x)3 
(p)  (3x  -  I)5(2x  +  3)3 


(b)  xV  -  1) 

(e)  xs(l  -  2x)3 
(h)  x3  (x1  -  3)J 
(k)  ^(x3-  l)3 
(n)  Vx^T(x+  l)4 


the  answers  in  simplified 

(c)  (x3  +  1  Hx3  -  1 ) 

(0  (1  -  x)3(3  -  x)3 
(i)  (3x  -  2)3(2x3  -  1) 

(I)  x(Vx-  l)3 

(o)  (x3  -  x  -  2)(x  +  l)3 


2  Find  the  equation  of  the  tangent  to  the  curve  y  =  (x  +  l)(x  -  2)3  at  the  point  where 
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It*  +  !)*}’ 


To  simplify  this,  multiply  the  numerator  and  denominator  by  2(x  +  l)! 
dy  =  =  J±2_ 

^  2(jr+lHx+t)5  2(x+l)5 


Example  11 

'fy  =  3772  •  ^  «*«  £  =  fSTz?- 
Hence  or  otherwise  find  f 

dy  _  (3* +  2X1) -43)  _  2 

dr  “  <a*  +  2)>  ~  (3r  +  2)' 

Hence  means  that  we  should  use  the  above  result  and  notice  that 
I,  (3x^2)’  =  5  J,  (3x  +  2)1  <** 

=  5  [-STl]!  (i) 

=  Kn) _  5(5)  =  h 

Otherwise  means  that  another  method  can  be  used.  We  must  notice  that  it  is 
integral  of  a  linear  function. 

J]  (3*  +  2)-1dx=p£i£:]’ 

“fel  (ii) 

Note:  The  two  integrals  (i)  and  (ii)  look  different  but  they  only  differ  by  a  1 
K TTH-)  =  ?(  TJTT1)  “  *(*  -  3IT2)  =  5  ~  3(3x  +  2) * 

The  constant  g  disappears  when  the  limits  are  substituted. 


Exercise  1 7.3  (Answers  on  page  641.) 

1  Differentiate  wrt  x,  simplifying  where  possible: 

(a)  772  0®  7+7  (c)  jrri 

(d)  -gfj-  (e)  (f) 

(g)  TTZ  (h)  V#T7  (i)  ?7I 

0)  V7TI  (k)  57+1  (1>  7^7 

(m)  (n)  777 

2  If  >•  =  777.  find  jj*  and  7^.  Hence  show  that  (1  +  +  2jj-  =0. 

3  If  y  =  2^77,  show  that  gjj;  =  ip •  Hence  or  otherwise  find  J  <2*177. 

4  Given  that  y  =  jjt+T'  find  ■ 

Hence  or  otherwise  evaluate  j  (2x*yf" 

5  If  y  =  V777  •  f,nd  to  ■  (Take  y  =  ^===  .) 

Hence  evaluate  f  ,  1  >  . 

Jr*(r+I)t 

x  f1  dr 

6  Differentiate  wr* x-  Hence  find  J  ,  ^  +  3)§  • 

7  Find£  ify= 

8  Find  the  values  of  .r  which  give  stationary  points  on  the  curve  y  =  J* 

9  (a)  Given  that  y  =  *-±-|  and  that  jjj  =  when  x  =  3,  find  the  value  of  a. 

(b)  If  J  1  ^  dr  =  i,  where  £  is  a  constant,  find  the  value  of  k. 

10  ify  =  dr- 

Hence  find  the  rr-coordinate  of  the  stationary  point  on  the  curve. 

Differentiation  of  Implicit  Functions 

All  the  functions  we  have  met  so  far  have  been  in  the  form  y  =  f(jc)  i.e.  they  have  been 
explicit  functions,  y  has  been  given  directly  in  terms  of  x.  A  function  may  however  be 
stated  implicitly,  as  for  example  x5  +  y5  =  3xy.  where  it  would  be  difficult  to  make  y  the 
subject.  Using  the  product  rule  we  can  differentiate  such  functions  and  then  find  jj- . 
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Using  a  calculator,  the  following  values  of  sin  x  and  x  were  obtained: 

x  (radians)  sin  x 

0.2  0.198669 

0.1  0.09983 

0.05  0.049979 

0.01  0.0099998 

0.001  0.0009999 

This  shows  that  when  x  is  small,  sin  x**x.  It  would  suggest  that  lim  =  1 .  Here  is  a 

simple  proof  of  this. 

In  Fig.  17.2,  OAB  is  a  sector  of  a  circle  centre  O,  radius  r  and  angle  x  radians.  AC  is 
perpendicular  to  OA.  Then  AC  =  r  tan  x. 


C 


Area  of  AAOB  <  area  of  sector  AOB  <  area  of  AAOC, 
i.e.  jr2  sin  x  <  jr2*  <  jr2  tan  x 

Hence  sin  x  <  x  <  tan  jr. 

Dividing  by  sin  x,  1  <  ^  <  ^ . 

Now  as  x  -»  0.  cos  *  -»  1  and  jjj-j  -»  1. 

The  left  hand  term  is  fixed  at  1  and  the  right  hand  term  — >  I.  Hence  the  middle  term  must 
->  1.  Therefore  lim  =  1. 

In  a  more  convenient  form, 

lim  =  1 

Note:  For  this  result  to  be  valid,  x  must  be  in  radians. 
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Example  15 

Differentiate  (a)  sin  3x,  (b)  sinfax  +  b),  (c)  sin1  x,  (d)  sit^(3x  -  2). 

(a)  y  =  sin  3x 

We  (real  this  as  a  composite  function,  i.e.  y  =  sin  u  where  u  -  3x. 

3*  =  cos  u  and  =3. 

Then  dJ  =  %  x  £  =  cos  u  x  3  =  3  cos  3*. 

Note  that  the  function  sin  is  differentiated  first  to  give  cos,  then  the  angle  3*  is 
differentiated  to  give  3. 

(b)  y  =  sin(<u  +  h ) 

Taking  y  =  sin  u  where  u  =  ax  +  b, 

dJ  =  5jxS=cos“xa  =  a  cos(<“  +  b) 

Note  this  result  for  future  use: 
jj  sin(«ur  +  b)  =  a  cos  (ax  +  b) 

First  differentiate  the  function,  then  the  angle. 

(c)  y  =  sin2  x 

Treat  this  as  a  power  of  the  function  sin  x. 

Take  y  =  u2  where  u  =  sin  u. 

First  differentiate  as  a  power,  i.e.  gj ,  then  differentiate  the  function  sin,  i.e.  . 

differentiate  differentiate 

sin2  x  to  get  sin  x  to  get 


(The  result  could  also  be  written  as  sin  2x). 

(d)  y  =  sin3  (3*  -  2) 

First  differentiate  as  a  power,  then  differentiate  sin,  then  the  angle, 
gj-  =  3  sin2(3jr - 2)  x  cos(3r-2)  x  3 

differentiate  sin3  differentiate  sin  differentiate 

to  get  3  sin2  to  get  cos  3* -2  to  get  3 


The  sequence  is 


sinU) 

ndJ  1-van, 


Hence  g*  =  9  sin2(3r  -  2)  cos(3.v  -  2) 
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Exercise  1 7.6  (Answers  on  page  642.) 

1  Differentiate  wrt  x: 

(a)  sin  3x  (b)  sin  §  (c)  cos  * 

(d)  tan  3jc  (e)  cosec  x  (0  x  sin  x 

(g)  x3  sin  2x  (h)  cosflx3  -  1)  (i)  sin(| -x) 

(j)  tan  \  (k)  x  sin  x  +  cos  x  (1)  2  x 

(m)  cos3  lx  (n)  x  cos  x  -  sin  2x  (o)  sin  3x  cos  2x 

(p)  y]4  +  sin2  2x  (q)  cos5(  1  -  3-r)  (r)  Vtan  2x 

2  Differentiate  wrt  x: 

(a)  cos  3x  (b)  sin  f  (c)  cosf^-l) 

(d)  sin3  2x  (e)  tan (3  -  2)  (0  sin  §  cos  2* 

(8)  TtitoT  (h)  x3  tan  §  (i)  cosx3 

(j)  x(cos  2x  -  sin  x) 

3  If  y  =  sin  2x,  find  3*  and  and  show  that  0  +  Ay  =  0. 

4  If  y  =  x  sin  2x,  find  the  value  of  when  x  =  §. 

5  Given  y  =  A  cos  2x  +  B  sin  2*.  where  A  and  B  are  constants,  show  that  +  4y  =  0. 
If  also  y  =  3  when  x  =  -  and  &  =  4  when  x  =  0,  find  the  value  of  A  and  of  B. 

2  dx 

6  If  y  =  cos  0  +  2  sin  0,  find  the  values  of  0  (0  <  0  <  2 n)  for  which  j®  =  0. 

7  Find  ^  if  y  =  (sin  x  +  cos  2x)s. 

lie 

8  Solve  the  equation  (x  +  sin  2x)  =  2  for  0  <  x  <  it. 

9  Differentiate  t  x  wrt  x  and  hence  find  • 

10  (a)  Show  that  if  y  =  2  sin  x  -  cos  x,  then  &  =  0  when  tan  x  =  -2. 

Hence  find  the  values  of  x  (0  <x  <  2ji)  where  y  has  stationary  values. 

(b)  Find  the  value  of  x  (0  <  x  <  2it)  for  which  y  =  23  c°^  is  stationary.  Hence  find 
the  maximum  and  minimum  values  of  y. 
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11  Find  the  equations  of  the  tangents  to  the  curve  y  =  sin  x  where  x  =  0  and  x  =  ji. 

12  Find  the  equation  of  the  tangent  to  the  curve  y  =  cos  x  where  x  =  |. 

Integration  of  Trigonometric  Functions 

If  y  =  sinto  +  b),  then  jj-  =  a  cos  (ax  +  b). 

Therefore  J  cos(ax  +  b)dx=  j  sin(ax  +  b)  +  c 

If  y  =  cos(ax  +  b),  then  j  =  -a  sinfa.v  +  b). 

Therefore  J  sin(at  +  b)  dx  =  -  A  cos (ax  +  b)  +  c 

If  y  =  tanfar  +  b ),  then  =  o  sec!(<n  +  b). 

Therefore  j  scc-’(av  +  b)  dx  =  5  tan(nx  +  b)  +  c 
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The  shaded  area  is  the  area  under  the  curve  minus  the  area  of  AOBA  w 
perpendicular  to  x-axis. 

Area  =  J 1  sin  x  dx  -  |  x  §  xl 


=  (-cos  |)  -  (-cos  0)  -  \  =  0  -  (-1)  -  J  =  1  -  | 


Example  26 

Find  J  sin1  x  dx. 

We  cannot  find  j  sin2  x  dx  directly  as  it  is  not  in  the  form  sin(ax  +  b). 

We  use  the  formula  cos  2x  =  1  -  2  sin2  x  to  convert  it  to  a  suitable  form. 
Then  J  sin2  x  dx  =  j  d* 

=fG-£2r£)  <*=!-■?£  +C.I-&P+C 

The  same  method  is  used  to  find  /  cos2  x  dx. 


Example  27 

Sketch  the  curve  >'  =  /  +  cos  xfor  0  <x£  n.  This  curve  is  rotated  about  the 
through  2it  radians.  Find  the  volume  created  in  terms  of  it. 


Exercise  1 7.7  (Answers  on  page  M2.) 


Integrate  wrt  x: 

(a)  sin  2* 

(b) 

cos  4r 

(c)  sin  f 

(d)  3  sin  3r 

(e) 

sec2  3.r 

(f)  cos  2r  - : 

(g)  sin  x  +  cos  x 

(h) 

cos2  \ 

(i)  cos  5r 

(j)  sin(J-r) 

(k) 

sec2  5 

(1)  cos  2r  -  : 

(m)  (cos  x  -  sin  r)2 

(n) 

2  sin  x  +  j  sin  2r 

Evaluate 

(a)  J*  cos  x  dx 

(b)  j1  sin  x  dr 

(c)  J!  sin2jrdx 

(d)  Jj  sec2  r  dr 

(e)  J  ’  (sin  2x  -  cos  x)  dr 

(f)  J2  (cos  r  4  si 

in  r)2  dr 

(g)  sin  f  dr 

(h)  j‘  sin  3r  dr 

(i)  J'  cos  f  dr 

(j)  J  cos  2r  dr 

(k)  IJ?  cos2  r  dr 

3  If  j  cos  20,  find  y  if  y  =  1  when  0=2- 

4  Find  (a)  the  area  of  the  region  enclosed  by  the  curve  y  =  sin  x  and  the  r-axis  from 
jr  =  0  to  r  =  tt  and  (b)  the  volume  created  if  this  region  is  rotated  about  the  jr-axis. 

5  Differentiate  wrt  r.  Hence  find  the  area  of  the  region  under  the  curve 

y  =  (i  +  COix)<  between  x  =  0  and  x  =  j- 
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6  The  region  bounded  by  the  x-axis  and  the  part  of  the  curve  y  =  2  sin  x  between  jt  =  0 
and  x  =  n  is  rotated  about  the  x-axis  through  360°.  Find  the  volume  of  the  solid 
generated. 

7  Sketch  the  curves  v  =  cos  x  and  y  =  sin  x  for  0  £  x  £  5. 

Find  (a)  the  value  of  x  where  the  curves  intersect,  (b)  the  area  of  the  region  bounded 
by  the  two  curves  and  the  x-axis.  (c)  If  this  region  is  rotated  about  the  x-axis  through 
360°,  find  the  volume  of  the  solid  created. 

8  Find  the  area  of  the  region  enclosed  by  the  x-axis,  the  y-axis,  the  curve  y  =  cos  x  and 
the  line  x  =  g .  If  this  region  is  rotated  about  the  x-axis  through  360°,  find  the  volume 

9  Using  an  identity  for  cos  4x,  find  J  cos2  2x  dx. 

10  Sketch  the  curves  y  =  cos  x  and  y  =  sin  2x  for  0  <  x  £  |.  Find 

(a)  the  value  of  x  where  the  curves  intersect  (apart  from  x  =  | )  and 

(b)  the  area  of  the  region  enclosed  by  the  two  curves  and  the  x-axis. 

11  (a)  Show  that  J  s  sec2 x -  1. 

(b)  Hence  find  the  value  of  dx. 

12  By  writing  3x  as  2x  +  x,  show  that  cos  3x  ■  4  cos5  x  -  3  cos  x. 

Hence  evaluate  J5  cos5  x  dx. 


SUMMARY 

•  \(ax  +  bYdx  =  '  +  c(/i*-l) 

•  Product  rule:  If  y  =  «»•,  j*  = 

•  Quotient  rule:  If  y  =  “  ,  ^  =  ^4*. 

•  For  x  in  radians,  a  and  b  constants: 

sin(ax  +  *)  =  a  cos(ax  +  b ),  J  cos(ax  +  b)  dx  =  i  sin(ax  +  b)  +  c 
cos(ax  +  b)  =  -a  sin(ax  +  b ),  J  sin(ax  +  b)  dx  =  -  i  cos(ax  +  b)  +  c 
tan(ax  +  h)  =  a  sec 2(ax  +  b ).  f  sec2(ax  +  b)  dx  =  5  tan(ar  +  b)  +  c 

•  To  integrate  sin2  x  or  cos2  x,  use 


the  identity  for  cos  2x. 


15  (a)  Given  that  v  =  sin2  x  cos  2x.  find  the  values  of  .t  (0  <  x  <  n)  for  which  ~  =  0. 

i  •  d*  ■ 

(b)  Find  the  values  of  x  (0  <  jr  <  2ir)  for  which  y  =  —  ■  ■Mn-1  is  stationary.  State  the 
maximum  and  minimum  values  of  y.  smJ:  +  C°5J: 

16  If  y  =  sin  26,  find  the  approximate  change  in  y  when  6  is  increased  from  1  to 
1  +0.01. 

17  Show  that  the  function  is  always  decreasing  for  jr>  1. 

18  Find  in  terms  of  x  and  y  if  2xf  +  y  +  2x  =  8.  Hence  find  the  gradient  of  the  curve 

at  the  points  where  x  =  1. 

19  If  y  =  a  sin  2x,  where  a  is  a  constant,  satisfies  the  equation  yp  +  8y  =  4  sin  2x,  find 
the  value  of  a. 

20  Given  that  r2!!  +  cos  9)  =  k,  where  k  is  a  constant,  show  that  ^  =  5  tan  f. 


21  Solve  the  equation  J  sin  5  dt  =  0  for  0  S  x  £  2n. 

22  Find  3*  for  each  of  the  functions  xy  =  a  and  y  =  Vi2  +  x2  where  a  and  k  are  constants. 

Hence  show  that  the  tangents  at  the  point  of  intersection  of  the  curves  are  per¬ 
pendicular. 

23  A  particle  moves  in  a  straight  line  and  its  distance  s  from  a  fixed  point  O  of  the  line 

at  time  /  is  given  by  s  =  4  sin  2r. 

(a)  Show  that  its  velocity  v  and  its  acceleration  a  at  time  t  are  given  by 
v  =  2VI6-S2  and  a  =  -4s. 

(b)  Find  the  greatest  distance  from  O  reached  by  the  particle. 

24  At  a  certain  port  the  height  h  metres  of  the  tide  above  the  low  water  level  is  given  by 

h  =  2(1  +  cos  6)  where  8  =  355  and  t  is  the  time  in  minutes  after  high  tide. 

(a)  What  length  of  time  is  there  between  high  and  low  tide? 

(b)  At  what  rate  is  the  tide  falling,  in  metres  per  minute,  75  minutes  after  high  tide? 

(c)  A  bridge  is  10  metres  above  the  low  water  level.  A  boat  can  only  sail  under  this 
bridge  when  the  distance  between  the  water  and  the  bridge  is  not  less  than 
7  metres.  How  long  after  high  tide  will  it  be  before  the  boat  can  sail  under  the 
bridge? 

25  (a)  Differentiate  cot  8  wit  6. 

(b)  A  cone  has  a  base  radius  r  and  a  semi-vertical  angle  8.  Show  that  its  volume 
V=  ^ttr2  cot  8. 

(c)  r  is  fixed  but  6  is  measured  as  45°  with  an  error  of  4%.  Find  the  percentage  error 
in  the  calculated  value  of  V. 
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Calculus  (5) 
ex  and  In  x 


18 


The  function  j  cannot  be  integrated  by  the  usual  rule.  So  if  this  function  is  to  have  an 
integral  it  cannot  be  an  algebraic  one  but  some  other  type  of  function.  The  story  of  its 
discovery  is  beyond  our  work  but  we  can  start  with  the  origin  of  an  important  number  in 

This  comes  from  asking  what  happens  to  the  value  of  ( 1  +  j )'  as  f  — >  «=  i.e.  what  is  the 
value  (if  any)  of  lim  (l  +  j)'? 

We  shall  not  be  able  to  prove  what  this  limit  is  but  the  following  set  of  values  made 
by  a  calculator  will  suggest  an  answer. 

i  a + 7  y 

100  (1.01)"”- 2.7048 

1000  (1.001)'“”  =  2.7169 

10  000  (1.0001)l0“”»  2.71815 

100  000  (1.00001)"”“”  =  2.71827 

1000  000  (1.000001)'“”“*  =  2.71828 

10  000  000  (1.0000001)'°“”“”  =  2.71828 

As  x  increases,  it  appears  that  ( 1  +  J  J  tends  to  a  value  which  is  approximately  2.71828. 
This  is  true  and  we  denote  this  limit  by  the  letter  e.  Like  Jt,  e  is  an  irrational  number. 
Its  importance  is  that  it  is  taken  as  the  base  of  natural  logarithms,  i.e.  log,  x  (written  as 
In  X  ) 

If  y  -  log,  x  =  In  x  then  e>  =  x 
If  y  =  f  then  In  y  =  x 

Similar  to  other  logarithms.  In  1  =  0,  In  e  =  1  and  if  0  <  x  <  1,  In  x  is  negative.  If 
jc  <  0,  In  x  is  undefined. 

So  for  example,  if  y  =  e2**5  then  In  >•  =  2x  +  3;  if  y  =  2eb  then  In  y  =  In  2  +  In  e5*  = 
In  2  +  ix. 

We  shall  now 


see  why 


strange  number  is  chose 


a  base  for  logarithms. 


Take  y  =  In  x  and  let  x  have  an  increment  &x.  Consequently,  y  has  an  increment  5y. 
Then  y  +  by  =  ln(jr  +  8ur)  and  8y  =  ln(jr  +  hx)  -  In  x  =  ln(  x  *  ^  ) . 

Hence  g  =  £  In(^)  =  ln(l  +  £)s. 

To  make  use  of  the  above  limit,  write  y  =  j  so  ^  =  j . 

Then  |*  =  ln(l  +  y)'  =  j  ln(l  +  })'. 

Now  let  Set  -»  0.  Consequently,  8y  -*  0,  |j-  -»  jj*.  t  -»  <»  and  (l  +  |Y  -»  e. 

Using  these,  we  have  ^=}lne=jaslne  =  logt  e  =  I. 


This  is  a  very  important  and  simple  result.  It  is  the  basis  of  the  work  in  this  chapter  and 
shows  why  e  is  taken  as  the  base  of  natural  logarithms. 

Now  using  the  rule  for  a  composite  function,  we  can  differentiate  In  f(.t). 


Tx  ln«x> 

Suppose  y  =  In  f(jc). 

Take  u  =  f(jr)  and  so  y  =  In  u. 

5*  =  ;  and  ^  =  jy  f(jc)  =  f(x) 

iL  _  x  <!“  _  I  x  f(.)  _  £lfl 
d»  dii  x  dr  «  x  1  W  “  f« 


Example  1 

Differentiate  wrt  x  (a)  ln(ax  +  b),  (b)  ln(x 2  -3x+l),  ( c)  In  sin  3x,  (d)  xr  In  x,  (e) 

(a)  Here  f(x)  =  ax  +  b. 

S  ln(<w  +  b)  =  ~-£  as  f(jc)  =  ^  (ax  +  b)  =  a. 

(b)  £  ln(JtJ-3Jr+l)=?^rf  (as  f (x)  =  2x  -  3) 

(c)  £  In  sin  3x  =  =  3  cot  3, 
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Exercise  1 8.1  (Answers  on  page  643.) 

1  Differentiate  the  following  wit  x  and  simplify  where  possible: 

(a)  In  5.t  (b)  In  jc2  (c)  ln<3jc  -  1) 

(d)  ln(sin  2)  (e)  ln(jc  +  tan  x)  (0  ln(cos  2x) 

(g)  ln(cos’jr)  (h)ln(sinf)  (i)  lnf^*3  -  4jc  -  1 ) 

(j)  lnV2x-5  (k)  ln(^)  8)  x\nx 

(m)  (n)  ln(x  cos  x)  (o)  cos(ln  x) 

(p)  In  x  In  3.x  (q)  (**+  l)ln(x-  1)  (r)  (lnjtf 

(s)  ln(cos  3x)  (t)  (x  -  1)  In  2x  (u)  In  (x  +  sin  x) 

(v)  lntr  +  3X2*  -  1)  (w)ln(j^) 

2  If  y  =  ln(*  +  lKx -  2),  show  that  £  = 

3  If  y  =  ln(3.x  +  l)(2x-  1).  find  and  simplify 

4  Given  that  y  =  ln( 777) .  find  in  its  simplest  form. 

5  Fig.  18.2  shows  parts  of  two  straight  lines  obtained  by  plotting  In  y  against  x  for  two 
different  functions.  Each  has  two  points  marked.  Find  for  each  function,  (a)y  in  terms 
of  jr,  (b)  the  value  of  x  when  y  =  1. 


Fig.  18.2 

6  State  how  the  functions  (a)  y  =  e1'"2  and  (b)  y  =  3e_2x  can  each  be  represented  by  a 
straight  line  graph  and  give  the  equation  of  each  line. 

7  On  graph  paper,  draw  the  graph  of  y  -  e*  for  0  S  x  S  2.  By  adding  a  suitable  straight 
line,  find  an  approximate  solution  to  the  equation  e1  +  x  =  5. 

8  Given  that  es‘  =  e50’*"  and  that  Inf  3.x  +  4y)  =  2  In  5,  form  two  simultaneous  equations 
and  hence  find  the  value  of  x  and  of  y. 
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Example  5 

Find  the  coordinates  of  the  point  of  intersection  of  the  curves  y  —  e2''1  and  y  =  e2"  and 
the  gradient  of  each  curve  at  that  point. 

At  the  point  of  intersection,  e2*"'  =  e2'1  so  2x  -  1  =  2  -  x  and  x  =  1.  The  coordinates  of 
the  point  are  (lx). 

Forj^e2-'.  ^  =2e2-‘  =  2e  whenjt=  I. 

For  y  =  e2"',  ^  =  -e2-*  =  -e  when  x  -  1. 


Exercise  18.2  ( Answers < 

m  page  643.) 

1  Differentiate  wrt  x: 

(a)  e«* 

(b)  e3"1 

(c) 

e5-l* 

(d)  e*2 

(e)  e“"' 

(f) 

Xt* 

(g)  (2* -4 Jei 

(h)  c“*‘ 

(i) 

(j)  C  sin  x 

00^ 

0) 

e 

(m)  jtV* 

(n)  e'-e- 

(o) 

e~*(cos  x 

(p)  (3*  +  2)e"2* 

(q)  e2*  In  jr 

(r) 

e 

e  - 1 

(s)  ^ 

(t)  e2*  cos  2x 

(u) 

e 

(v)  jc’e2' 

(w)  (e*  -  e'*)2 

2  Find  the  coordinates  of  the  point  where  the  curves  y  =  c'1'-  and  y  =  c*~’  meet  and  the 
gradient  of  each  curve  at  that  point. 

3  Find  the  range  of  values  of  x  for  which  (x  -  3)e1‘  is  increasing. 

4  If  y  =  •le’'  find  jj£  and  ^ .  Hence  find  the  value  of  x  for  which  y  has  a  stationary  point 
and  state  the  nature  of  that  point. 

5  Given  that  y  =  x2eu,  find  the  values  of  x  for  which  y  is  stationary. 

6  If  y  =  (x2  -  3)e2.  find  the  values  of  .v  where  v  is  stationary  and  the  nature  of  these 
points. 

7  If  y  =  e'  cos  x.  find  and  Use  these  to  find  the  values  of  x  (0  <  x  <  2n)  where 
y  has  stationary  points  and  state  the  nature  of  these  points. 

8  Find  &  and  jjjj  for  y  =  c*(cos  x  +  sin  jt). 

Hence  find  the  values  of  x  (0  <  x  <  2tt)  where  y  is  stationary  and  the  nature  of  the 
stationary  points. 

9  Given  that  y  =  e"  sin  x.  prove  that  0  -  2jj-  +  2y  =  0. 
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10  Find  the  gradient  on  the  curve  v  =  eu  cos  x  where  x  =  0. 

11  If  y  =  a*,  show  that  In  y  =  x  In  a  and  hence  find  ^ . 

12  If^(^i)  =  ^.findfW. 

Integration  of  ande8'*6 

We  can  now  find  an  answer  for  J  j  dx. 

We  know  that  £  In  x  =  j  so  J  j  dx  =  in  x  +  c. 

However  we  must  be  careful.  If  x  <  0,  In  x  is  undefined.  We  can  guard  against  this  by 
writing 

Jjdx  =  ln|x|  +  c 

This  is  justified  as  shown  in  Fig.  18.3  which  shows  the  two  branches  of  the  curve  y  =  ±. 


Fig.  18.3 

The  area  A  =  j  dx  =  [in  x]^  which  is  undefined. 

By  symmetry  however,  area  A  =  area  B  =  [inxj*  =  ^ln  |x  |J"*. 
Further,  since  ^  ln(ox  +  b)=  axat.b, 

then  J  =  5,«l«*  +  *l  +  c 

As  £  e"**  =  acr*\ 

then  J  e-““  dr  =  je“**  +  c 

Note:  These  results  only  apply  to  the  linear  function  ax  +  b. 
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Example  6 

Find  (a)  f  (3x-2t'dx,  .  (c) [' dx. 

(a)  J  5  In  |  lr-2  | +c 

(b)  £  2^  =  [-5  1"  |2-3*|];] 

=  (-  5  In  1 5 1)  -(-  j  In  1 8  |) 

=  -5  In  5+5  In  8=5  In  |  =  0.16 
Such  results  however  are  usually  left  in  terms  of  In. 

(c)  \\  eJ  '4r=[-e^]’ 

=  (-e-|)-(-e0)  =  -e-' +  l  =  l-i. 


Example  9 

The  region  enclosed  by  the  curves  y  =  ex  and  y  =  e2’  and  the  lines  x  =  I ,  x  =  2,  is 
rotated  about  the  x-axis  through  360°.  Find,  in  terms  of  e,  the  volume  of  the  solid 
formed. 

Volume  =  Jtf  [(e1*)2  -  (e*)!]  dx 


e2"  and  it  passes  through  the  point 


10  (a)  The  gradient  of  a  curve  is  given  by  3*  = 

(0,  5) .  Find  the  equation  of  the  curve. 

(b)  Find  the  area  of  the  region  enclosed  by  the  curve,  the  x-axis  and  the  lines  x  =  0 
and  x  =  1. 

11  (a)  Sketch  the  curves  y  =  e*  and  y  =  In  x. 

(b)  Differentiate  x  In  x  -  x  wrt  x  and  hence  find  J  lnxdx. 

(c)  Hence  find  the  area  of  the  region  enclosed  by  these  curves,  the  x-axis,  the  y-axis 
and  the  line  x  =  2. 

12  (a)  Find  the  equation  of  the  tangent  to  the  curve  y  =  In  x  at  the  point  where  x  =  1  . 
(b)  Find  the  area  between  this  tangent,  the  curve  and  the  line  x  =  2.  (Use  the  result 

of  Question  1 1(b).) 

SUMMARY 

•  In  x  =  logt  x  ;  e  «  2.7183 

•  Ify  =  lnx,  x  =  e,;ify  =  e“*Mny  =  ax  +  b 

•  E  ,njr=  x  E  *'  =  *' 

•  E»"f(x)  =  -^  A  eft"  =  f(x)e"^ 

•  J  y  =  In  | x |  +  c  J  =  a  In  \ax  +  b\  +c 

•  Je,dv  =  e'  +  c  j  e“**  dx  =  £  e"*‘  +  c 

Note:  J  (ax  +  b)"  dx  =  +  c  for  all  values  of  n  except  n  =  -1 . 


REVISION  EXERCISE  18  (Answers  on  page  643.) 
A 


1  Evaluate 

(a)  e1"21  dx  (b)  J’  Jr,  (c)  £  e^dr 

(d)  j*  e“  d/  (k  is  a  constant)  (e)  e2-’  dx  (f) 

(g)  £  dx 

2  Find  the  gradient  of  the  curve  y  =  ln(x  +  sin  2x)  where  x  =  5. 

3  Sketch  the  curve  y  =  e'2"  for  x  >  0  and  find  the  area  of  the  region  enclosed  by  the  curve, 
the  y-axis,  the  x-axis  and  the  line  x  =  1. 
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Parametric 

Equations 


19 


In  previous  work,  (he  equations  of  curves  have  been  expressed  in  Cartesian  form,  i.e.  as 
a  relation  between  the  coordinates  x  and  y.  Another  method  of  stating  the  equation  of  a 
curve  is  to  use  a  third  variable,  called  a  parameter,  x  and  >•  are  then  each  expressed  in 
terms  of  (his  parameter.  The  equation  of  the  curve  is  now  given  by  two  parametric 
equations.  For  example,  the  parametric  equations  of  a  curve  could  be  x  =  2t,y  =  t:  where 
t  is  the  parameter.  This  seems  to  be  a  more  complicated  way  of  describing  a  curve  (two 
equations  instead  of  one)  but  for  many  curves  it  can  be  more  convenient . 

The  parameter  can  be  any  suitable  variable  such  as  a  number,  an  angle,  a  length  etc. 
It  must  however  satisfy  two  conditions: 

(1)  each  point  on  the  curve  must  be  related  to  a  unique  value  of  the  parameter, 

(2)  each  value  of  the  parameter  must  give  the  coordinates  of  only  one  point  of  the  curve. 
The  Cartesian  equation  of  the  curve  is  found  by  eliminating  the  parameter  between  the 
parametric  equations. 


Example  1 

The  parametric  equations  of  a  curve  are  .v  =  2l,  y  =  r-\  Sketch  the  curve  and  find  its 
Cartesian  equation. 

As  y  =  r2,  y  is  never  negative.  Also  the  curve  is  symmetrical  about  the  y-axis. 

/  =  0  gives  the  point  (0,0),  t  =  1  gives  the  point  (2. 1 ),  / = —2  gives  the  point  (-4,4)  and 

If  t  >  0,  x  >  0  and  v  and  y  both  increase  as  t  increases. 

If  t  <  0,  x  <  0.  As  /  decreases,  x  decreases  but  y  increases. 
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point  (x,y)  moves  along  the 


Example  2 

The  parametric  equations  of  a  curve  are  x  =  777  ,  y  =  .  F 

equation. 

We  find  t  in  terms  of  x  and  y  first. 

If  x  =  j-j-j ,  then  (1  +  t)x  =  t 
If  y=  then  (1  +  r)y  =  r2 
Divide  (ii)  by  (i).  Then  £  =  t.  Now  substitute  in  (1). 

(l  +  ■;)*  =  £  which  gives  x  +  y=  £  or  a2  +  jt y  =  y. 

This  could  also  be  written  as  y  =  737. 


Example  3 

Find  the  Cartesian  equations  of  the  curves  given  by  (a)  x  =  sec  0 
(b)x  =  3  sin  e.y  =  2  cos  26. 

(a)  To  eliminate  the  parameter  9.  we  use  the  identity  sec2  9=1  + 
So  rearranging  and  squaring  the  two  parametric  equations,  we 
(jc  -  2)2  =  sec2  9 

(SI  -»■« 

Subtracting,  we  get 

which  reduces  to  9s2  -y2  -  36x  +  27  =  0. 


(b)  We  use  the  identity  cos  20  =  1  -  2  sin2  0 
Then  \  =  l  - 2( f )*  or9y=  18-4*2. 


To  find  the  gradient  from  the  parametric  equations 

Given  the  parametric  equations  for  a  curve  y  =  F(r)  we  can  find  ~  by  using  the  rule 
from  Chapter  10:  ^  x 

Hence  the  gradient  ^  on  the  curve  y  =  F(;r)  given  by  the  parametric  equations  x  =  f(t), 

y  =  g(0  is 


Example  4 

A  curve  is  given  by  the  parametric  equations  x  =  ppt ,  y  =  ppj .  Find 

(a)  %  in  terms  oft. 

(b)  the  coordinates  of  the  point(s)  where  the  gradient  is  -3, 

(c)  the  equations  of  the  tangent  and  the  normal  at  the  point  where  t  =  2. 

djr 

(a)  *  «-£ 

d / 

&  _  (I  +t)2t-t*  «r  +  2) 

d/  (1+0*  <l+jp 

.  dr  1 

d7  =  -<T77y 

Hen“  %  =  urrf  x  iL^  =  -tit + 2) 

(b)  If  the  gradient  =  -3,  then  -t(t  +  2)  =  -3. 

So  t2  +  2/  -  3  =  0  i.e.  (/  +  3)(r  -  I)  =  0  giving  t  =  -3  or  t  =  1. 

There  are  two  points  where  the  gradient  =  -3. 

When  t  =  -3,  x  =  -  5,  y  =  -  §  i.e.  the  point  (-  j.  -  §)• 

When  t  =  1,  x  =  j,y  =  5,  i.e.  the  point  (A,  A). 
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y  =  6. 


If  0  =  j,  jr  =  2,  y  =  4  i.e.  the  point  B(2,4). 

The  equation  of  AB  will  be  =  -fyy  *  + 

(d)  g*  =  -gj-  =  =  -cot  9 

M 

When  0  =  gj;  =-cot  ^  =  l,.x  =  2  +  cos  ^  =  1.29, 
y  =  3  +  sin  x  =  3.71. 

So  the  equation  of  the  tangent  is  y  -  3.7 1  =  x  -  1 .29  i.e.  y  =  x  +  2.42. 


Example  6 

The  parametric  equations  of  a  curve  are  x  =  2t-l,y  =  F+  l. 

(a)  Find  the  Cartesian  equation. 

(b)  If  the  tangent  at  a  point  P  (parameter  p)  passes  through  the  point  (2  J),  find  the 
value(s)  of  p. 

(c)  Find  the  equation  of  the  tangent  to  the  curve  which  is  parallel  to  the  line 
y  +  2x  =  3. 

(a)  If  jc  =  2/-  1,  then  1  = 

Theny  =  (i^i)*  +  1  i.e.  4y  =  j?  +  lx  +  5. 

(b)  £  =2/ and  f  =2 

&  =  *  = , 
dt  2 

So  the  gradient  of  the  tangent  at  P  =  p. 

The  coordinates  of  P  are  (2p  -  1,  p1  +  1)  and  the  equation  of  the  tangent  is 
y  -  (p2  +  1)  =  p(jr  -  2p  +  1)  and  this  passes  through  (2,3). 

Hence  3  -  pi2  -  1  =  p(2  -  2p  +  1)  which  reduces  to  p2  -  3p  +  2  =  0 
i.e.  (p  -  2 )(p  -  1)  =  0  giving  p  =  1  or  2. 

(c)  The  gradient  of  y  +  2x  =  3  is  -2  and  the  gradient  of  the  tangent  to  the  curve  is  t. 
Hence  t  =  -2. 

When  t  = -2.x  = -5  and  y  =  5. 

So  the  equation  of  the  tangent  is  y  -  5  =  -2(x  +  5)  i.e.  y  +  2*  =  -5. 


(a)  The  coordinates  of  B  are  (r,0)  where  i  is  a  parameter. 

The  gradient  of  AB  =  3-37  so  the  gradient  of  BCD  =  t  -  3. 

The  equation  of  BCD  is  y  =  (t  -  3)(x  - 1)  and  this  meets  the  v-axis  where  x  =  0. 
The  coordinates  of  C  are  therefore  (0,  -r(f  -  3)). 

(b)  A  locus  is  the  set  of  all  the  possible  positions  a  point  can  take.  In  this  case,  the 
locus  of  D  will  be  the  curve  on  which  D  lies.  If  the  coordinates  of  D  are  (p,q)  and 
C  is  the  midpoint  of  BD,  then 

0=  5 (p  +  f)  i.e. p  =  -f 

and  -/(/  -  3)  =  £  (q  +  0)  i.e.  q  =  -2l(t  -  3). 

Hence  the  parametric  equations  of  the  locus  of  D  are  x  =  -t  and  y  =  -2 /(/  -  3). 
Substituting  t  =  -x  in  the  equation  for  >\  the  Cartesian  equation  of  the  locus  of  D 
will  be  y  =  2x(-x  -  3)  i.e.  y  =  -2x(x  +  3). 


Exercise  19.1  (Answers  on  page  644.) 

1  Find,  in  as  simple  a  form  as  possible,  the  Cartesian  equations  of  the  following  curves: 

(a)  x  =  3  cos  0,  y  =  2  sin  0  (b)  x  =  1  +  2  cos  t,y  =  1  -3  sin  / 

(c)  x  =  F,y  =  F  <d)  x  =  r+l,y  =  F-l 

(e)  Jr  =  f+7,y  =  f-  l  (0  x  =  sin  26,  y  =  cos  6 

(g)  x  =  t(t- l),y  =  F  (h)  x  =  7^7, jr- 777 

(i)  x  =  2F-l,y=l-r  0)  Jr  =  2  cos  20,  y  =  1  +  cos  8 

(k)  jr  =  r  -  j,  y  =  r  +  {  (1)  x  =  r.  y  = 

(m)  x  =  777,  >  =  2r  —  3  (n)  x  =  e-,  y  =  3c* 

2  Find  the  gradient  on  the  curve  x  =  0  -  cos  6,  y  =  1  -  2  sin  0  at  the  point  where  8  =  71. 

3  Find  in  terms  of  r  for  the  curve  x  =  777,  y  =  j-77 

Hence  find  the  equation  of  the  tangent  and  the  normal  where  1  =  2. 

4  The  parametric  equations  of  a  curve  are  x  =  J-7,  y  =  (2t-  1)!. 

Find  the  equation  of  the  normal  where  t  =  1 . 

5  By  finding  x2  +  y2,  deduce  the  Cartesian  equation  of  the  curve  given  by 

Describe  the  curve. 

6  Find  the  values  of  t  and  the  coordinates  of  the  points  where  the  curve  given  by 
x  =  F  -  1,  y  =  3r  meets  the  line  given  by  x  =  m-  l,y  =  2m+  1.  State  the  values  of  m 
at  these  points. 

7  A  curve  is  given  by  x  =  1  -  1,  y  =  F  +  f.  Find  the  values  of  1  where 

(a)  the  normal  to  the  curve  is  parallel  to  the  line  3x  +  y  =  5, 

(b)  the  turning  point  is. 
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2  Find  the  Cartesian  equations  of  the  following  curves: 

(a)  x  =  2  cos  0,  y  =  3  sin2  8 

(b)  x  =  2l(l  +  1),  y  =  1  —  r 

(c)  *  =  1  -  j,  y  =  2 r+i 

(d)  x  =  e** ',  y  =  2e_,_  1 

(e)  x  =  2e”,  y  =  e-2* 

3  The  equation  of  a  curve  is  given  in  terms  of  a  parameter  0asx  =  sec0  +  2tan8, 
y  =  3  sec  0  -  tan  0.  Express  sec  0  and  tan  0  in  terms  of  x  and  y  and  hence  find  the 
Cartesian  equation  of  the  curve. 

4  (a)  A  curve  is  defined  parametrically  by 

(i)  Write  down  the  gradient  of  the  curve  at  the  point  whose  parameter  is  2. 

(ii)  Write  down  and  simplify  expressions  for  2x  +  3y  and  2x  -  3y  in  terms  of 
l  and  hence  obtain  the  Cartesian  equation  of  the  curve. 

(b)  The  straight  line  3x-4y-  15  =  0  intersects  the  curve  whose  parametric  equations 
are  x  =  5r*  y  =  lOr  at  two  points. 

(i)  Calculate  the  value  of  r  at  each  of  these  points  of  intersection. 

(ii)  Prove  that  the  tangents  to  the  curve  at  the  points  of  intersection  are  perpen¬ 
dicular  to  each  other.  (C) 

5  A  curve  is  defined  parametrically  by  the  equations  x  =  .  y  =  y^-7  . 

Show  that  =  t(r  +  2). 

Find  (i)  the  value  of  I  at  the  point  where  the  tangent  is  parallel  to  the  tangent  at  the 
point  where  r  =  -3,  (ii)  the  equation  of  the  normal  at  the  point  where  r  =  -3.  (C) 

6  A  curve  is  given  by  the  parametric  equations  x  =  2F  -  3r,  y  =  r2  -  8r  +  1. 

(a)  Find  jj-  in  terms  of  r. 

(b)  Find  the  value  of  r  at  the  turning  point  and  the  equation  of  the  tangent  at  that 

(c)  Find  the  value  of  I  at  the  point  where  the  tangent  is  parallel  to  the  line 
y  +  2x  =  3. 

7  (a)  The  parametric  equations  of  a  curve  are  x  =  3r  +  1 ,  y  =  2 r2. 

A  point  P  on  the  curve  has  parameter  p.  Given  that  the  tangent  at  P  passes 
through  the  point  (1,  -8)  calculate  the  possible  values  of  p. 

(b)  The  Cartesian  equation  of  a  curve  is  y(y  -  2)  =  jr.  Given  that  x  is  defined 
parametrically  by  x  =  r2  -  I  and  that  y  =  4  when  t  -  3,  express  y  in  terms  of  r. 

(c)  The  parametric  equations  of  a  curve  are  x  =  t5  -  r,  y  =  r2  +  r. 

Express  y  in  terms  of  /  in  the  simplest  possible  form.  Hence,  or  otherwise,  find 
the  Cartesian  equation  of  the  curve.  (C) 

8  The  line  y  =  lx  meets  a  line  through  the  point  (r,0)  at  right  angles  at  the  point  P.  Find 
(a)  the  coordinates  of  P  in  terns  of  f  and  (b)  the  Cartesian  equation  of  the  locus  of  P. 
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9  A  curve  is  given  parametrically  by  the  equations  x  =  (|  =  •fv? . 

Given  that  P  and  Q  are  points  on  the  curve  with  parameters  0  and  2  respectively, 
(i)  find  the  equation  of  the  chord  PQ,  (ii)  show  that  g£  =  — (--+ f>  and  hence  find  the 
equation  of  the  normal  at  P. 

Find  the  points  of  intersection  of  the  curve  with  the  line  y  =  x.  (C) 

10  The  parametric  equations  of  a  curve  are  x  =  I  +  j ,  y  =  r(f  -  2). 

Find  the  values  of  t  where  the  tangent  is  parallel  to  the  line  y  =  jr  +  2. 

11  (a)  Obtain  the  Cartesian  equation  of  the  curve  whose  parametric  equations  arc 

x  =  1  +  y.y  =  2r(f  +  1). 

(b)  For  the  curve  whose  equation  is  x2  +  4yJ  -  8y  =  0,  a  parametric  form  for  y  is  given 
by  y  =  1  +  sin  0.  Obtain,  in  its  simplest  form,  a  corresponding  parametric  form 
for  x. 

(c)  The  parametric  equations  of  a  curve  are  x  =  r2  +  f,  y  =  2r  +  I. 

Obtain  the  equation  of  the  tangent  at  each  of  the  two  points  where  this  curve 
.meets  the  y-axis.  Calculate  the  coordinates  of  the  point  of  intersection  of  these 
tangents.  (C) 

12  A  curve  has  parametric  equations  x  =  4  -  3f,  y  =  9/<l  - 1).  Find  the  equations  of  the 
tangents  which  pass  through  the  point  (2,6). 


13  (a)  The  coordinates  of  a  point  are  given  parametrically  by  the  equations 


Find  gj  and  hence,  or  otherwise,  obtain  the  Cartesian  equation  which  corre¬ 
sponds  to  the  above  parametric  equations. 

(b)  Write  down  the  equation  of  the  straight  line  having  a  gradient  of  -l  and  passing 
through  the  point  (0,r).  This  line  meets  the  line  x  +  r(y  +  1 )  =  0  in  the  point  (X,Y). 
Obtain  expressions  for  X  and  Y  in  terms  of  i  and  hence  evaluate  X  +  Y.  (C) 


14  The  parametric  equations  of  a  curve  are  given  as  x  =  aer'  cos  r,  y  =  ae"'  sin  f,  where 
a  is  a  constant  and  r  is  a  parameter.  Show  that  gj  =  tan (l  -  |) . 

15  The  position  vector  r  of  a  point  P  is  given  by  r  =  (r  -  l)i  +  (t2  +  2)j  where  r  is  a 
parameter. 

(a)  State  the  parametric  equations  for  the  locus  of  P  and  obtain  the  Cartesian 
equation  of  this  locus. 

(b)  Find  the  position  vectors  of  the  points  where  the  curve  meets  the  line  2.v  +  y  =  3. 


B 

16  Fig.  19.4  shows  a  vertical  circular  disc  centre  C  and  radius  2  which  is  rolled  along  the 
horizontal  line  AB.  P  is  the  point  of  contact  with  AB  at  the  start  and  as  the  disc  is 
rolled,  P  describes  a  curve  known  as  a  cycloid.  When  the  disc  has  turned  through  an 
angle  8,  P  is  at  the  position  P7. 
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the  start? 

(c)  Show  that  (  gg}*  +  (g^j)2  =  16  sin2  §. 

(d)  The  length  s  of  an  arc  of  a  curve,  given  in  terms  of  a  parameter  6  is 

i  JisRs  d0  where  a  and  ft  are  the  values  of  the  parameter  at  the  ends 
of  the  arc.  Using  this,  find  the  length  of  one  arch  of  the  cycloid. 

17  By  taking  y  =  lx,  find  parametric  equations  for  the  curve  x*  +  y3  =  3xy.  Hence  find  the 
equation  of  the  tangent  at  the  point  where  r  =  1. 

18  A  curve  is  given  by  jr  =  2  cos3 1,  y  =  2  sin3  r  where  /  is  a  parameter. 

(a)  Find  gjj;  in  terms  of  t  and  show  that  the  equation  of  the  tangent  at  the  point  with 
parameter  p  is  x  sin  p  +  y  cos  p  =  sin  2 p. 

(b)  This  tangent  meets  the  axes  at  P  and  Q.  Show  that  the  length  of  PQ  is  constant 
whatever  value  p  has. 

(c)  Obtain  the  Cartesian  equation  of  the  curve. 
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6-10 


PAPER  6  (Answers  on  page  645.) 


1  (a)  Find  jc  if  (1.2)*  =  (2.1)2*"'- 

(b)  Solve  the  equation  log,  x  +  log,(6.t  -  5)  =  2. 

2  Evaluate  (a)  J ,  .  (b)  J_5  5T7  •  <c)  J.5  ■ 

3  Given  that  2X3  +  ax2  +  bx  +  6  has  factors  (2*  -  1)  and  (jc  +  2)  find  the  value  of  a  and 
of  b.  With  these  values,  find  the  remaining  factor. 

4  (a)  Sketch  the  curve  y  =  1  +  e\ 

Find  (b)  the  equation  of  the  tangent  to  this  curve  at  the  point  (1,1  -t-  e)  and  (c)  the 
coordinates  of  the  point  where  this  tangent  cuts  the  y-axis.  (d)  Hence  find  the  area 
enclosed  by  the  curve,  this  tangent  and  the  y-axis.  [Leave  your  answer  in  terms  of  e.] 

5  Express  cos  x  +  2  sin  x  in  the  form  R  sin(*  +  a),  where  a  is  acute.  Hence  solve  the 
equation  2  cos  x  +  4  sin  x  =  1  for  0°  <  x  <  360°. 

6  (a)  Find  ^  if  y  =  ln(y-~-|)  ,  simplifying  your  answer. 

(b)  Hence  evaluate  J0'  djr . 


7  The  values  of  x  and  y  in  the  table  below  are  believed  t 


1  fit  the  equation  y  =  ax’. 


By  drawing  a  suitable  straight  line  graph,  estimate  the  values  of  a  and  n  to  2 
significant  figures. 
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8  Fig.  R6  shows  part  of  the  graphs  of  y  =  sin  x  and  y  =  cos  2x  for  0  <  x  <  f-  Find 

(a)  the  .r-coordinate  of  A  and  (b)  the  shaded  area. 


Fig.  R6 


9  (a)  Find  an  expression  for  the  sum  of  the  first  n  terms  of  the  AP  8, 1 1, 14, ...  and  find 
the  value  of  n  if  the  sum  is  148. 

(b)  The  sum  of  the  first  three  terms  of  a  GP  is  35  and  the  3rd  term  is  greater  than  the 
first  term  by  15.  Find  the  first  term  and  the  common  ratio. 

10  A  curve  is  given  by  the  parametric  equations  jr  =  F+  l-|,y  =  r+|. 

Find  the  coordinates  of  the  turning  points  on  the  curve. 


PAPER  7  (Answers  on  page  645.) 

1  (a)  Differentiate  x  sin  x  +  cos  x  wrt  x. 

Hence  evaluate  JQ:.r  cos  x  dv. 

(b)  Given  that  jjj  =  ^ — -  ,  find  y  if  y  =  -2  when  x  =  1. 

2  A  straight  line  with  variable  gradient  m  is  drawn  through  the  point  ( I .  I )  and  meets  the 
Jt-axis  at  A  and  the  y-axis  at  B.  The  rectangle  AOBT  is  drawn,  where  O  is  the  origin. 

(a)  Find  the  coordinates  of  T  in  terms  of  m. 

(b)  Hence  find  the  Cartesian  equation  of  the  locus  of  T  as  m  varies. 

3  (a)  Find  the  values  of  x  at  the  turning  points  on  the  curve  >■  =  (x2  -  2)e"2'  and  the  nature 

of  these  points. 

(b)  Given  that  e>lx~,,=  e2’  and  that  ln(8jr  +  3y)  =  2  In  7  find  the  value  of  x  and  of  y. 

(c)  Find  and  simplify  &  if  y  =  (2x  -  3)(x  +  l)3. 

4  (a)  Prove  that  2(3  cos  A  -  2  sin  A)(3  cos  A  +  2  sin  A)  =  13  cos  2A  +  5. 

(b)  Solve  the  equations 

(i)  cos  §  =0.4, 

(ii)  2  sin2  0  =  3(1  +  cos  0)  for  0°  <  0  S  360°. 
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5  (a)  Solve  the  equation  2*5-9jt5+  12x  -  4  =  0. 

(b)  If  the  remainder  when  f(x)  is  divided  by  x  -  2  is  3,  what  is  the  remainder  when 
f(jc  +1)  is  divided  by  x- 1? 

6  Values  of  x  and  y  were  found  by  experiment  and  are  given  in  the  following  table: 


It  is  known  that  these  values  satisfy  the  equation  y  =  ax1  +  bx  where  a  and  h  are 
constants.  By  drawing  a  suitable  straight  line  graph,  find  approximate  values  for 
a  and  b. 

7  (a)  Show  that  the  tangent  to  the  curve  y  =  e"1  where  x  =  1  passes  through  the  origin 

and  find  the  area  enclosed  by  this  tangent,  the  curve  and  they-axis  in  terms  of  e. 

(b)  Differentiate  (i)  ^r,  (ii)  wrtx. 

(c)  If  J '  =  In  2,  find  the  value  of  a. 

8  (a)  If  the  nth  term  of  an  arithmetic  progression  is  4n  -  7,  find  the  sum  of  the  first  40 

(b)  A  geometric  progression  has  first  term  a  and  common  ratio  r. 

Given  that  the  sum  of  n  terms  is  422,  show  that 


If,  in  addition,  the  first  and  nth  terms  are  32  and  162  respectively,  find  r  and  n. 

(C) 

9  (a)  Find  if  xy1  +  3x  =  8  -  2 y. 

(b)  The  parametric  equations  of  a  curve  are  x  =  2l  -  3,  y  =  r2.  Find  (i)  the  Cartesian 
equation  of  the  curve,  (ii)  the  values  of  k  if  the  tangent  at  the  point  with  parameter 
k  passes  through  the  point  (2,4). 

10  (a)  Prove  the  identity  cot  0  -  cot  20  »  cosec  20. 

Hence  solve  the  equation  cot  0  =  cot  20  +  3  for  0°  £  0  £  360°. 

(b)  If  cos2A  =  |,  where  A  is  an  acute  angle,  find  the  value  of  tan  A  without  using 
tables  or  a  calculator. 

PAPER  8  (Answers  on  page  645.) 

1  (a)  Evaluate  (i)  J#*  e'-i  dx.  (ii)J'  . 

(b)  Differentiate  In  jtVPTT  wrt  x.  simplifying  your  answer. 

(c)  If  -jzj  +  77T  =  o  -  2)  a"  values  of  x  except  3  and  -2,  find  the 

values  of  a  and  b. 

Hence  find  the  value  of  j[  6  dx. 
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2  Express  \  sin  x  +  2  cos  x  in  the  foim  R  cos(x  -  a)  where  a  is  an  acute  angle.  Hence 
find  the  maximum  and  minimum  values  of  3  sin  x  +  4  cos  x  and  the  values  of 
x  (0°  <  x  S  360°)  where  they  occur. 

3  (a)  If  7"  =  ln(2r  -  1),  find  the  approximate  change  in  T  when  x  is  increased  from 

2  to  2.01. 

(b)  Sketch  the  curve  y  =  1  +  2  sin  5  for  -tt  <  x  <  w. 

Given  that  cos  g  =  find  the  area  of  the  region  bounded  by  the  curve,  the 
x-axis  and  the  lines  x  =  -it,  x  =  7t.  (Leave  the  answer  in  terms  of  it). 

4  (a)  Given  that  A  is  an  acute  angle  and  that  tan  A  =  5,  find  (without  using  tables  or 

a  calculator)  the  values  of  (i)  sin  A.  (ii)  cos  2A,  (iii)  sin  y. 

(b)  By  expanding  both  sides  of  the  equation  2  sin(.v  +  60°)  =  cos(x  -  30°),  show  that 
tan  jr  =  -cot  30°.  Hence  solve  the  equation  for  0°  £  x  £  360°. 

5  (a)  When  In  y  is  plotted  against  x  for  a  certain  function,  a  straight  line  is  obtained 

passing  through  the  points  (1,3)  and  (3,-1).  Express  y  in  terms  of  x. 

(b)  A  production  line  assembling  computers  is  to  be  run  down.  Production  started  at 
500  per  week  but  this  is  reduced  by  15%  each  week.  When  production  first 
reaches  100  or  less  computers  in  a  week,  the  line  will  be  shut  down  at  the  end  of 
that  week.  For  how  many  weeks  will  it  be  operated? 

(c)  Solve  the  equation  jrJ  +  12  =  Xs  +  8x. 

6  (a)  A  GP  with  r  >  0  is  such  that  the  sum  of  the  first  two  terms  is  7  and  the  third  term 

is  21.  Find  r  and  the  sum  to  infinity. 

(b)  The  fourth  temi  of  an  AP  is  14  and  the  eleventh  (and  last)  term  is  35.  Find  the 
sum  of  the  last  6  terms. 


7  Measured  values  of .(  and  y  are  given  in  the  following  table: 


jc  1  2  3 

y  5.1  4.6  4 


4  5  6  7 

.2  3.8  3.2  2.4  1.4 


It  is  known  that  jc  and  y  are  related  by  the  equation  y2  =  a  +  bx. 

Explain  how  a  straight  line  graph  may  be  drawn  to  represent  the  given  equation  and 
draw  it  for  the  values  given. 


Use  the  graph  to  estimate  the  value  of  a  and  of  b.  Estimate  the  greatest  possible  value 
of  x.  (C) 


8  (a)  Solve  the  equation  31"’  -  HK31)  +1=0. 

(b)  On  the  same  axes,  draw  the  graphs  of  y  =  ln(  1  +  x)  and  y  =  j  for  5  £  x  £  4.  From 
your  graph,  find  approximately 

(i)  the  solution  of  the  equation  x  ln(  1  +  or)  =  1  and 

(ii)  the  value  of  e’. 
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9  (a)  If  y  =  ln(tan  r),  show  that  jjj  =  •  Hence  find  }  cosec  2x  dr. 

(b)  Calculate  the  area  of  the  region  enclosed  by  the  curve  y  =  ^  3.  the  r-axis  and 
the  lines  x  =  2,  x  =  4. 

(c)  Given  that  sin  y  =  e%  show  that  j-;  =  tan  y. 

10  The  parametric  equations  of  a  curve  are  x  =  F,  y  =  t  -  jr'.  Find 

(a)  5^  in  terms  of  f, 

(b)  the  coordinates  of  the  turning  points  of  the  curve, 

(c)  the  values  of  /  where  the  tangent  to  the  curve  is  parallel  to  the  line  3y  =  4r  +  2, 

(d)  the  Cartesian  equation  of  the  curve. 


PAPER  9  (Answers  on  page  646.) 

1  (a)  Differentiate  wrt  x  (i)  (ii)  (r  -  2)2(2r  -  3)’  simplifying  your  answers, 

(b)  Evaluate  (i)  J*  (ii)  £  2  cos  3r  dr. 

2  (a)  The  first  3  terms  of  a  GP  are  x  +  1,  x  -  3  and  x  -  6.  Find 

(i)  the  value  of  x,  (ii)  the  sum  to  infinity  of  the  GP. 

(b)  Find  the  sum  to  infinity  of  the  GP  pj  +  yy  +  yy  + ... 

(c)  The  sum  of  the  first  five  terms  of  an  AP  is  55  and  the  sum  of  the  four  terms  from 
the  6th  to  the  9th  (inclusive)  is  1 16.  Find  the  AP. 

3  (a)  Fig.  R7  shows  part  of  the  curve  y  =  cos  r.  Find  the  shaded  area. 


Fig.  R7 


(b)  Sketch  the  curve  y  =  e  '.  Find 

(i)  the  equation  of  the  tangent  to  the  curve  where  r  =  0, 

(ii)  the  r-coordinate  of  the  point  where  this  tangent  meets  the  r-axis, 

(iii)  the  area  of  the  region  enclosed  by  this  tangent,  the  curve,  the  r-axis  and  the 
line  r  =  2. 

I  Leave  your  answer  in  terms  of  e]. 
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9  Variables  x  and  y  are  believed  to  be  connected  by  the  equation  §  +  j  =  I.  The 
following  set  of  values  was  obtained  in  an  experiment  to  test  the  equation: 


*  2  3  4  6  8 


y  8.8  5.8  5  4.4  4.1 


By  drawing  a  suitable  straight  line  graph  for  these  values,  show  that  the  equation  is 
true  and  estimate  the  values  of  a  and  of  b. 

10  (a)  Solve,  for  0°  5  or  £  360°.  the  equations 

(i)  3  cos  2r  =  2  +  cos  r .  (ii)  cot  |  =  -1.15. 

(b)  If  tan  A  =  2  tar.  B.  show  that  tan(A  -  B)  =  yr^nij- 

PAPER  10  (Answers  on  page  646.) 

1  (a)  The  first  term  of  a  GP  is  3  and  the  common  ratio  is  |. 

Find  the  greatest  number  of  terms  which  can  be  added  for  their  sum  to  be  less 
than  200. 

(b)  An  AP  has  IS  terms  and  the  last  one  is  44.  The  sum  of  the  last  ten  terms  is  305. 
Find  the  AP. 

2  (a)  The  polynomial  lx*  +  z2  +  ax  +  b  has  (r  -  2)  as  a  factor  and  leaves  a  remainder 

of  -4  when  it  is  divided  by  (r  -  1).  Find  the  values  of  a  and  of  b  and  hence 
factorize  the  polynomial. 

(b)  Without  using  tables  or  a  calculator,  find  the  value  of 
log,  24  -  log2  6  +  log4  64-2  log2  4  . 

(c)  Solve  the  equation  2‘‘2  +  1  =  21-. 

3  (a)  Differentiate  wit  x.  (i)  tan  \  (ii)  sin2  2x  (iii)  Vl  +  sinjc 

(b)  Given  the  curve  y  =  x2  +  | ,  find  (i)  the  equation  of  the  tangent  where  x  =  2, 

(ii)  the  coordinates  of  the  point  where  this  tangent  meets  the  curve  again. 

(iii)  Find  the  area  enclosed  by  this  tangent,  the  curve  and  the  line  x  =  1 . 

4  (a)  (i)  If  r  =  tan  f ,  show  that  sin  5  =  anci  a  similar  expression  for 

•cos  5  in  terms  of  r. 

(ii)  Hence  show  that  sin  x  =  and  that  cos  x  -  }  ~ 

(iii)  Using  these  results  show  that  the  equation  cos  r  =  2(1  +  sin  .r)  reduces  to  the 
equation  3l2  +  4r  +  1  =  0  and  hence  find  the  values  of  x  which  satisfy  the 

f  equation  for  0°  i  x  £  360°. 

(b)  (i)  Differentiate  tan5  x  wrt  x. 

(ii)  Show  that  tan4  jc  =  sec2  x  tan2  x  -  sec2  x  +  1. 

(iii)  Hence,  using  these  results,  find  j‘  tan4  x  dr. 
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2  Two  particles  A  and  B  are  moving  in  the  same  direction  on  parallel  horizontal  tracks. 
At  a  certain  point  the  particle  A.  travelling  with  a  speed  of  7  m  s'1  and  accelerating 
uniformly  at  1.5  m  s2  overtakes  B  travelling  at  3  m  s_l  and  accelerating  uniformly  at 

2.5  m  s-2.  Calculate  the  period  of  time  which  elapses  before  B  overtakes  A. 

If.  after  this  time.  B  then  ceases  to  accelerate  and  continues  at  constant  speed, 
calculate  the  time  taken  for  A  to  overtake  B  again. 

3  A  particle  is  projected  vertically  upwards  from  the  ground  with  a  speed  of  36  m  S"’. 
Calculate 

(a)  the  time  for  which  it  is  above  a  height  of  63  m, 

(b)  the  speed  which  it  has  at  this  height  on  its  way  down. 

(c)  the  total  time  of  flight.  (C) 

4  From  the  foot  of  a  vertical  cliff  28.8  m  high,  a  stone  was  projected  vertically  upwards 
so  as  just  to  reach  the  top.  Find  its  velocity  of  projection. 

One  second  after  the  first  stone  was  projected,  another  stone  was  allowed  to  fall  from 
rest  from  the  top  of  the  cliff.  The  stones  passed  one  another  after  a  further  /  seconds 
at  a  height  h  m  above  the  ground.  Calculate  the  value  of  t  and  of  ft.  (C) 

5  Two  particles,  X  and  Y,  arc  moving  in  the  same  direction  on  parallel  horizontal 
tracks.  At  a  certain  point  O.  the  particle  X,  travelling  with  a  speed  of  16  m  s-1 
and  retarding  uniformly  at  6  m  s'2,  overtakes  Y,  which  is  travelling  at  8  m  S'1  and 
accelerating  uniformly  at  2  m  s'2. 

Calculate 

(a)  the  distance  of  Y  from  O  when  the  velocities  of  X  and  Y  are  equal, 

(b)  the  velocity  of  X  when  Y  overtakes  X.  (C) 

6  A  particle  X  is  projected  vertically  upwards  from  the  ground  with  a  velocity  of 
80  m  s'1.  Calculate  the  maximum  height  reached  by  X. 

A  particle  Y  is  held  at  a  height  of  300  m  above  the  ground.  At  the  moment  when  X 
has  dropped  80  m  from  its  maximum  height,  Y  is  projected  downwards  with  a 
velocity  of  v  m  s  '.  The  particles  reach  the  ground  at  the  same  time.  Calculate  the 
value  of  v.  (C) 

7  A  man  running  a  100  m  race  accelerates  uniformly  from  rest  for  the  first  T  seconds 
and  reaches  a  velocity  of  10  m  s  '.  He  maintains  this  velocity  for  the  rest  of  the  race. 
His  time  for  the  race  is  12  s.  Sketch  a  velocity-time  graph. 

Calculate 

(a)  the  value  of  T, 

(b)  the  acceleration. 

(c)  the  distance  the  man  runs  before  he  reaches  his  maximum  speed.  (C) 

8  A  car  moves  along  a  straight  level  road,  accelerating  from  rest  at  a  constant  rate  for 

9.6  s  over  a  distance  of  S,  m  until  it  reaches  a  speed  of  V  m  s'1.  Express  S,  in  terms 
ofF. 

It  then  accelerates  at  a  constant  rate  of  2.5  ms2  over  a  distance  of  5,  m  until  it  reaches 
a  speed  of  25  m  s'1.  Express  S2  in  terms  of  V. 

Given  that  the  car  has  now  travelled  a  total  distance  of  152  m,  calculate  the  possible 
values  of  V.  Using  the  smaller  of  these  values,  calculate  the  time  taken  to  attain  a 
speed  of  25  m  s'1  from  rest.  (C) 
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Let  us  consider  another  case  of  a  man  rowing  a  boat  on  a  river.  Suppose  he  rows  the 
boat  at  a  velocity  a  and  the  river  is  flowing  at  velocity  b.  Then  the  resultant  velocity  of 
the  boat  is  c  =  a  +  b  (Fig.  21.3).  Hence  the  actual  path  of  the  boat  will  be  along  OC. 


Fig.  21.3 


O  i  *■  A 


This  path  is  called  the  track  of  the  boat  and  the  actual  speed  along  the  track  is  called 
the  ground  speed.  The  direction  of  a  is  the  course  (which  is  the  direction  the  boat  would 
have  moved  if  there  were  no  current).  In  diagrams,  it  is  helpful  to  mark  vectors  with 
different  numbers  of  arrows.  Thus  in  Fig.  21.3,  we  use  the  following  notations: 

course  vector  marked  with  I  arrow  - > 

current  vector  marked  with  2  arrows  - > 

track  vector  marked  with  3  arrows  - >  >  > 

Then  we  have: 

course  vector  +  current  vector  =  track  vector 
The  track  vector  is  the  resultant  of  the  other  two  vectors. 


Another  practical  example  is  the  case  of  an  aircraft  flying  in  a  wind.  The  aircraft  has 
a  velocity  a  through  the  air  (Fig.  21.4).  Its  direction  is  the  course  (like  in  the  case  of  the 
boat)  and  its  speed  along  the  course  is  the  airspeed.  The  aircraft  is  also  affected  by  the 
wind  with  velocity  b.  As  a  result,  the  actual  velocity  c  is  the  resultant  of  the  velocity  of 
the  aircraft  and  that  of  the  wind.  Like  the  case  of  the  boat,  the  actual  path  is  called  the 
track  and  the  speed  along  the  track  is  the  ground  speed.  The  same  arrow  notations  arc 
used,  with  the  current  velocity  replaced  by  the  wind  velocity.  It  should  be  noted  however 
that  a  current  is  described  as  moving  towards  a  certain  direction  whereas  a  wind  is 
described  as  coming  from  a  certain  direction  so  a  current  in  the  direction  NE  is  moving 
in  the  direction  045°  whereas  a  NE  wind  is  actually  moving  in  the  direction  225°. 


Just  as  we  can  combine  component  velocities  to  obtain  a  resultant  velocity,  we  can  also 
resolve  (‘split’)  a  velocity  into  its  components.  Particularly  useful  is  the  resolution  of  a 
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(a)  Relative  to  the  water,  the  boat  will  move  at  1.2  m  s'1  perpendicular  to  the  banks 
(Fig.  21.7);  but  the  water,  moving  at  0.9  m  s~',  simultaneously  carries  the  boat 
along  parallel  to  the  banks.  The  boat  therefore  moves  crabwise  across  pointing  at 
right  angles  to  the  bank.  The  resultant  of  the  course  vector  (OA)  and  the  current 
vector  (OB)  is  the  track  vector  (OC).  Hence  the  path  of  the  boat  is  along  OC. 
The  actual  velocity  of  the  boat  is  represented  by  the  resultant  (track)  vector  and 
it  has  magnitude  V0.92  +  1.22  =  1.5  m  s~'  at  an  angle  0  to  the  bank  where 
tan  9  =  =  j  (9  =  53°). 


(b)  The  boat  moves  along  the  track  OC  and  will  reach  the  opposite  bank  at  P. 

_  .  ,  distance  of  OP 

The  time  taken  =  - — - - - — 

speed  along  the  track 


=  y|  (using  similar  triangles,  yj  =  jj) 

=  500  s  or  8  min  20  s. 

(A/ore;  The  time  taken  can  also  be  found  more  simply  by  considering  the  course 
»  .  .  ,  .  ,  distance  of  OQ  600  \ 

component  of  velocity,  thus  time  taken  =  - —  =  tt  =  500  s.) 

speed  along  course  '•*  ' 


Example  2 

An  aeroplane  has  an  airspeed  of 200  km  h~'  and  flies  on  a  course  of  N30°E.  A  wind  I 
is  blowing  steadily  at  50  km  hr'  from  the  NW.  Find,  by  drawing  or  calculation,  the  | 
track  and  ground  speed. 

Fig.  21.8 

1  By  trigonometry  N  ( 


In  Fig.  21.8,  OC  is  the  course  vector  (1'  arrow), 
OW  the  wind  vector  (2  arrows). 

OC  +  OW  =  OT,  the  track  vector  (3  arrows) 
which  has  speed  v  and  ZCOT  =  0. 

From  AOCT,  using  the  cosine  rule, 
v2  =  2002  +  502  -  2  x  200  x  50  x  cos  75° 
giving  v  =  193. 

Hence  the  ground  speed  is  193  km  h  "1. 

By  the  sine  rule.  =  Sl"9735°  giving  0  -  14.5°. 
Hence  the  track  is  N44.5°E. 
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AT  =  vi  (no  j  component) 

A b  =  (150  cos  0)1  -  (150  sin  0)j 
AW  =  (30  cos  85°)i  +  (30  sin  85°)j 
AT  =  AC  +  AW 

Therefore  vi  =  (150  cos  0  +  30  cos  85°)i  +  (30  sin  85°  -  150  sin  0)j 
Equating  the  j  components, 

0  =  30  sin  85°  -  150  sin  0  giving  0  *>  1 1.5°  as  before. 

Equating  the  i  components, 

v  =  150  cos  0  +  30  cos  85°  giving  v  =  149.6 
and  the  time  taken  can  be  obtained  as  before. 

(b)  By  trigonometry  A  Fig.  21.12 

The  starting  point  is  now  airfield  B  (Fig.  21.12). 

BW  is  the  wind  vector,  BC  the  course  vector 
(airspeed  150)  and  BT  is  the  track  vector. 

From  ABCT,  using  the  sine  rule, 

TT  =  TST  giving  0=11-5*. 

Hence  the  course  for  the  return  journey 
should  be  331. 5°. 

Verify  that  this  can  also  be  solved  using 
unit  vectors  as  in  (a). 


Exerc.i  v  (Answers  on  page  649.) 

1  Find  the  resultants  (giving  both  magnitude  and  direction)  of  the  following  velocities 
by  trigonometry  or  using  unit  vectors: 

(a)  5  km  h-'  due  north  and  3  km  h'1  due  east 

(b)  8  m  s"1  north-east  and  5  m  s'1  north-west 

(c)  10  m  s"‘  north  60°  east  and  4  ms-1  east 

(d)  40  km  h~'  on  a  bearing  050°  and  40  km  Ir1  on  a  bearing  1 10° 

2  A  steamship  is  sailing  due  north  at  20  km  h'1.  There  is  a  wind  of  15  km  h~'  from  the 
west.  Find  the  direction  in  which  the  smoke  from  the  funnel  is  drifting. 

3  A  ship  is  travelling  at  10  m  s1.  A  ball  is  rolled  across  the  deck  (at  right  angles  to  the 
motion  of  the  ship)  at  4  m  s1.  Find  the  actual  velocity  of  the  ball  relative  to  the 
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stream  with  the  bank,  find 

(a)  the  distance  where  he  lands  from  the  point  directly  opposite  A, 

(b)  the  time  taken  to  cross  the  river. 

13  An  aeroplane  can  fly  at  300  km  lr'  in  still  air  and  there  is  a  wind  blowing  from  the 
direction  060°  at  a  constant  rate  of  40  km  lr1. 

(a)  What  course  should  the  pilot  take  to  reach  an  airfield  200  km  due  N  of  his  starting 

(b)  If  he  takes  this  course,  how  long  will  the  flight  last? 

(c)  What  course  should  be  taken  for  the  return  flight  (the  wind  being  as  before)  and 
how  long  will  this  flight  last? 

14  The  speed  of  a  helicopter  in  still  air  is  v  km  lr1.  The  pilot  leaves  A  and  flies  on  a 
course  067°.  There  is  a  wind  of  50  km  lr1  blowing  from  the  direction  020°.  After  45 
minutes,  the  helicopter  is  above  a  point  B  which  is  due  E  of  A.  Find 

(a)  the  value  of  v  to  the  nearest  km  h~', 

(b)  the  distance  AB. 

RELATIVE  VELOCITY 

Consider  two  aeroplanes  A  and  B  flying  at  the  same  height  A  is  flying  at  200  km  lr1  due 
N  and  B  at  400  km  lr1  on  a  course  030°.  These  are  their  velocities  relative  to  the  ground 
and  are  their  true  velocities.  To  the  pilot  of  A,  however,  B  will  seem  to  have  a  different 
velocity  because  he  himself  is  moving.  We  call  this  apparent  velocity,  the  velocity  of  B 
relative  to  A  and  we  write  this  as  BvA .  Similarly  B  will  see  A  moving  with  the  velocity 
of  A  relative  to  B  or  A vB. 

In  general,  suppose  a  represents  the  velocity  of  A  and  b  the  velocity  of  B  (Fig.  21.13). 
Then  OA  =  a  and  OB  =  b. 


Fig.  21.13 

Let  us  reduce  A  to  rest  (theoretically)  by  introducing  a  velocity  -a.  A  is  now  not  moving. 
In  order  to  preserve  their  relative  position,  we  must  also  give  B  the  same  velocity  -a.  B 
now  has  2  velocities,  b  and  -a  and  the  resultant  of  these  is  OR.  OR  represents  the  velocity 
of  B  as  seen  from  A  (as  A  is  not  moving).  But  OR  =  AB  =  b  -  a.  Hence  the  velocity  of 
B  relative  to  A  is  b  -  a  or  BvA  =  b  -  a.  Similarly,  AvB  =  a  -  b. 
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We  can  now  find  BvA  for  the  two  aeroplane.  From  Fig.  21.14. 
I  Bv^  I2  =  200*  +  4002  -  2  x  200  x  400  x  cos  30° 
giving  I  Bv/1 1  =  248. 


200 

Fig.  21.14 

O 

Also  ^  giving  0  =  23.8°. 

Therefore  ZNAB  »  30°  +  23.8°  =  53.8°. 

Hence  the  velocity  of  B  relative  to  A  is  248  km  h-'  in  the  direction  N53.8°E. 

Note:  Problems  on  relative  velocity  may  also  be  solved  by  drawing  if  the  rubric  of  the 
question  does  not  forbid  it  (see  Example  6). 

[We  can  also  work  with  unit  vectors  as  follows: 

Take  i  along  OE  and  j  along  0&  (Fig.  21.15) 
a  =  200j 

and  b  =  (400  sin  30°)i  +  (400  cos  30°)j 

=  200i  +  (200  V3)j 

So  BvA  =  b  -  a 

=  200i  +  (200  V3  -  200 )j 

=  2001+I46.4j  21.15 


Hence  I  BWl  I2  =  200*+  146.42  (Fig.  21.16) 
giving  I  BvA  1 2  =  248 
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Example  5 

A  ship  is  sailing  due  north  at  a  constant  speed  of  12  knots.  A  destroyer  sailing  at  36 
knots  is  30  nautical  miles  due  east  of  the  ship.  At  this  moment,  the  destroyer  is  ordered 
to  intercept  the  ship.  Find 

(a)  the  course  which  the  destroyer  should  take, 

(b)  the  velocity  of  the  destroyer  relative  to  the  ship, 

(c)  the  time  taken  for  the  destroyer  to  reach  the  ship. 

[It  is  assumed  that  both  the  ship  and  the  destroyer  do  not  change  their  velocities.] 


Fig.21.18  shows  the  positions  of  the  ship  S  and  the  destroyer  D.  We  reduce  S  to  rest 
by  introducing  a  velocity  of  12  knots  due  south  to  both  S  and  D.  Then  the  course  of 
D  is  DC  and,  to  intercept  S,  its  track  (DT)  must  lie  along  DS. 
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(a)  From  ADTC,  sin  6  =  giving  0  *=  19.5°. 

Hence  the  course  the  destroyer  should  take  is  270°  +  19.5°  =  289.5°. 

(b)  The  velocity  of  D  relative  to  S  is 

DvS  =  D^- 

Therefore  I  Dv§  I1  =  36*  -  12!  giving  I  5iS  I  »  33.9. 

Hence  Dr?  is  33.9  knots  due  W. 

(c)  Time  taken  =  h  =  53  min. 

Hence  the  destroyer  will  intercept  the  ship  in  53  minutes. 

[By  vectors,  take  i  along  DT  and  j  along  TC,  then 
DvS  =  d  -  s 

i.e.  vi  =  (36  cos  0)i  +  (36  sin  0)j  -  12j 
=  (36  cos  0)i  +  (36  sin  0  -  12)j 
Therefore  0  =  36  sin  0  -  12  (equating  the  j  components) 
i.e.  sin  0  =  giving  0  =  19.5°  as  before. 

Also  v  =  36  cos  6  =  33.9. 

Hence  DvS  is  33.9  knots  due  W  and  the  time  taken  can  be  calculated  as  before. 


Example  6 


To  a  man  travelling  in  a  car  in  the  direction  060°  at  40  km  hr',  the  wind  appears  to  be 
blowing  from  the  east  at  10  km  hr1.  Find,  by  drawing  or  calculation,  the  true  velocity 
of  the  wind.  _ 


1  By  calculation  (using  trigonometry) 

Fig.  21.19  shows  the  vectors:  OC  =  velocity  of  car,  (5^/  =  true  velocity  of  wind  and 
CW  =  WvC  (the  velocity  of  the  wind  relative  to  the  car). 

Since  W Tc  =  OW  -  OC 
OW  =  WvC  +  OC 
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By  the  cosine  rule, 

|O&|2  =  402  +  l(F-2x40x  10xcos30°  giving  1 6^  | -31.7. 

Also,  =  -fpy-  giving  0-9.1°. 

Hence  the  true  velocity  of  the  wind  is  31.7  km  h_l  towards  the  direction  (60°  -  9.1°) 
=  50.9°  or  from  the  direction  230.9°. 

2  By  calculation  (using  vectors) 

[By  vectors,  take  i  along  OE  and  j  along  6fa. 

OC  =  (40  sin  60°)i  +  (40  cos  60°)j  =  (20  V5)i  +  20j 
w£=-10i 

OW  =  OC  +  W^C  =  (20s/3  -  10)1  +  20J 
|  OW  |2  =  (20  V5  -  !0)2  +  202  giving  |  OW  |  -  31.7. 

ndi  in 

Also,  tan  0  =  ^  giving  a  »  50.9°. 

Thus  we  obtain  the  same  results  as  before. 

3  First  draw  a  sketch  and  label  it  with  all  the  information  given  (it  should  be  a  rough 
version  of  Fig.  21.19).  The  actual  drawing  must  be  done  carefully.  Choose  a 
suitable  scale  to  ensure  reasonably  accurate  results,  say  l  cm  for  4  km  h"‘. 

Draw  a  north  line  ON  as  in  Fig.  21.19. 

From  O.  draw  OC  10  cm  long  with  ZNOC  =  60°. 

From  C,  draw  CW  2.5  cm  long  parallel  to  OE. 

Join  OW. 

Measure  OW  (and  convert  to  km  h'1)  and  ZNOW. 

Compare  with  the  calculated  values  above. 


Exercise  21 .2  (Answers  on  page  649.) 

1  Aeroplane  A  is  flying  due  N  at  150  km  hr1.  Aeroplane  B  is  flying  due  E  at  200  km  h'1. 
Find  the  velocity  of  B  relative  to  A. 

2  Two  cars  A  and  B  are  travelling  on  roads  which  cross  at  right  angles.  Car  A  is 
travelling  due  east  at  60  km  h'1,  car  B  is  travelling  at  40  km  Ir 1  due  north,  both  going 
towards  the  crossing.  Find  the  velocity  of  B  relative  to  A.  [The  magnitude  and 
direction  must  be  given). 

3  A  passenger  is  on  the  deck  of  a  ship  sailing  due  east  at  25  km  ir1.  The  wind  is  blowing 
from  the  north-east  at  10  km  h1.  What  is  the  velocity  of  the  wind  relative  to  the 
passenger? 

4  A  road  (running  north-south)  crosses  a  railway  line  at  right  angles.  A  passenger  in  a 
car  travelling  north  at  60  km  h1  and  600  m  south  of  the  bridge,  sees  a  train,  travelling 
west  at  90  km  hr1,  which  is  800  m  east  of  the  bridge.  Find  the  velocity  of  the  train 
relative  to  the  car. 
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5  To  a  man  in  a  car  travelling  at  20  km  h~'  north-east,  the  wind  appears  to  blow  from 
the  west  with  speed  16  km  h_l.  Find  the  true  velocity  of  the  wind. 

6  Aeroplane  A  is  flying  at  400  km  h"1  north-east  and  sees  aeroplane  B  which  is 
apparently  flying  north  at  500  km  h'1.  What  is  the  true  velocity  of  B? 

7  An  unidentified  aircraft  is  reported  as  flying  due  north  at  500  km  h"1.  A  fighter  plane, 
which  is  100  km  on  a  bearing  of  225°  from  the  unknown  plane  is  ordered  to  contact 
it.  If  the  fighter  can  fly  at  800  km  lr1,  what  course  should  it  take?  After  how  long  will 
it  be  in  contact? 

8  A  man  on  a  ship  steaming  due  south  at  12  km  lr1  sees  a  balloon  apparently  travelling 
due  west  at  15  km  hr*.  Find  the  true  velocity  of  the  balloon. 

9  Two  ships  A  and  B  are  30  km  apart  with  B  due  south  of  A.  A  is  sailing  at  10  km  h'1 
in  the  direction  120°  while  B  is  sailing  at  15  km  lr'  in  the  direction  045°. 

(a)  Find  the  velocity  of  A  relative  to  B. 

(b)  Calculate  the  time  taken  for  B  to  be  due  west  of  A. 

10  A  helicopter  is  flying  on  a  course  060°  with  speed  100  km  lr1.  An  aeroplane,  which 
is  50  km  due  east  of  the  helicopter,  can  fly  at  200  km  lr'.  What  course  should  the 
aeroplane  take  to  intercept  the  helicopter? 

11  To  a  ship  sailing  due  N  at  20  km  lr'  another  ship  appears  to  be  moving  with  a  velocity 
of  12  km  h*1  in  the  direction  120°.  Find  the  true  velocity  of  this  ship. 

12  A  ship  A  is  heading  north  at  20  km  lr'  and  at  1200  h  is  50  km  south-east  of  a  ship  B. 
If  B  steers  at  25  km  lr1  so  as  to  just  intercept  A,  find 

(a)  the  direction  in  which  B  must  travel, 

(b)  the  time  when  the  interception  takes  place. 

13  A  man  is  walking  along  a  horizontal  road  at  1.2  m  s~'.  The  rain  is  coming  towards  him 
and  appears  to  be  falling  with  a  speed  of  4  m  s'1  in  the  direction  which  makes  an  angle 
of  60°  with  the  horizontal.  Find  the  actual  speed  of  the  rain  and  the  angle  this  speed 
makes  with  the  horizontal. 

Find  the  speed  and  the  angle  with  the  horizontal  which  the  rain  would  appear  to 
make  if  he  walked  at  the  same  speed  in  the  opposite  direction. 


SUMMARY 

•  Composition  of  velocities 

If  a  body  has  2  velocities  a  and  b,  Ihe  resultant 
velocity  c  is  given  by  c  =  a  +  b.  If  a 
and  b  arc  represented  by  the  sides  of  a 
parallelogram,  then  c  is  represented  by  the 
diagonal  as  shown  in  the  diagram. 
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Fig.  21.21 


•  Resolution  of  velocities 

It  is  useful  to  resolve  a  velocity  r  into  2 
perpendicular  components,  usually  along  the 
x-  and  y-axes.  Unit  coordinate  vectors  i 
and  j  are  often  used  as  shown  in  the  diagram. 
Also  |  r  |  =  r  =  V  +  q2. 

p  =  r  cos  0,  q  =  r  sin  0  and  tan  0  =  | 


•  Notation 


wind/current  vector 


Fig.  21.22 


The  track  vector  is  the  resultant  of  the  other  2  vectors. 


•  Relative  velocity 

BvA  means  the  velocity  of  B  relative  to  A. 

BvA  =  b  -  a 

where  b  =  velocity  of  B 

and  a  =  velocity  of  A. 


REVISION  EXERCISE  21  ( Answers  on  page  649.) 

1  A  river  is  160  m  wide  and  runs  at  1 .2  m  s  '  between  straight  parallel  banks.  A  man  can 
row  at  2  m  s’1  in  still  water. 

(a)  If  he  rows  in  a  direction  perpendicular  to  the  banks,  how  far  downstream  will  he 
land? 

(b)  At  what  acute  angle  (to  the  nearest  degree)  to  the  bank  should  he  now  row  to 
return  to  his  starting  point? 

2  A  small  aeroplane  can  fly  at  200  km  h'1  in  still  air.  There  is  a  wind  of  SO  km  h'1  from 
the  east.  If  the  pilot  wishes  to  fly  due  south,  what  course  should  he  take  and  what  is 
his  ground  speed? 

The  pilot  keeps  this  course  but  the  wind  changes  and  the  pilot  finds  that  his  ground 
speed  is  200  km  lr1  in  the  direction  190°.  Calculate  the  new  velocity  of  the  wind. 


478 


3  An  aeroplane  can  fly  at  300  km  h~'  relative  to  the  air.  If  there  is  a  wind  of  60  km  h'1 
from  the  east,  what  is  the  least  time  in  which  the  aeroplane  can  reach  a  point  600  km 
south-west  of  its  starting  point? 

4  An  aeroplane  has  a  speed  of  V  km  h~'  in  still  air  and  there  is  a  wind  of  j  km  h~' 
blowing  from  the  NE.  Find  the  course  that  must  be  taken  if  the  pilot  wishes  to  reach 
a  point  due  east. 

5  A  destroyer  detects  the  presence  of  a  vessel  at  a  range  of  30  nautical  miles  on  a  bear¬ 

ing  of  060°.  The  vessel  is  steaming  on  a  course  of  150°  at  a  speed  of  15  knots.  If  the 
destroyer  steams  at  22  knots  determine  either  by  drawing  or  by  calculation  the  course 
the  destroyer  must  steer  so  that  its  velocity  relative  to  the  vessel  is  in  a  direction  060°. 
Hence  determine  the  time  taken  for  the  destroyer  to  intercept  the  vessel  if  neither 
changes  course.  (C) 

6  A  helicopter  whose  speed  in  still  air  is  40  km  h~',  flies  to  an  oil  platform  60  km  away 
on  a  bearing  060°.  The  wind  velocity  is  15  km  h~'  from  due  north.  Sketch  a  suitable 
triangle  of  velocities  and  find 

(i)  the  bearing  on  which  the  helicopter  must  fly. 

(ii)  the  lime  taken  to  reach  the  platform.  (C) 

7  Two  canoeists,  A  and  B,  can  paddle  in  still  water  at  6  m  s  1  and  5  m  s_l  respectively. 
They  both  set  off  at  the  same  time  from  the  same  point  on  one  bank  of  a  river  which 
has  straight  parallel  banks.  240  m  apart,  and  which  flows  at  3  m  s~'.  A  paddles  in  the 
direction  that  will  take  him  across  the  river  by  the  shortest  distance  whilst  B  paddles 
in  the  direction  that  will  take  him  across  the  river  in  the  shortest  time.  Determine 

(i)  the  direction  in  which  A  must  paddle. 

(ii)  the  direction  in  which  B  must  paddle. 

(iii)  the  time  taken  by  each  canoeist, 

(iv)  the  distance  between  the  points  at  which  they  land.  (C) 

8  A  plane  flies  in  a  straight  line  from  London  to  Rome,  a  distance  of  1400  km  on  a 
bearing  of  135°.  Given  that  the  plane's  speed  in  still  air  is  380  km  hr1,  that  the  wind 
direction  is  225°  and  that  the  journey  takes  4  hours,  determine 

(i)  the  wind  speed, 

(ii)  the  direction  the  pilot  should  set  for  the  flight. 

Find  also  the  direction  the  pilot  should  set  for  the  return  flight,  assuming  that  the 
speed  and  direction  of  the  wind  remain  unchanged.  (C) 

9  A  tanker  is  sailing  on  a  fixed  course  due  west  at  30  km  h  '.  At  a  time  of  0900  a 
destroyer  wishing  to  refuel  is  160  km  away  on  a  bearing  of  225°  from  the  tanker.  If 
the  destroyer  travels  at  60  km  h'1.  determine 

(i)  the  direction  in  which  the  destroyer  should  travel  in  order  to  reach  the  tanker. 

(ii)  the  time  at  which  the  destroyer  reaches  the  tanker.  (C) 

10  A  cyclist  is  travelling  due  north  at  20  km  h1  and  finds  that  the  wind  relative  to  him 

appears  to  be  blowing  from  a  direction  040°  with  a  speed  of  30  km  Ir'.  Find  the  true 
speed  and  direction  of  the  wind. 
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Assuming  that  the  speed  and  direction  of  the  wind  remain  unchanged,  find  the 
speed  of  the  wind  relative  to  the  cyclist  when  the  cyclist  is  travelling  due  south  at 
20  km  h  '.  (C) 

11  An  aircraft  A  is  flying  due  east  at  600  km  h  1  and  its  bearing  from  aircraft  B  is  030°. 

If  aircraft  B  has  a  speed  of  1000  km  h_l  find  the  direction  in  which  B  must  fly  in  order 
to  intercept  A.  If  the  aircraft  are  initially  50  km  apart  find  the  time  taken,  in  minutes, 
for  the  interception  to  occur.  (C) 

12  An  aircraft  whose  speed  in  still  air  is  300  km  h~'  flies  from  A  due  north  to  B  and  back, 
where  AB  =  500  km.  The  wind  velocity  is  120  km  h_l  from  240°.  Find 

(i)  the  bearing  on  which  the  aircraft  must  fly  for  the  outward  journey, 

(ii)  the  time  of  flight  of  the  outward  journey, 

(iii)  the  bearing  on  which  the  aircraft  must  fly  for  the  return  journey.  (C) 

13  An  aircraft  is  flying  from  a  point  A  to  a  point  B  400  km  north-east  of  A,  and  a 
wind  is  blowing  from  the  west  at  50  km  h~'.  The  speed  of  the  aircraft  in  still  air  is 
300  km  h  '.  Find 

(i)  the  direction  in  which  the  aircraft  must  be  headed, 

(ii)  the  distance  of  the  aircraft  from  B  one  hour  after  leaving  A.  (C) 

14  (a)  An  aircraft  flies  in  a  straight  line  from  a  point  A  to  a  point  B  200  km  east  of  A. 

There  is  a  wind  blowing  at  40  km  Ir1  from  the  direction  240°  and  the  aircraft 
uavels  at  300  km  h~'  in  still  air.  Find 

(i)  the  direction  in  which  the  pilot  must  steer  the  aircraft, 

(ii)  the  time,  to  the  nearest  minute,  for  the  journey  from  A  to  B. 

(b)  To  an  observer  in  a  ship  sailing  due  north  at  10  km  h~',  a  second  ship  appears  to 
be  sailing  due  east  at  24  km  h~'.  Find  the  magnitude  and  direction  of  the  actual 
velocity  of  the  second  ship.  (C) 

15  When  a  man  walks  at  4  km  Ir1  due  west,  the  wind  appears  to  blow  from  the  south. 
When  he  walks  at  8  km  Ir'  due  west,  the  wind  now  appears  to  blow  from  the  south¬ 
west.  Find,  by  drawing  or  calculation,  the  true  velocity  of  the  wind. 

16  Two  ships  A  and  B  leave  a  harbour  at  the  same  time,  A  sailing  due  N  at  20  km  h'1, 
B  sailing  at  25  km  tr‘  in  the  direction  060°.  Calculate 

(a)  the  velocity  of  B  relative  to  A  (stating  the  magnitude  and  direction), 

(b)  the  bearing  of  B  from  A  in  the  subsequent  motion, 

(c)  the  distance  between  the  ships  after  2  hours  of  sailing. 

17  An  aeroplane  has  a  speed  of  V  km  Ir1  in  still  air  and  flies  in  a  straight  line  from  A  to 
B.  There  is  a  wind  of  speed  \v  km  h'1  blowing  from  a  direction  making  an  angle  0 
with  AB  where  sin  8  =  |.  Find 

(a)  the  angle  which  the  course  to  be  taken  makes  with  AB, 

(b)  the  ground  speed  in  terms  of  V. 
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18  A  plane  is  scheduled  to  fly  from  London  to  Rome  in  2—  hours.  Rome  is  1400  km  from 
London  and  on  a  bearing  of  135°  from  London.  Given  that  there  is  a  wind  blowing 
from  the  north  at  120  kin  h  1  find,  by  calculation  or  drawing, 

(i)  the  speed  of  the  plane  in  still  air, 

(ii)  the  course  which  the  pilot  should  set 

Assuming  that  the  velocity  of  the  wind  and  the  speed  of  the  plane  in  still  air  remain 
unchanged,  find 

(iii)  the  course  which  the  pilot  should  set  for  the  return  journey. 

(iv)  the  time  taken,  to  the  nearest  minute.  (C) 

19  (a)  An  aircraft  is  flying  due  south  at  350  km  h1.  The  wind  is  blowing  at  70  km  h'1 

from  the  direction  0°,  where  0  is  acute.  Given  that  the  pilot  is  steering  the  aircraft 
in  the  direction  170°,  find 

(i)  the  value  of  0, 

(ii)  the  speed  of  the  aircraft  in  still  air. 

(b)  A  man  who  swims  at  1-2  m  s'1  in  still  water  wishes  to  cross  a  river  which  is 
flowing  between  straight  parallel  banks  at  2  m  s'1.  He  aims  downstream  in  a 
direction  making  an  angle  of  60°  with  the  bank. 

Find 

(i)  the  speed  at  which  he  travels, 

(ii)  the  angle  which  his  resultant  velocity  makes  with  the  bank.  (C) 

20  (a)  Two  particles,  A  and  0.  are  60  m  apart  with  B  due  west  of  A.  Particle  A  is 

travelling  at  9  m  s~'  in  a  direction  300°  and  B  is  travelling  at  12  m  s-1  in  a  direction 
030°.  Find 

(i)  the  magnitude  and  direction  of  the  velocity  of  B  relative  to  A, 

(ii)  the  time  taken  for  B  to  be  due  north  of  A. 

(b)  A  wind  is  blowing  from  the  direction  320°  at  30  km  h~'.  Find,  by  drawing  or  by 
calculation,  the  magnitude  and  direction  of  the  velocity  of  the  wind  relative  to  a 
man  who  is  cycling  due  east  at  18  km  h  '. 
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Projectiles 


22 


In  the  previous  Chapter,  we  dealt  with  motion  of  a  body  in  a  plane  where  the  body  has  2 
or  more  velocities.  No  acceleration  was  involved. 

We  now  take  the  discussion  of  motion  in  a  plane  further  by  considering  the  effect  of 
gravity  on  the  moving  body.  As  in  earlier  work,  we  shall  ignore  resistance  in  our 
discussion. 


PROJECTILES 

If  we  throw  a  ball  at  an  angle  to  the  horizontal  (not  vertically  —  vertical  motion  under 
gravity  was  discussed  in  Chapter  20),  the  path  of  the  ball  will  look  like  the  curve  in  Fig. 
22.1.  The  ball  is  a  projectile  and  the  path  is  a  parabola. 


Fig.  22.1 


The  ball  is  projected  from  O,  with  speed  u.  at  an  angle  0  (called  the  angle  of 
projection)  to  the  horizontal.  H  is  the  highest  point  reached  and  HM  is  the  axis  of  the 
parabola.  The  ball  reaches  the  ground  again  at  R  where  OM  =  MR.  OR  is  the  range  and 
the  time  taken  from  O  to  R  is  the  time  of  llight. 
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VELOCITY  COMPONENTS 


The  principle  used  in  dealing  with  the  motion  is  that  the  horizontal  and  vertical  compo¬ 
nents  of  velocity  are  independent.  The  initial  horizontal  and  vertical  components  of  u  are 
u  cos  6  and  u  sin  0  respectively  (Fig.  22.2). 


Fig.  222 

The  horizontal  component  u  cos  0  is  not  affected  by  gravity  and  thus  remains  constant, 
vertical  component  is  affected  by  gravity  and  changes  continually  as  the  projectile 
id  acceleration  g  vertically  downwards.  At  any  point  P  of  the  path,  reached  after  time 
:  vertical  component  will  be  u  sin  0  -  gr  (from  v  =  u  +  at). 

So  the  components  of  velocity  at  time  t  are: 
horizontal  component :  V,  =  u  cos  0  (i) 

vertical  component  :  V  =  u  sin  0  -  gr  (ii) 

The  velocity  v  at  P  will  actually  lie  along  the  tangent  at  P. 

In  usual  vector  notation  where  i  and  j  are  unit  vectors  along  the  x-  and  y-axes 
respectively, 

v  =  (u  cos  0)1  +  (u  sin  0  -  gr)j 

At  R,  by  symmetry,  the  vertical  component  of  velocity  will  be  u  sin  0  downwards. 

Coordinates 

The  coordinates  of  P  at  time  t  referred  to  O  (Fig.  22.3)  will  be 
x  —  (u  cos  0)r 

and  y  =  (u  sin  0)r  -  jgf2 


(iii) 

(iv) 


Hence  if  r  is  the  position 


vector  ofP, 

r  =  | «  cos  0]ri  +  [(«  sin  0)r  -  jgrJ]j 


Greatest  Height 

At  the  greatest  height  (hma<)  at  H  (see  Fig.22.1),  the  vertical  component  of  velocity 
V  =0 

i.e.  u  sin  0  -  gi  =  0  (from  (ii)) 

giving  l  =  “  sj,n  **  (time  taken  to  reach  the  maximum  height). 

Substituting  this  into  equation  (iv)  gives 
y  =  Usin0(^)-ig(^  =  Hi|ie 

i.e.  greatest  height,  (v) 

Time  of  Flight 

The  time  of  flight.  T.  is  obtained  at  R  when  the  vertical  displacement  is  zero  (see 
Fig.  22.1),  i.e.  >  =0 

or  («  sin  0)r  -  j gl1  =  0  (from  (iv)) 

giving  r  =  0  (at  O)  or  t  =  -  (at  R) 

i.e.  time  of  flight,  T  =  ^in  ^  (vi) 

Note  that  this  is  twice  the  time  taken  from  O  to  H  (see  previous  section  on  greatest 
height). 


Horizontal  Range 


The  horizontal  range  R ,  is  obtained  by  substituting  the  time  of  flight.  T,  into  equation  (iii), 


or  =  (u  cos  0)(^|!ll ) 


=  j  sin  20  (since  2  sin  0  cos  0  =  sin  20) 
i.e.  the  horizontal  range  Rm  =  y  sin  20  (vii) 

From  this  equation,  we  can  find  the  angle  of  projection  for  which  the  range  is  a 
maximum. 


Since  the  maximum  value  of  sin  20  =  1,  20  =  90° 
i.e.  0  =  45°. 


Hence  the  range  is  maximum  when  the  angle  of  projection  0  =  45°. 
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The 


(viii) 


maximum  range  is  then  =  -j 
In  solving  problems,  you  may  make  use  of  the  equations  (i)  to  (viii),  but  these  must  be 
memorized.  Alternatively,  this  can  be  avoided  by  using  the  principle  of  independence  and 
working  from  the  beginning  with  the  values  given.  In  the  first  example  that  follows,  we 
will  use  both  alternatives.  As  in  previous  work,  we  will  take  g  as  10  m  s~J  unless  stated 
otherwise. 
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Using  s  =  ul+  j/M2, 

we  have  0=  15/-  5  x  10  x/2 

giving  /  =  0  (at  O)  or  f  =  3  (at  R). 

Therefore,  time  of  flight  is  3  s. 

(b)  Now  consider  the  horizontal  motion. 

The  horizontal  range  is  obtained  when  /  =  3  s  (time  of  flight). 

Therefore,  R,  =  15  VI  x  3  =  77.9  m  (to  3  sig.  fig.). 

(c)  For  maximum  height,  we  consider  the  vertical  motion  again.  At  maximum  height, 
the  vertical  velocity  is  zero. 

Using  2 as  =  v2  -  «2, 

we  have  2(-10)s  =  02  -  152  giving  r  =  11.25  m. 

Therefore  the  maximum  height  is  11.25  m. 
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Example  3 

A  golf  ball  is  struck  at  an  angle  9  where  tan  9=  j .  with  an  initial  speed  of  25  m  r'. 
Find 

(a)  when  the  ball  is  at  a  height  of  15  m  above  the  ground, 

(b)  the  distance  between  the  positions  of  the  ball  when  it  is  15  m  above  the  ground. 


If  tan  0  =  5,  then  sin  9  =  j  and  cos  6=5. 

(a)  Consider  the  vertical  motion. 

When  the  ball  is  15  m  above  the  ground  (at  P  and  Q)  at  time  t ,  we  have 
(using  s  =  ut+  , 

15  =  (25  sin  0)/  +  if-lOJr1 

i. e.  15  =  25(5)1  -St2 
or  5/*  -  20t  +  15  =  0 

i*  -  4r  +  3  =  0 
(r-lXf-3)  =  0 
giving  t  =  1, 3 

Hence  the  ball  is  15  m  above  the  ground  1  s  and  3  s  after  being  struck. 

(b)  The  horizontal  displacement  after  1  s, 
s,  =  (25  cos  9)1  =25(|)  =  15 

The  horizontal  displacement  after  3  s, 

j,  =  (25  cos  0)3  =  25(5)3  =45 

Hence  the  distance  between  P  and  Q  is  s}  -  s,  =  30  m. 


Example  4 

From  the  edge  of  a  cliff  60  m  high,  a  stone  is  thrown  into  the  air  with  speed  10  m  r' 
at  an  angle  of  30°  to  the  horizontal  (Fig.  22.8).  Find 

(a)  the  time  of  flight, 

(b)  how  far  from  the  foot  of  the  cliff  it  strikes  the  sea, 

( c )  the  velocity  with  which  it  strikes  the  sea. 


The  initial  components  of  velocity  are  10  cos  30°  (=  5  41)  horizontally  and  10  sin  30° 
(=  5)  vertically  (upwards). 

At  time  t,  the  coordinates  (refereed  to  O)  are 
x  =  (541)1  and  y  =  5t  -  Sr2. 

(a)  When  the  stone  reaches  the  sea,  y  =  -60. 

So  5t-5F  =  -60  i.e.  F-t-  12  =  0 

or  (r  -  4)(r  +  3)  =  0  giving  t  =  4  or  -3. 

Hence  the  time  of  flight  is  4  s  (-3  is  not  valid). 

(b)  When  l  =  4,  x  =  (5^3)  x  4  =  2(W3  =  34.6 

Hence  the  stone  strikes  the  sea  34.6  m  from  the  foot  of  the  cliff. 

(c)  When  it  strikes  the  sea  at  R,  the  horizontal  component  of  the  velocity  remains 
unchanged  at  s41  m  sr1.  The  vertical  component  v  m  s_l  is  given  by 

v  =  5  -  10(4)  =  -35 

Hence  the  vertical  component  is  35  m  s'1  downwards  (Fig.22.9). 
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Therefore  the  magnitude  of  the  velocity  =  V( 5  V3)J  +  35J  =  36  and  the  angle  6  it 
makes  with  the  horizontal  is  given  by 
tan  6  =  -j ^=-  giving  6  *>  76°. 

Hence  the  stone  strikes  the  sea  with  a  velocity  of  36  m  s'1  at  76°  to  the  horizontal. 


Exercise  22.1  (Answers  on  page  650.) 

[Take  g  =  10  m  s~2  in  numerical  questions .] 

1  For  each  of  the  following  projectiles  with  an  initial  speed  V  at  an  angle  9  to  the 
horizontal  as  given  below,  find  (a)  the  time  of  flight,  (b)  the  range  and  (c)  the  maxi¬ 
mum  height  reached. 

(i)  F  =  10  V2  m  s-'.  9  =  45° 

(ii)  V=  12  ms-',  9  =  30° 

(iii)  V  =  30  m  sr1,  tan  8  =  f 

(iv)  V  =  26  m  s  ',  tan  9  =  ^ 

2  A  particle  is  projected  from  a  point  O  on  horizontal  ground  with  a  speed  of  30  m  s'1 
at  an  angle  of  9  to  the  horizontal  where  tan  9  =  j. 

Find  (a)  the  time  of  flight,  (b)  the  magnitude  and  direction  of  the  velocity  of  the 
particle  after  4  seconds. 

3  If  a  ball  is  thrown  upwards  with  speed  12  ms"'  at  an  angle  of  30°  to  the  horizontal, 
at  what  times  after  the  start  is  it  I  m  above  the  ground?  What  is  the  maximum  height 
reached? 

4  A  stone  is  thrown  with  speed  I2msj  at  an  angle  of  60°  to  the  horizontal  but  hits  a 
vertical  wall  9  m  away.  How  high  above  the  ground  does  it  hit  the  wall? 

5  A  ball  is  thrown  at  an  angle  of  60°  to  the  horizontal  with  a  speed  of  15  m  s'1.  At  what 
times  after  the  start  is  it  moving  in  a  direction  making  an  angle  of  45°  with  the 
horizontal? 

6  A  rifle  is  held  horizontally  and  aimed  at  the  centre  of  a  target  100  m  away.  If  the 
bullet  emerges  with  speed  400  m  s'1,  how  far  below  the  centre  of  the  target  does  it  hit 
the  target? 

7  A  ball  is  thrown  from  a  height  of  5  m  above  level  ground  with  a  speed  of  10  m  s  '  at 
an  angle  of  30°  to  the  horizontal.  After  what  time  does  it  strike  the  ground  and  how 
far  horizontally 'is  this?  At  what  angle  does  it  strike  the  ground? 

8  A  stone  is  thrown  at  an  angle  8  ( tan  8  =  j  )  to  the  horizontal  so  that  it  just  passes  over 
the  top  of  a  wall  3  m  away  horizontally.  If  it  takes  5  s  to  reach  the  top  of  the  wall,  find 

(a)  the  speed  of  projection, 

(b)  the  height  of  the  wall. 


SUMMARY 


u  =  initial  velocity 
9  =  angle  of  projection 
OR  =  horizontal  range 
H  =  highest  point  reached 
4^  =  maximum  height 
Initial  components  of  velocity:  Ux  =  u  cos  0 
Uy  =  u  sin0 


Components  of  velocity  at  time  r:  V  =  u  cos  9 


Coordinates  at  time  t: 

Time  of  flight: 

Horizontal  range  (OR): 
Maximum  range: 
Maximum  height: 

(iVo/e:  The  time  taken  to 


Vt  =  u  sin  0  -  gl 


X  =  («  cos  9); 
y  =  («  sin  0)r  - 


reach  maximum  height  =  j  the  time  of  flight 
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Urheberrechtlich  geschfltztes  Me 


REVISION  EXERCISE  22  (Answers  on  page  650.) 

1  A  panicle  is  projected  from  a  point  0  on  horizontal  ground  and  moves  freely  under 
gravity.  When  the  particle  is  at  a  horizontal  distance  of  12  m  from  O,  it  achieves  its 
greatest  vertical  height  which  is  8  m. 

Calculate 

(a)  the  angle  to  the  horizontal  at  which  the  panicle  was  projected, 

(b)  the  speed  of  projection, 

(c)  the  time  from  leaving  O  which  elapses  before  the  panicle  again  reaches  ground 
level, 

(d)  the  horizontal  range.  (L) 

2  A  gun  fires  shells  with  speed  280  m  s~l  from  a  point  of  a  horizontal  plane.  The  shells 
move  freely  under  gravity.  Prove  that  the  greatest  range  on  the  plane  is  7840  m  and 
state  the  angle  of  elevation  at  which  a  shell  must  be  fired  for  this  maximum  range. 

A  target  on  the  plane  is  at  a  distance  of  3920  m  from  the  gun.  Find  the  smaller 
angle  of  elevation  at  which  a  shell  should  be  fired  in  order  to  hit  the  target.  Find  also 
the  greatest  vertical  height  attained  by  this  shell  during  its  flight.  (L) 

3  A  panicle  is  projected  horizontally  at  35  m  s'1  from  the  top  of  a  cliff  which  is  80  m 
above  sea  level. 

(a)  Show  that  the  panicle  strikes  the  water  after  4  seconds. 

(b)  Find  the  horizontal  distance  travelled  by  the  panicle  before  it  strikes  the  water. 

(c)  Find  the  vertical  component  of  the  velocity  of  the  panicle  when  it  strikes  the 

(d)  Hence  find  the  angle  made  by  the  path  of  the  panicle  with  the  horizontal  when 

the  panicle  strikes  the  water.  (L) 

4  An  aircraft  A  is  flying  with  constant  velocity  100  m  s~'  in  a  straight  line  and  at  a 
constant  height  of  980  m  over  the  sea.  At  the  instant  when  A  is  vertically  above  an 
anchored  observation  ship's,  a  bomb  is  released.  The  bomb  falls  freely  under  gravity 
and  hits  the  sea  at  a  point  T. 

(a)  Explain  why  A  is  vertically  above  T  at  the  instant  when  the  bomb  hits  the  sea. 
Calculate 

(b)  the  time  taken  by  the  bomb  to  reach  the  sea  from  the  instant  of  release  from  the 
aircraft, 

(c)  the  distance  of  T  from  S, 

(d)  the  vertical  component  of  the  velocity  of  the  bomb  at  the  instant  when  the  bomb 

hits  the  sea.  (L) 

5  A  projectile  has  an  initial  speed  of  84  m  s"1  and  rises  to  a  maximum  height  of  40  m 
above  the  level  horizontal  ground  from  which  it  was  projected.  Calculate 

(a)  the  angle  of  projection, 

(b)  the  time  of  flight, 

(c)  the  horizontal  range.  (L) 
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(ii)  the  magnitude  and  direction  of  the  velocity  of  the  projectile  4  seconds  after 

(iii)  the  range  of  the  projectile  on  the  horizontal  plane  through  the  point  of 

projection.  (C) 

10  From  the  top  of  a  building  45  m  high  a  stone  is  projected  upwards  with  speed  V  m  s'1 
at  an  angle  of  30°  to  the  horizontal.  Two  seconds  later  another  stone  is  let  to  fall  from 
rest.  If  the  stones  reach  the  ground  at  the  same  time,  find  the  value  of  V. 

11  Fig.  22.11  shows  an  end  view  of  a  house.  A  particle  is  projected  from  the  topmost 
point  T  horizontally  with  speed  V  m  s'1.  If  it  is  not  to  hit  the  roof  again,  what  is  the 
minimum  value  of  V? 


Fig.  22.11  i 


12  A  target  is  set  on  a  hillside  and  is  50  m  horizontally  from  a  point  O  on  ground  level. 
A  man  tries  to  hit  the  target  by  firing  from  O  at  an  angle  of  60°  to  the  horizontal,  the 
speed  of  the  projectile  being  40  m  s'1.  If  he  hits  the  target,  what  is  its  vertical  height 
above  O? 

To  knock  the  target  over,  the  projectile  must  have  a  speed  greater  than  25  m  s1. 
Can  he  do  this? 

13  A  golf  ball  is  struck  from  a  point  A  on  level  ground  with  speed  35  m  s_l  at  an  angle 
of  0  to  the  horizontal  where  sin  0  =  |.  Two  seconds  later,  another  ball  is  struck  from 
a  point  very  close  to  A  and  both  balls  hit  the  ground  at  the  same  time  and  at  the  same 
place.  Find  the  initial  speed  and  direction  of  the  second  ball. 

14  A  stone  attached  to  a  string  is  swung  in  a  vertical  circle  of  radius  1  m  whose  centre 
isl5m  above  the  ground.  When  the  stone  has  completed  |  of  a  revolution  starting 
from  the  highest  point  of  the  circle,  the  string  breaks  and  the  stone  flies  off  along  the 
tangent  at  that  point  with  speed  2V3<  m  s~'.  How  far  horizontally  from  the  centre  of  the 
circle  does  it  hit  the  ground? 

15  A  ball  is  projected  from  a  point  O  at  an  angle  0  to  the  horizontal.  Simultaneously,  a 
stone  is  dropped  from  a  point  P  which  is  36  m  horizontally  and  48  m  vertically  from 
O.  If  the  ball  and  stone  collide,  show  that  tan  0  =  j. 
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16  A  panicle  is  projected  from  a  point  A  on  level  horizontal  ground  with  a  speed  of 
40  m  s'1  at  an  angle  0  to  the  horizontal  where  tan  0  =  Find 

(i)  the  maximum  height  reached, 

(ii)  the  time  taken  first  to  reach  a  height  of  44  m  above  the  ground, 

(iii)  the  speed  of  the  particle  after  1  second. 

Determine,  with  full  working,  whether  or  not  the  particle  will  clear  a  vertical  wall, 
10  m  high,  the  base  of  which  is  144  m  away  from  A.  (C) 

17  A  particle  is  projected  from  a  point  A  on  level  horizontal  ground  with  a  velocity  which 
has  a  horizontal  component  of  X  m  s’1  and  a  vertical  component  of  T  m  s1.  After  4  s 
the  particle  passes  through  a  point  that  is  40  m  higher  than  A  and  at  a  horizontal 
distance  of  180  m  from  A.  Calculate 

(i)  the  value  of  X  and  of  Y. 

(ii)  the  speed  of  projection, 

(iii)  the  angle  of  projection, 

(iv)  the  greatest  height  reached. 

Given  that  the  particle  hits  the  ground  at  B,  calculate 

(v)  the  lime  taken  to  reach  B, 

(vi)  the  horizontal  distance  AB.  (C) 

18  A  particle  is  released  from  rest  at  the  highest  point  A  of  a  smooth  plane  which  is 
inclined  at  0  to  the  horizontal,  where  sin  0  =  The  particle  slides  down  a  line  of 
steepest  slope  and  leaves  the  plane  at  its  lowest  point  B,  where  AB  is  3  m.  Show  that 
the  particle  reaches  B  with  a  speed  of  6  m  s1  and  hence  find  the  vertical  and  horizontal 
components  of  the  velocity  of  the  particle  at  B. 


Fig  22.12 


On  lea' 


ing  B  the  particle  travels  as  a  projectile  under  the  action  of  gravity,  striking  the 
horizontal  plane  through  C  at  the  point  P.  Given  that  B  is  1 1  m  vertically  above  C, 
calculate 

(i)  the  vertical  component  of  the  velocity  of  the  particle  at  P, 

(ii)  the  magnitude  of  the  velocity  of  the  particle  at  P. 

(iii)  the  inclination  to  the  horizontal  of  the  path  of  the  particle  at  P, 

(iv)  the  time  taken  for  the  particle  to  travel  from  B  to  P, 

(v)  the  distance  PC.  (C) 
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Weight 

If  I  hold  a  brick,  I  feel  it  exerting  a  downward  force  on  my  hand.  If  I  let  go,  the  brick  will 
fall  to  the  ground.  The  force  I  felt  on  my  hand  is  now  free  to  pull  the  brick  towards  the 
ground.  This  force,  the  gravitational  attraction  of  the  earth  on  the  brick  is  called  the 
weight  of  the  brick.  It  always  acts  vertically  downwards  (towards  the  centre  of  the  earth). 
The  weight  of  a  brick  of  mass  2  kg  is  about  20  N  (Fig.23.3).  This  will  give  some  idea  of 
the  size  of  the  Newton.  In  fact,  a  mass  of  m  kg  will  have  a  weight  of  mg  N  (=  10m  N). 
We  shall  assume  this  for  the  rest  of  this  chapter  and  discuss  it  further  in  the  next  chapter. 
Note  that  weight  is  the  one  inescapable  force  on  earth.  All  bodies  have  weight. 


Fig.23.3  20  N 

The  weight  of  a  body  acts  through  a  point  called  the  centre  of  gravity  (CG).  For  sym¬ 
metrical  bodies,  the  CG  is  at  the  centre  of  symmetry.  For  example,  the  CG  of  a  cube  is 
at  its  centre,  the  CG  of  a  long  uniform  rod  (same  cross  section  throughout)  is  at  the 
geometrical  centre  of  the  rod.  The  CG  of  a  thin  rectangular  plate  (called  a  lamina)  is  at 
the  intersection  of  the  diagonals  and  similarly  for  a  parallelogram. 

Reaction 

If  I  place  the  brick,  of  weight  20  N.  on  a  horizontal  table,  it  does  not  move.  We  say  that 
the  brick  is  in  equilibrium.  Now  it  would  be  unrealistic  to  assume  that  the  gravitational 
attraction  has  ceased,  so  there  must  be  an  opposing  force  exactly  equal  to  20  N,  acting 
vertically  upwards  and  also  through  the  CG  (Ftg.23.4(a)). 


Reaction  20  N 


This  is  the  normal  reaction  on  the  brick  from  the  table,  normal  in  the  geometrical 
sense  of  being  at  right  angles  to  the  common  surface.  Sometimes  this  force  is  called  the 
normal  contact  force.  In  diagrams  we  show  only  the  forces  acting  on  a  body,  so  Fig.23.4(b) 
shows  the  forces  on  the  brick.  Note  also  that  the  dimensions  of  the  body  are  not  relevant 
in  this  context.  The  brick  is  treated  as  a  particle. 
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Tension 

If  I  suspend  the  brick  by  a  string  (or  spring)  and  the  string  does  not  break,  the  brick  is 
again  in  equilibrium  (Fig.23.5). 


In  this  case  the  force  which  equalizes  the  weight  passes  along  the  string  and  is  called 
the  tension  in  the  string.  If  using  a  spring,  the  weight  will  also  stretch  the  spring  until  the 
equilibrium  position  is  reached.  (We  regard  the  string  as  being  inextensible,  i.e.  any 
stretch  is  too  small  to  be  noted.) 

Friction 

I  place  the  brick  on  a  horizontal  table  and  try  to  push  it  along  (Fig.23.6). 


Reaction  20  N 


I  have  to  exert  a  force  to  do  so.  There  is  resistance  to  my  push,  called  the  frictional 
resistance  or  simply  friction.  We  study  this  in  more  detail  later.  In  this  situation  there  are 
four  forces  acting  on  the  brick.  Note  that  the  weight  and  normal  reaction  are  still  equal 
and  opposite  and  the  brick  is  in  vertical  equilibrium.  If  I  push  harder,  eventually  I 
overcome  the  frictional  force  and  the  horizontal  equilibrium  will  be  broken. 
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Thrust 


If  the  brick  is  placed  on  a  large  strong  spring,  the  spring  will  resist  the  weight  with  a  force 
called  a  thrust  (Fig.23.7).  This  is  a  similar  force  to  a  tension,  but  acts  in  the  opposite  di- 


All  of  the  above  are  examples  of  forces,  but  they  need  not  all  operate  together  in  any 
given  problem. 

COMPOSITION  OF  2  FORCES 

Like  velocities,  forces  as  vectors  can  be  combined  to  produce  a  single  resultant  force 
(Fig.23.8). 


If  2  forces  P  and  Q  are  represented  by  the  adjacent  sides  OA  and  OB  of  the  parallelo¬ 
gram,  then  the  resultant  force  R  is  represented  by  the  diagonal  OC.  The  two  forces  P  and 
Q  could  be  replaced  by  the  single  force  R  which  would  have  the  same  effect. 
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Example  3 

Forces  of  magnitudes  I  N.2  N.3  N.4  N  and  5  N  act  along  the  lines  OA.  OB.  OC.  OD 
and  OE  respectively,  where  OABCDE  is  a  regular  hexagon.  Find  the  resultant  of  the 


The  forces  acting  are  shown  in  Fig.23.14. 

Take  i  and  j  along  and  perpendicular  to  OC  respectively. 

Sum  of  components  along  OC 

=  (1  cos  60°  +  2  cos  30°  +  3  +  4  cos  30°  +  5  cos  60°)i  =  11.2i 
Sum  of  components  perpendicular  to  OC 

=  (-1  sin  60°  -  2  sin  30°  +  0  +  4  sin  30°  +  5  sin  60°)j  *  4.5j 
Hence  the  resultant  force  r  =  1 1.21  +  4.5j  (Fig.23.15). 
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Fig.  23.15 

I  r  I1  =  1 1.22  +  4.5!  giving  |  r  |  =  12.1. 

The  angle  0  which  the  resultant  makes  with  OC  is  given  by 
tan  0  =  giving  0  =  21.9°. 

Hence  the  resultant  is  12.1  N  acting  at  21.9°  to  OC. 

We  can  also  obtain  the  resultant  graphically. 

Let  the  forces  along  OA,  OB,  OC,  OD,  OE  be  a,  b,  c,  d,  e.  respectively.  A  suitable 
scale  is  chosen,  say  I  cm :  1  N.  We  start  by  drawing  a  line  to  represent  a  in  magnitude 
and  direction.  (We  can  start  with  any  force,  the  order  is  immaterial).  Then  we  add  the 
other  forces,  one  at  a  time,  each  force  starting  from  the  end  point  of  the  one  before. 
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Fig.23. 16  shows  the  construction  where  a.  b,  c,  d.  e  are  the  forces  given  al 
resultant  r  is  then  represented  by  the  line  OR  in  magnitude  and  direction.  By  i 
ment.  we  find  that  |  r  |  =  12.1  and  0  =  22°. 


Fig.  23.16 


Hence  the  resultant  is  12.1  N  acting  at  22°  to  OC  (approximately  the  same  as 


Exercise  23.1  (Answers  on  page  650.) 

1  Resolve  the  forces  shown  in  each  diagram  (Fig.23.17)  in  the  dir 


2  Find  the  resultant  of  the  following  forces,  in  magnitude  and  direction  (Fig.23.18). 


Fig.  23.18 


3  Find  the  sum  of  the  components  of  the  forces  acting  as  shown  in  Fig.23.19  in  the 
direction  of  the  dotted  lines  and  hence  find  their  resultants. 
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EQUILIBRIUM  OF  A  PARTICLE 

A  particle  under  the  action  of  2  or  more  forces  is  in  equilibrium  if  the  resultant  of  the 
forces  (i.e.  the  vector  sum  of  all  applied  forces)  is  zero.  If  a  panicle  under  the  action  of 
2  forces  is  in  equilibrium,  then  the  2  forces  must  be  equal  in  magnitude  but  opposite 
in  direction. 


TRIANGLE  OF  FORCES 

Consider  a  particle  acted  upon  by  three  forces  P.  Q  and  R  as  shown  in  Rg.23.21(a). 


Fig.  23.21 


The  resultant  of  P  and  Q  is  represented  by  the  diagonal  OC  of  the  parallelogram.  The 
particle  will  be  in  equilibrium  if  R  is  equal  in  magnitude  but  opposite  in  direction  to  the 
resultant  of  P  and  Q. 

This  means  that  OA  +  OB  +  OD  =  0.  This  may  be  illustrated  by  the  triangle  shown  in 
Fig.23.21(b),  where  the  three  forces  P.  Q  and  R  are  represented  in  magnitude  and 
direction  by  the  sides  of  the  triangle  taken  in  order  (following  on  one  after  the  other).  This 
important  result  is  known  as  the  triangle  of  forces.  We  restate  this  result  more  formally 
thus: 

If  three  forces  act  at  a  point  and  are  in  equilibrium,  then  they  can  be  represented  in 
magnitude  and  direction  by  the  three  sides  of  a  triangle  taken  in  order. 

The  converse  is  also  true: 

If  three  forces  acting  at  a  point  can  be  represented  by  the  sides  of  a  triangle  taken  in 
order,  then  they  are  in  equilibrium. 


Example  4 

A  particle  of  weight  4  N  is  supported  by  a  string  attached  to  a  fixed  point  and  is  pulled 
from  the  vertical  by  a  horizontal  force  of  J  N.  Find  the  tension  in  the  siring  and  the 
angle  which  the  string  makes  with  the  vertical. 
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By  the  sine  rule, 

bc _ AC _ AB 

sin(180°  -  a)  -  sin(180“  -  (5)  _  sin(180°-y) 

i.e.  ^  ("here  /*  =  I  P  I.  G  =  I Q  I  and  /f  =  |  R  |) 

as  P,  Q,  R  are  proportional  to  BC,  AC  and  AB  respectively. 


Example  5 

A  particle  of  weight  ION  is  suspended  by  2  strings.  If  these  strings  make  angles  of  30° 

and  40 °  to  the  horizontal,  find  the  tensions  in  the  siring. 

Fig.  23.24 

Let  the  tensions  in  the  strings  be 

Tt  N  and  T,  N  respectively  (Fig.23.24).  r* N 

Using  Lami’s  theorem. 

ftun0 _ 

T,  Tt  10 

sm<90°  +  40°)  sin(90°  +  30°)  sin  1 10° 

giving  T,  =  8.2  and  T2  =  9.2. 

Hence  the  tensions  in  the  strings  are  8.2  N  and  9.2  N. 

N 

POLYGON  OF  FORCES 

We  can  extend  the  idea  of  the  triangle  of  forces  to  more  than  three  forces  acting  at  a  point 
in  equilibrium  if  the  forces  are  coplanar.  This  extension  is  called  the  polygon  of  forces. 
If  a  number  of  forces  acting  at  a  point  are  in  equilibrium  then  they  can  be  represented  in 
magnitude  and  direction  by  the  sides  of  a  closed  polygon  taken  in  order.  Fig.23.25(a) 
shows  forces  P,  Q,  R,  S,  T  which  can  be  represented  by  the  sides  of  the  polygon  ABCDE 
in  Fig.23.25(b). 


The  sides  of  the  polygon  may  cross  each  other  if  this  is  necessary  by  the  layout  of  the 
forces,  but  must  follow  each  other  in  order,  that  is,  one  force  must  begin  where  the 
previous  force  ends.  We  may  start  with  any  force.  Constructing  a  polygon  of  forces  can 
be  used  as  a  graphical  method  to  solve  problems  involving  more  than  three  forces  acting 
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Example  6 

Five  forces  act  as  shown  in  FigJ3.26  and  are  in  equilibrium.  Find  the  magnitude  and 
direction  of  force  P. 


1 

Fig.  23.26  40  N 

We  will  solve  this  problem  using  2  methods. 

1  Graphical  method 

Construct  the  polygon  of  forces  to  a  suitable  scale  (say  1  cm  :  10  N).  ABCDE  is 
drawn  and  then  E  is  joined  to  A.  EA  would  then  represent  the  force  P  in 
magnitude  and  direction.  From  the  drawing,  we  find  that  P  =  62  N  at  an  angle  73“ 
to  the  40  N  force. 


Fig.  23.27  B  60  N  C 


2  Resolution  of  forces 

Since  the  forces  are  in  equilibrium,  the  resultant  is  zero,  and  hence  its  component 
in  any  direction  is  zero.  Take  i  in  the  direction  of  the  40  N  force  and  j  in  the 
negative  direction  of  the  60  N  force  (Fig.23.26). 

Resolving  along  the  i  direction,  we  have 

(P  cos  0  +  40  -  50  sin  60“  -  30  sin  30°)i  =  0  (where  P  =  |  P  |) 

giving  P  cos  6  =  18.30.  (i) 
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Hence  P  is  61.8 


Exercise  23.2  (Answers 

1  Find  the  unknown  forces 
equilibrium. 


2  A  panicle  M  of  weight  20  N  is  supported  by  two  strings.  MA  and  MB  making  angles 
of  30°  and  45°  on  opposite  sides  with  the  vertical  through  M.  Find,  by  drawing  or 
calculation,  the  tensions  in  the  strings. 

3  A  body  of  weight  40  N  hangs  from  a  string  attached  to  a  point  on  a  vertical  wall.  The 
string  will  break  when  its  tension  exceeds  50  N.  If  the  body  is  pulled  away  from  the 
wall  by  a  horizontal  force  P  N,  what  angle  does  the  string  make  with  the  vertical  when 
it  breaks  and  what  is  the  value  of  PI 

4  Three  forces  acting  at  the  origin  O  can  be  represented  by  the  vectors  OA,  OB,  OC 

where  A,  B,  C  have  coordinates  (5.2),  (-3,8),  (-2,-10)  respectively.  Show  that  the 
forces  are  in  equilibrium.  (L) 

5  The  three  coptanar  forces  P  N,  2P  N  and  20  N  are  in  equilibrium  as  shown  in 

Fig.23.30.  Calculate  the  value  of  P  and  of  6.  (C) 


6  Find  the  unknown  forces  in  magnitude  and  direction  in  the  following  systems  of 
forces  which  are  in  equilibrium. 
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7  Find  the  resultant  in  magnitude  and  direction  of  forces  10,  20,  30,  40  N  acting  in 
directions  060°,  120°,  180°,  270°  respectively. 

8  Referred  to  rectangular  axes  with  O  as  the  origin,  A  is  the  point  (4,3),  B  is  the  point 

(12,5),  C  is  the  point  (0,-6)  and  the  same  scale  is  used  for  the  jt-  and  the  y- 
cooidinates.  Forces  of  magnitudes  75  N,  65  N  and  35  N  act  at  O  towards  A,  B  and  C 
respectively  ..Find,  by  calculation  or  drawing,  die  magnitude  of  the  resultant  force  and 
the  angle  it  makes  with  the  x-axis.  (L) 

9  Five  strings  are  attached  to  a  point  in  equilibrium  and  radiate  horizontally  from  this 
point.  The  tensions  and  directions  of  four  of  the  strings  are:  50  N,  060°:  40  N,  090°; 
100  N,  270°;  20  N,  330°.  Find  the  tension  in  the  fifth  string  and  its  direction. 

10  Fig.23.32  shows  a  particle  in  equilibrium  under  the  action  of  five  horizontal  forces. 
Calculate  the  values  of  6  and  P. 


11  The  four  coplanar  forces  in  Fig.23.33(a)  have  the  single  force  shown  in  Fig.23.33(b) 
as  their  resultant.  If  tan  0  =  | .  find  the  value  of  P  and  of  0. 


12  Forces  of  8  N  and  P  N  act  along  the  lines  OA  and  OB  where  ZAOB  is  an  obtuse 
angle. 

(a)  If  P  =  4,  the  resultant  is  perpendicular  to  OB.  Find  ZAOB. 

(b)  Find  the  value  of  P  if  the  resultant  is  to  bisect  ZAOB. 
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13  When  the  angle  between  two  forces  P  and  Q  is  60°,  the  magnitude  of  their  resultant 
is  VT9  N.  When  the  angle  is  120°,  the  magnitude  is  V?  N.  Calculate  the  value  of 
P  and  of  Q. 

14  The  following  four  coplanar  forces  acting  at  a  point  O  are  in  equilibrium:  10  N  in 
direction  000°,  20  N  in  direction  090°,  Q  N  in  direction  (180  +  0)°  (0  <  90)  and  P  N 
in  direction  300°. 

(a)  By  drawing  a  polygon  of  forces,  find  the  possible  values  of  P  and  of  0  when 

0  =  20. 

(b)  Deduce  the  values  of  P  and  0  if  Q  is  to  be  the  minimum  force  to  maintain  the 
equilibrium  and  And  the  value  of  Q  in  this  case. 


FRICTION 

'Smooth'  surfaces  are  often  specified  in  problems.  A  smooth  surface  is  a  convenient 
approximation  in  Applied  Mathematics.  In  real  life,  however,  it  is  not  possible  to  obtain 
such  a  surface.  When  one  body  moves  over  another,  there  is  always  some  resistance  to 
motion,  the  frictional  resistance  between  the  two  surfaces.  The  size  of  this  resistance  will 
depend  on  the  nature  of  the  two  surfaces  in  contact. 

Consider  a  particle  of  weight  W'  at  rest  on  a  rough  horizontal  plane  (Fig.23.34). 


« 


The  normal  reaction  R  of  the  plane  on  the  particle  has  the  same  magnitude  as  W. 

We  now  apply  a  horizontal  force  P,  slowly  increasing  its  magnitude  from  zero,  to  the 
particle.  The  frictional  force  comes  into  operation  when  an  attempt  is  made  to  move  the 
particle.  This  frictional  force  always  acts  to  oppose  the  tendency  to  move.  Initially  the 
particle  does  not  move  because  the  frictional  force  is  equal  (but  opposite)  to  the  applied 
force.  As  the  force  P  is  increased,  the  frictional  force  also  increases  to  equal  the  applied 
force.  Eventually,  however,  the  frictional  force  reaches  its  maximum  and  a  slight  increase 
in  P  will  make  the  panicle  slide. 

This  maximum  value  of  the  frictional  force  F  is  called  the  limiting  friction.  From 
experiments,  we  obtain  the  ratio 

limiting  frictional  force  _ 
normal  reaction 

where  the  Greek  letter  p  (read  mu)  is  a  constant  quantity  and  is  called  the  coefficient  of 
friction.  The  value  of  p  depends  only  on  the  nature  of  the  surfaces  in  contact  and  is 
independent  of  the  areas  in  contact  or  the  forces  present.  We  can  also  write  limiting 
frictional  force  F  =  p>?  (where  R  =  normal  reaction). 
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resolve  the  forces  acting  on  the  particle  noimal  and  parallel  to  the  plane  respec¬ 
tively  to  obtain: 

R  =  10  cos  30° 

i.e.  R  =  5  V3  (i) 

and  P  +  pf?  =  10  sin  30° 

i.e.  P  +  |/f  =  5  (ii) 

Substituting  R  from  (i)  into  (ii).  we  have 
P  +  §(5  V3)  =  5  giving  P  -  1.54  N. 

Hence  the  least  force  (parallel  to  the  plane)  required  to  hold  the  particle  is  1.54  N. 
b)  In  this  case,  when  the  particle  is  about  to  move  upwards,  the  frictional  force 
F  (=  pfl)  acts  down  the  plane  (Fig.23.38). 


Fig.23.38 

Resolving  forces  as  before,  we  have 
R  =  10  cos  30° 

i.e.  R  =  5  V3  (iii) 

and  P  =  10  sin  30°  +  p* 

i.e.  P  =  5  +  jR  (iv) 

Substituting  R  from  (iii)  into  (iv),  we  have 
P  =  5  +  |  (5  V5)  giving  P  -  8.46  N. 

Hence  the  least  force  (parallel  to  the  plane)  required  to  make  the  particle  move  up 
the  plane  is  8.46  N. 

Note  that  the  force  in  part  (a)  is  considerably  less  than 


that  in  part  (b). 


Exercise  23.3  (Answers  on  page  651.) 

(Take  g  =  10  m  r*J 

1  A  mass  of  4  kg  rests  on  a  rough  table  (p  =  0.4).  Find  the  least  force  required  to  make 

2  If  a  force  of  10  N  is  just  sufficient  to  move  a  mass  of  2  kg  resting  on  a  rough 
horizontal  table,  find  the  coefficient  of  friction. 

3  A  block  of  mass  300  kg  is  just  pulled  along  rough  horizontal  ground  by  two  equal 
forces  P  N  inclined  at  30°  to  the  line  of  motion.  If  the  coefficient  of  friction  is  0.6,  find 
the  value  of  P. 

4  A  block  of  mass  1  kg  is  placed  on  an  inclined  plane  of  angle  60°  and  is  just  held  there 
at  rest  by  a  horizontal  force  P.  If  the  coefficient  of  friction  is  0.4,  find  P. 

5  A  body  of  mass  5  kg  can  just  rest  on  a  plane  when  the  plane  is  inclined  at  60°  to  the 
horizontal.  Find  the  force  parallel  to  the  plane  required  to  push  the  body  up  the  plane 
if  the  inclination  is  reduced  from  60°  to  30°. 

6  A  horizontal  force  of  10  N  just  prevents  a  mass  of  2  kg  from  sliding  down  a  rough 
plane  inclined  at  45°  to  the  horizontal.  Find  the  coefficient  of  friction. 

7  A  mass  of  M  kg  is  slowly  pulled  up  a  rough  inclined  plane  of  angle  30°  by  a  string 
parallel  to  the  plane.  The  coefficient  of  friction  is  0.6.  If  the  string  will  break  when  its 
tension  exceeds  100  N,  what  is  the  largest  possible  value  of  Ml 

8  A  particle  of  mass  M  kg  is  placed  on  a  rough  inclined  plane  whose  angle  with  the 
horizontal  can  be  changed.  When  this  angle  is  9,  the  particle  just  begins  to  slip.  Show 
that  the  coefficient  of  friction  =  tan  0. 

9  A  block  of  mass  5  kg  is  placed  on  a  rough  plane  inclined  at  an  angle  a  to  the 
horizontal  where  sin  a  =  I.  The  coefficient  of  friction  between  the  block  and  the 
plane  is  A  force  Q  N  acts  on  the  block  in  an  upward  direction  parallel  to  a  line  of 
greatest  slope  of  the  plane. 

Calculate 

(i)  the  minimum  value  of  Q  which  will  prevent  the  block  from  sliding  down  the 

(ii)  the  value  of  Q  when  the  block  is  about  to  move  up  the  plane.  (C) 

10  A  particle  of  mass  0.5  kg  is  at  rest  on  a  rough  plane  inclined  at  an  angle  0  to  the 

horizontal  where  sin  0  =  |.  The  particle  is  just  prevented  from  sliding  from  the  plane 
by  a  force  of  2  N  applied  in  an  upward  direction  parallel  to  a  line  of  greatest  slope  of 
the  plane. 

(i)  Draw  a  figure  showing  all  the  forces  acting  on  the  particle. 

(ii)  Calculate  the  coefficient  of  friction  between  the  particle  and  the  plane. 

(iii)  Calculate  by  how  much  the  force  of  2  N  must  be  increased  so  that  the  particle  is 

about  to  move  up  the  plane.  (C) 
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SUMMARY 

•  Composition  of  2  forces,  P  and  Q 

If  OA  represents  P  and  OB  represents  Q,  then  the  diagonal  OC  of  the 
parallelogram  represents  the  resultant  R. 


A  C 


Resolution  of  a  force.  F 

F  can  be  resolved  into  2  perpendicular 

components: 

.r-component  =  (F  cos  0)i 
y-component  =  (F  sin  0)j  (/ 

where  F  =  |  F  |. 


•  Coptanar  forces  acting  at  a  point 

The  resultant  can  be  found  by  first  resolving  all  the  forces  in  any  2 
perpendicular  directions  and  then  recombining  the  components  into  one  force. 

•  Equilibrium  of  a  particle 

A  particle  under  the  action  of  2  or  more  forces  is  in  equilibrium  if  the  resultant 
of  the  forces  is  zero. 

•  Triangle  of  forces 

If  three  forces  act  at  a  point  and  are  in  equilibrium,  then  they  can  be  represented 
in  magnitude  and  direction  by  the  three  sides  of  a  triangle  taken  in  order. 

The  converse  is  also  true: 

If  three  forces  acting  at  a  point  can  be  represented  by  the  sides  of  a  triangle 
taken  in  order,  then  they  are  in  equilibrium. 
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6  Forces  of  5  N  and  3  N  act  along  the  sides  AB,  AC  respectively  of  an  equilateral 
triangle  ABC  of  side  12  m.  Find  the  magnitude  and  direction  of  their  resultant.  (C) 

7  (a)  Two  forces,  P  and  Q,  of  2  N  and  6  N  respectively  have  a  resultant  of  5  N. 

Calculate  the  angle  between  P  and  Q. 

(b)  The  following  horizontal  forces  pass  through  a  point  O: 

6  N  in  a  direction  045°, 

8  N  in  a  direction  180°, 

P  N  in  a  direction  330°. 

The  resultant  of  these  forces  is  in  a  direction  000°.  Calculate 

(i)  the  value  of  P. 

(ii)  the  magnitude  of  the  resultant.  (C) 

8  Two  equal  concurrent  forces,  each  of  F  N,  have  a  resultant  of  6  N.  When  the 

magnitude  of  one  of  the  forces  is  doubled,  the  resultant  becomes  1 1  N.  Calculate  the 
value  of  F  and  the  angle  between  the  forces.  (C) 

9  A.  B,  C,  D,  E,  F  are  the  vertices  of  a  regular  hexagon.  Forces  of  10  N,  10  N,  5  N  and 
20  N  act  at  A  in  the  directions  AB,  AC.  EA  and  AF  respectively.  Find,  by  drawing  or 
calculation,  the  magnitude  of  their  resultant  and  the  angle  it  makes  with  AB. 

10  A  body  of  mass  4  kg  lies  on  a  rough  horizontal  plane.  It  is  acted  on  by  an  upward  force 
of  26  N  inclined  at  an  angle  a  to  the  horizontal,  where  sin  a  =  -^.  If  the  body  is  about 
to  move,  calculate  the  coefficient  of  friction  between  the  body  and  the  plane. 

The  force  is  now  removed  and  the  plane  is  tilted  to  an  angle  3  to  the  horizontal,  where 
sin  3  =  5.  A  force  P  N  acts  in  an  upward  direction  on  the  body  parallel  to  a  line  of 
greatest  slope  of  the  plane.  Given  that  the  body  is  about  to  move  up  the  plane, 
calculate  the  value  of  P.  (C) 

11  Three  ropes  arc  attached  to  a  heavy  block  which  is  about  to  be  pulled  due  N  along 
rough  level  ground.  The  ropes  are  pulled  horizontally  in  the  directions  350°,  000°  and 
030°  with  forces  P  N,  100  N  and  160  N  respectively.  Find  the  value  of  P  and  the 
resultant  force  acting  on  the  block. 

If  the  mass  of  the  block  is  80  kg,  calculate  the  coefficient  of  friction. 

12  A  block  of  mass  1.5  kg  is  placed  on  a  rough  plane  inclined  at  an  angle  a  to  the 
horizontal  where  sin  a  =  0.6.  The  coefficient  of  friction  between  the  block  and  the 
plane  is  j.  The  block  is  acted  on  by  a  force  P  N  perpendicular  to  the  plane  and  is  on 
the  point  of  slipping  downwards. 

Draw  a  diagram  showing  all  the  forces  acting  on  the  block  and  calculate  the  value 
of  P.  (C) 

13  A  body  of  mass  m  kg  is  held  in  equilibrium  on  a  rough  plane,  inclined  at  an  angle  6 
to  the  horizontal,  by  a  force  of  P  N,  acting  up  a  line  of  greatest  slope. 

When  P  =  15.6,  the  body  is  about  to  slide  up  the  plane,  and  when  P  =  8.4,  the  body 
is  about  to  slide  down  the  plane. 

Given  that  tan  8  =  | ,  find  the  value  of  m  and  of  p,  the  coefficient  of  friction  between 
the  body  and  the  plane.  (C) 
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Newton’s 
Laws  of  Motion 


24 


In  this  chapter,  we  shall  discuss  the  relation  between  the  force  acting  on  a  body  and  its 
motion.  It  was  Newton  who  first  understood  this  relationship  and  who  enunciated  the 
three  laws  of  motion.  Dynamics,  which  is  the  study  of  the  effect  of  forces  acting  on  a 
body,  is  based  on  these  laws. 

NEWTON’S  LAWS 

Newton’s  laws  may  be  stated  as  follows: 

First  law:  Every  body  remains  at  test  or  moves  with  uniform  velocity  unless  it  is  made 
to  change  this  state  by  external  forces. 

Second  law:  If  a  force  acts  on  a  body  and  produces  a  certain  acceleration,  then  the  force 
is  proportional  to  the  product  of  the  mass  of  the  body  (assumed  constant) 
and  the  acceleration.  Also  the  acceleration  takes  place  in  the  direction  of  the 

Third  law:  To  every  action  there  is  an  equal  and  opposite  reaction. 

The  first  law  disposed  of  a  pre-Newtonian  misconception  that  a  force  was  required  to 
keep  a  body  moving.  It  explains  why  a  spacecraft  once  free  of  the  earth's  gravitational 
field  will  continue  to  travel  in  a  straight  line  with  steady  speed  until  it  is  affected  by  the 
pull  of  another  planet.  It  is  not  possible  to  attain  this  state  on  earth,  as  friction  or  air 
resistance  is  always  acting  and  gradually  slows  down  any  moving  body. 

The  second  law  involves  the  concept  of  mass.  The  mass  of  a  body  is  usually  defined 
as  the  quantity  of  matter  in  the  body.  Though  this  is  not  very  helpful,  the  idea  is 
reasonably  easy  to  grasp;  that  is,  a  small  body  requires  less  force  to  give  it  a  certain 
acceleration  than  a  more  massive  one.  Thus,  if  I  push  a  certain  truck  with  a  certain  force, 
an  acceleration  will  be  produced.  If  I  push  two  similar  trucks  joined  together  with  the 
same  force,  the  acceleration  will  be  halved  as  I  am  pushing  an  object  twice  the  mass.  The 
standard  unit  of  mass  is  1  kg  (kilogram)  =  1000  g  (gram).  The  second  law  can  be  written 
symbolically  as  follows: 

Pama 
or  P  =  kma 

where  P  =  force,  m  =  mass,  a  =  acceleration,  k  =  some  constant. 
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For  a  standard  mass  of  1  kg  having  standard  unit  acceleration  1  m  s'2,  the  force  acting 
will  be 

P  =  *  x  1  x  I  =  *  units 

If  we  now  take  the  unit  of  force  to  be  that  which  will  produce  an  acceleration  of 
1  m  s'2  in  a  mass  of  1  kg,  then  P=  1  and  k=  1.  This  unit  of  force  is  1  Newton  ( 1  N).  The 
equation  of  motion  then  simplifies  to 


or  force  =  mass  x  acceleration 
(in  N)  (in  kg)  (in  m  s'2) 

For  large  forces,  the  kilonewton,  kN  can  be  used  (1  kN  =  1000  N). 

The  third  law  means  that  the  force  a  body  exerts  on  another  is  always  accompanied  by 
an  equal  and  opposite  force  exerted  by  the  second  body  on  the  first.  We  have  used  this 
law  implicitly  when  we  discussed  reaction  in  the  last  chapter  and  we  shall  dwell  on  this 
further  when  we  discuss  connected  particles. 


MASS  AND  WEIGHT 

All  bodies  are  attracted  to  the  earth  by  a  gravitational  force.  Near  the  surface  of  the  earth, 
this  force  produces  an  acceleration  g  m  s~\  g  is  about  9.8,  but  varies  slightly  over  the 
surface  of  the  earth.  A  mass  of  m  kg  if  free  to  move  would  fall  with  an  acceleration 
g  m  s  !.  (Note  that  the  acceleration  is  independent  of  the  mass  of  the  body.)  The  force 
acting  on  the  body  is  thus  mg  N  and  this  is  the  weight  of  the  body. 

The  mass  of  a  body  is  constant  but  its  weight  is  not.  In  fact,  the  weight  varies  with 
locality  depending  on  the  value  of  g  which  we  noted  earlier  varies  slightly  over  the 
surface  of  the  earth.  So  the  weight  of  a  mass  of  1  kg  is  about  9.8  N.  In  space  where 
g  =  0  or  nearly  so,  its  weight  would  be  zero  (weightless).  On  the  moon  where  g  =  1.6,  its 
weight  would  be  about  1.6  N  though  its  mass  is  still  1  kg. 

In  everyday  life,  the  distinction  between  mass  and  weight  is  blurred.  When  we  say  the 
‘weight’  of  a  person  is  SO  kg,  we  really  mean  that  his  ‘mass'  is  SO  kg.  His  actual  weight 
would  be  50g  N  (or  approximately  500  N).  Similarly,  a  packet  of  washing  powder 
labelled  ‘net  weight:  1  kg’  should  actually  read  ‘net  mass:  1  kg'.  In  our  work  the 
distinction  will  be  carefully  noted  between  mass  and  weight  and  the  correct  units  used  for 
each.  The  relation  is  that  the  weight  W  of  a  mass  m  (in  kg)  is  mg  (in  N)  i.e.  IV  =  mg. 

As  in  Chapter  20,  we  will  continue  to  take  the  approximate  value  of  g  =  10  m  s!  in  our 
work.  In  the  worked  examples  that  follow,  we  will  use  — »  to  represent  a  force  and  — » 
to  represent  acceleration  in  our  diagrams. 
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Example  1 

A  force  of  1  N  acts  on  a  particle  of  mass  2  kg  which  is  initially  at  rest.  Find  the 
resulting  acceleration.  Find  also  the  velocity  of  the  particle  after  5  s. 

Using  P  =  ma 

we  have  1  =  2 a 

giving  a=  j 
Hence  the  acceleration  is  j  m  s-2. 

The  velocity  v  m  s'1  after  5  s  is  given  by 
v  =  «  +  at 
=  0+|(5)  =  2.5 

Therefore  the  velocity  after  5  s  is  2.5  m  s-1. 


Example  2 

A  horizontal  force  of  0.5  N  acts  on  a  body  of  mass  0.2  kg  (Fig.  24.1).  There  is  a 
frictional  force  of  0.2  N  opposing  the  first  force.  What  acceleration  will  be  produced? 


The  resultant  or  net  force  acting  is  0.5  -  0.2  =  0.3  N. 

The  acceleration  a  m  s_i  will  take  place  in  the  direction  of  the  resultant  and  is  given  by 


i.e.  0.3  =  0.2a 
giving  a  =  1.5 

Hence  the  acceleration  produced  is  1.5  m  s_J. 


Example  3 

Two  forces  5  N  and  8  N  in  the  directions  030°and  due  E  respectively  act  on  a  body  o 
mass  2  kg.  Find  the  acceleration  of  the  body. 

We  first  find  the  resultant  of  the  two  forces  by  drawing  or  calculation  (Fig.  24.2). 


N 

♦ 


The  resultant  force  is  P  =  1 1.36  N  in  the  direction  067.6°  (0  =  22.4°). 
Then  using  P  =  ma, 
we  have  1 1.36  =  2a 
giving  a  =  5.68 

Hence  the  acceleration  is  5.68  m  s~:  in  the  direction  067.6°. 


Example  4 


A  parcel  of  4  kg  is  suspended  from  a  spring  balance  in  a  lift.  What  does  the  balan 
read  if  the  lift  is 
(a!  moving  with  uniform  speed. 

(b)  accelerating  upwards  at  0J  m  s~', 

(c)  accelerating  downwards  at  0.5  m  s~2? 


Fig.  24.3 


A  spring  balance 


of  a  strong 


We  consider  the  forces  acting  on  the 
parcel  i.e.  its  weight  of  4g  N  acting  verti¬ 
cally  downwards  and  the  tension  in  the 
spring  vertically  upwards. 

(a)  Since  the  parcel  is  moving  with  uniform  speed, 
there  is  no  net  force  acting  on  it. 

Therefore  T  =  4g 
=  40  N 

which  is  what  the  balance  should  read. 


)  There  is  an  upward  acceleration. 
This  means  there  is  a  resultant  force 
upwards  and  this  resultant  force 
=  T-4g 

Therefore  7  -  4g  =  4(0.5) 

7-40  =  2 
7=42 


So  the  reading  on  the  balance  will  then  be  38  N. 


Using  P  =  ma. 
we  have  -  A)  mg  =  ma 
giving  a  =  (-£  -  j)g 
«6.l6mr! 

The  velocity  v  m  s-'  of  the  panicle  at  the  bottom  of  the  plane  is  given  by 
v!  -  u!  =  las 

i.e.  v2  -  0  =  2(6.16X1) 
v1  =  12.32 

Therefore  v  =  3.51 

Hence  the  velocity  of  the  panicle  at  the  bottom  of  the  plane  is  3.51  m  s*1. 

Note:  The  method  of  resolving  the  weight  in  this  solution  should  be  carefully  noted. 
As  a  general  rule,  all  forces  should  be  resolved  into  components  parallel  and  normal 
to  any  acceleration.  The  equation  of  motion  is  then  applied  in  the  direction  of  the 
acceleration,  the  other  components  being  in  equilibrium. 


Exercise  24.1  (Answers  on  page  651.) 

[Take  g  =  10  m  s~2  where  required.] 

1  If  a  force  of  20  N  acts  on  a  mass  of  2  kg,  what  is  the  acceleration  produced? 

2  If  a  force  of  5  N  acts  on  mass  of  750  g,  what  acceleration  results? 

3  If  a  force  of  4  kN  acts  on  a  mass  of* 2.2  tonne  (1  tonne  =  103  kg),  what  is  the 
acceleration  in  m  s*1? 

4  If  g  =  1.6  m  s-2  on  the  moon,  what  is  the  weight  of  a  packet  of  tea  labelled:  net  mass 
250  g? 

5  A  mass  of  1.5  kg  has  an  acceleration  of  0.8  m  s-2.  What  force  is  acting  on  it? 

6  If  a  force  of  2  N  acts  on  a  mass  of  1.5  kg  at  rest  initially,  what  is  its  velocity  after 
6  s? 

7  A  mass  of  5  kg  is  dragged  across  a  rough  surface  (frictional  force  equal  to  3  N 
opposing  the  motion)  by  a  horizontal  force  of  20  N.  What  is  the  acceleration 
produced? 

8  Two  forces,  20  and  10  N,  act  on  a  body  of  mass  0.5  kg  at  right  angles  to  each  other. 
What  is  the  acceleration  of  the  mass,  in  magnitude  and  direction? 

9  A  force  of  20  N  is  applied  at  an  angle  of  60°  to  the  horizontal  to  a  mass  of  4  kg  on 
a  smooth  horizontal  table.  What  is  the  acceleration  of  the  mass? 

10  A  particle  of  mass  2.5  kg  is  moving  at  a  steady  speed  of  12  m  s'1  when  it  meets  with 
a  fixed  resistance  of  10  N.  How  long  does  it  take  to  come  to  rest? 
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11  Find  the  constant  force  which  would  give  a  body  of  mass  S  kg  at  rest  a  velocity  of 
6.4  m  s-'  in  4  s. 

12  A  mass  of  2  kg  is  at  rest  on  a  rough  horizontal  table.  A  force  of  20  N  is  applied  to  the 
mass,  the  force  making  an  angle  of  30°  with  the  table.  Frictional  resistance  is  equal 
to  5  N.  What  is  the  acceleration  of  the  mass? 

13  A  toy  engine  of  mass  350  g  exerts  a  driving  force  of  0.1  N.  With  what  acceleration 
could  it  climb  a  smooth  slope  of  (i.e.  a  slope  making  angle  0  with  the  horizontal 
where  sin  0  =  jgg)? 

14  A  man  of  mass  80  kg  stands  in  a  lift.  What  is  the  reaction  from  the  floor  of  the  lift  if 
the  lift 

(a)  moves  upwards  with  steady  speed. 

(b)  moves  upwards  with  acceleration  0.5  m  s-2, 

(c)  moves  downwards  with  acceleration  0.4  m  s-2? 

15  A  car  of  mass  750  kg  is  accelerating  up  a  slope  of  0  to  the  horizontal  where 
sin  0  =  at  1.5  m  S"\  Ignoring  any  road  resistance,  find  the  tractive  force  of  the 

16  A  block  of  mass  10  kg  is  placed  on  an  inclined  plane  of  angle  30°  to  the  horizontal. 
The  coefficient  of  friction  is  0.5.  Find 

(a)  the  acceleration  of  the  block  down  the  plane, 

(b)  the  least  farce  parallel  to  the  plane  required  to  keep  the  block  at  rest, 

•  (c)  the  least  force  parallel  to  the  plane  required  to  make  the  block  begin  to  move  up 
the  plane. 

<d)  the  force  parallel  to  the  plane  required  to  move  the  block  up  the  plane  with  an 
acceleration  of  0.5  m  s-2. 

17  A  barge  of  mass  50  000  kg  is  being  towed  by  two  tugs.  The  two  ropes  make  an  angle 
of  15°  on  each  side  of  the  line  of  motion  and  the  tension  in  each  one  is  1000  N.  If  the 
barge  is  moving  with  an  acceleration  of  0.02  m  s*2,  find  the  resistance  to  its  motion. 

18  A  body  of  mass  2  kg  is  pushed  up  an  inclined  plane  of  angle  30°  to  the  horizontal  by 
a  horizontal  force  of  20  N.  If  the  coefficient  of  friction  is  find  the  acceleration  of 
the  body. 

19  A  body  of  mass  4  kg  is  pulled  from  rest  to  a  speed  of  4.5  m  s_l  in  a  time  of  3  seconds 
on  a  rough  horizontal  surface  by  a  force  of  20  N  which  makes  an  angle  of  10°  with 
the  horizontal.  Find  the  coefficient  of  friction. 

20  A  panicle  slides  down  an  inclined  plane  of  angle  0  to  the  horizontal,  where  sin  0=  j, 
with  acceleration  2  m  s-2.  Calculate  the  coefficient  of  friction. 
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CONNECTED  PARTICLES 
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Fig.  24.9 

If  a  car  pulls  a  caravan  (Fig.  24.9),  the  pull  of  the  car  is  transmitted  through  the  tie  rod  to 
the  caravan  but  the  caravan  equally  pulls  the  car  backwards.  The  two  pulls  are  the  same 
size  (7)  but  opposite  in  direction,  according  to  Newton's  Third  Law.  If  we  are  considering 
the  car,  we  must  include  the  backward  pull;  if  we  consider  the  caravan  we  include  the 
forward  pull.  If  however,  we  consider  the  two  as  one  body,  the  two  pulls  cancel  out  as 
internal  forces  and  need  not  be  considered. 

Again,  if  two  masses  are  suspended  by  a  string  over  a  frictionless  (smooth)  pulley,  the 
string  transmits  a  tension  which  pulls  the  mass  A  (Fig.  24.10)  upwards  when  considering 
A,  but  pulls  the  mass  B  upwards  when  considering  B.  If  the  two  masses  are  taken  as  one 
body,  again  the  two  tensions  cancel  out  as  internal  forces  and  need  not  be  considered. 


Oi 
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Now  solve  these  equations  for  a,  T  and  R. 

Adding  (i)  and  (iii),  g  =  5 a 

giving  fl=|  “2ms-1 

From  (iii).  r  =  2n  +  2g 

-  4  +  20  =  24  N 
From  (ii),  R  =  2T 

=  48  N 

(Note  that  this  is  less  than  the  total  weight  of  the  masses,  SO  N 


Example  7 

Fig.  24.13  shows  two  particles  AandB  each  of  mass  OS  kg,  joined  by  a  light  inelastic 
string  which  passes  over  a  smooth  fixed  pulley  at  C.  The  system  is  held  at  rest  with  A 
hanging  freely  while  B  is  on  a  rough  horizontal  surface.  The  coefficient  of  friction 
between  B  and  the  surface  is  0.4.  Find  the  magnitude  of  the  acceleration  of  each 
particle  and  the  tension  in  the  string  when  the  system  is  released. 


Fig.  24.13 

Let  the  acceleration  of  A  be  a  m  sr2  downwards  and  hence  B  will  move  towards  C  with 
the  same  acceleration.  The  string  transmits  a  tension  T.  Fig.  24.14  shows  the  forces 
acting  on  A  and  B. 


Fig.  24.14  0.5{t  N 
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Substituting  this  into  (n),  we  have 

T-0.2g  =  0.5a  (iii) 

Now  solve  (i)  and  (iii)  to  obtain  a  and  T. 

Adding  (i)  and  (iii),  0.3g  =  a 

i.e.  o  =  3 

From  (iii),  T-  0.2(  10)  =  0.5(3) 
giving  T  =  3.5 

Hence  the  acceleration  of  each  panicle  is  3  m  s~2  and  the  tension  in  the  string  is  3.5  N. 


Let  the  acceleration  of  B  be  a  m  s~*  downwards  and  hence  A  will  move  towards  C  with 
the  same  acceleration.  The  string  transmits  a  tension  T.  Fig.  24.16  shows  the  forces 
acting  on  A  and  B. 


For  A,  since  the  acceleration  is  along  AC,  and  the  tension  is  opposed  by  the  frictional 
force,  F  and  the  component  of  the  weight  downslope,  g  sin  0,  we  have 

T-(F  +  g  sin  0)  =  la  (ii) 

Resolving  forces  perpendicular  to  the  plane,  the  normal  reaction  is 
F  =  g  cos  0 


The  frictional  force,  F  is  given  by 

F  =  \iR 
=  W?  cos  0 

Substituting  this  into  (ii), 

T  -  (ng  cos  0  +  g  sin  0)  =  a  (iii) 

Now  solve  (i)  and  (iii)  to  obtain  a  and  T. 

Adding  (i)  and  (iii), 

2g  -  (Mg  cos  0  +  g  sin  0)  =  3 a 

i.e.  2(10)  -  [(0.2)(l0)j  +  10(f)]  =  3 a 

giving  a  =  4.13 

From  (i)  2(10)  -  T  =  2(4.13) 

giving  T=  11.74 

Hence  the  acceleration  of  each  particle  is  4.13  m  S'J 
11.74N. 


Exercise  24.2  (Answers  on  page  652.) 

(Take  g  =  10 m.r!  where  required.) 

1  Masses  of  5  kg  and  3  kg  are  connected  by  a  light  string  over  a  smooth  pulley.  Find 

(a)  the  acceleration  of  the  masses, 

(b)  the  tension  in  the  string, 

(c)  the  reaction  at  the  axle  of  the  pulley. 

2  A  mass  of  3  kg  rests  on  a  smooth  horizontal  table  connected  by  a  light  string  passing 
over  a  smooth  pulley  at  the  edge  of  the  table  to  another  mass  of  2  kg  hanging  verti¬ 
cally.  When  the  system  is  released  from  rest,  with  what  acceleration  do  the  masses 
move  and  what  is  the  tension  in  the  string? 

3  A  body  of  mass  10  kg  lies  on  a  smooth  inclined  plane.  A  light  string  attached  to  this 
body  passes  over  a  smooth  pulley  at  the  top  of  the  plane  and  supports  a  mass  of  2  kg 
hanging  freely.  If  the  inclination  of  the  plane  is  0  to  the  horizontal  where  sin  0  = 
find  the  acceleration  of  the  masses. 

4  Masses  of  4  kg  and  m  kg  are  connected  by  a  light  string  passing  over  a  smooth  pulley. 
When  free  to  move,  their  acceleration  is  0.5  m  s  ;.  Find  the  possible  values  of  in. 

5  A  mass  of  8  kg  is  placed  on  a  horizontal  table  (p  =  0.3)  connected  by  a  light  inexten- 
sible  string  placed  over  a  smooth  pulley  at  the  edge  of  the  table  to  another  mass  of 
4  kg  hanging  freely.  Find  the  acceleration  of  the  masses  when  released  from  rest. 

6  A  lorry  of  mass  1000  kg  pulls  a  trailer  of  mass  450  kg  on  level  ground.  Resistance  to 
motion  for  either  vehicle  is  4  N  per  kg  of  mass.  Find  the  tension  in  the  tow-bar  and 
the  tractive  force  of  the  engine  when  they  are 

(a)  moving  at  a  steady  speed, 

(b)  accelerating  at  0.6  m  s':. 

7  A  car  of  mass  800  kg  is  pulling  a  trailer  of  mass  300  kg  up  a  slope  of  angle  0  to  the 
horizontal  where  sin  0  =  Resistance  to  motion  (apart  from  gravity)  is  1.5  N  per 
kg  of  mass  for  each  vehicle.  Calculate  the  pull  of  the  engine  and  the  tension  in  the 
tow-bar  when  they  are 

(a)  moving  with  constant  speed, 

(b)  accelerating  at  0.2  m  s°. 

8  In  Fig.  24.19,  PQR  is  a  fixed  wedge  on  level  ground  where  PQ  =  5  m,  QR  =  3  m  and 
PRQ  is  a  right  angle.  Particle  A,  of  mass  1 .5  kg,  lies  at  the  foot  of  the  smooth  slope 
PQ,  attached  by  a  light  string  passing  over  the  smooth  pulley  at  Q,  to  the  particle  B 
of  mass  I  kg.  B  is  released  from  rest  when  it  is  2  m  above  ground  level.  Find 
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(a)  the  acceleration  of  the  particles. 

(b)  how  far  A  will  travel  up  the  slope  before  coming  to  momentary  rest. 


Fig.24.19  P  R 

9  A  wedge  has  two  equally  rough  faces  each  inclined  at  30°  to  the  horizontal.  Masses 
of  5  kg  and  2  kg.  one  on  each  face,  are  connected  by  a  light  string  passing  over  a 
smooth  pulley  at  the  top  of  the  wedge.  The  coefficient  of  friction  p  between  each 
mass  and  the  surface  of  the  wedge  is  0.2.  Find  the  acceleration  of  the  masses  when 
they  are  released. 

10  In  Fig.  24.20.  the  particle  of  mass  2.4  kg  is  held  at  rest  on  the  rough  horizontal  surface 
AB  (the  coefficient  of  friction  is  0.5).  It  is  connected  by  a  light  string  passing  over  a 
smooth  pulley  at  B  to  a  panicle  of  mass  3.6  kg.  The  sloping  face  BC  is  smooth  and 
makes  an  angle  of  30°  with  the  horizontal.  Find  the  acceleration  of  the  panicles  when 
they  are  released. 


11  In  Fig.  24.20,  if  AB  is  smooth  and  BC  is  rough,  and  the  acceleration  of  the  particles 
is  the  same  as  before,  calculate  the  coefficient  of  friction  of  BC. 

12  Two  bodies  A  and  B,  joined  by  a  light  inextensible  string,  are  placed  on  a  plane  which 
is  inclined  to  the  horizontal  at  an  angle  whose  tangent  is  0.75  so  that  the  string  is  taut 
and  lies  along  a  line  of  greatest  slope  and  B  is  higher  up  the  plane  than  A.  The  body 
A  is  smooth  and  its  mass  is  9  kg.  The  mass  of  B  is  3  kg  and  the  coefficient  of  sliding 
friction  between  B  and  the  plane  is  0.5.  The  system  is  allowed  to  slide  down  the  plane. 
Calculate 

(a)  the  frictional  resistance  to  the  motion  of  B. 

(b)  the  acceleration  of  the  system, 

(c)  the  tension  in  the  string.  (L) 
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12  Particle  A  of  mass  0.8  kg  is  held  at  rest  on  a  rough  horizontal  surface  and  is  connected 
by  a  light  string  passing  over  a  smooth  pulley  at  the  edge  of  the  surface  to  a  particle 
B  of  mass  0.4  kg  hanging  freely.  When  A  is  released,  the  acceleration  of  the  particles 


(a)  Calculate  the  coefficient  of  friction  between  A  and  the  surface. 

(b)  After  travelling  for  3  seconds,  B  is  stopped.  Calculate  the  total  distance  travelled 
by  A  before  it  comes  to  a  stop. 

13  A  car  of  mass  600  kg  is  pulling  a  trailer  of  mass  200  kg  up  an  incline  of  angle  0  to 
the  horizontal  where  sin  0  =  gg.  The  resistance  to  motion  on  either  vehicle  is  0.2  N 
per  kg  of  mass.  Calculate  the  driving  force  of  the  engine  and  the  tension  in  the  tow- 
bar  when  the  vehicles  are  accelerating  at  0.25  m  s~2. 

14  Particle  A  of  mass  4  kg  lies  on  a  rough  plane  inclined  at  an  angle  0  to  the  horizontal, 
where  sin  0  =  |.  The  coefficient  of  friction  between  A  and  the  plane  is  0.5.  A  is 
connected  to  another  particle  B  of  mass  m  kg  by  a  light  string  passing  over  a  smooth 
pulley  at  the  top  of  the  plane  and  B  hangs  freely.  When  the  panicles  are  free  to  move, 
the  acceleration  of  B  is  2  m  s-2.  Find  the  possible  values  of  m. 

15  In  Fig.  24.24,  panicles  P  and  Q  of  masses  5  kg  and  2  kg  respectively,  lie  on  the  faces 
AC  and  BC  of  the  fixed  wedge  ABC.  ZA  =  ZB  =  45°  and  the  coefficients  of  friction 
on  the  faces  AC  and  BC  are  0.2  and  0.5  respectively.  Find  the  acceleration  of  the 


16  Masses  of  2.8  kg,  2.2  kg,  1  kg  are  connected  by  light  inextensible  strings,  one  of 
which  passes  over  a  smooth  fixed  pulley  as  shown  in  the  diagram.  If  the  system  is 
released  from  rest,  calculate 

(i)  the  acceleration  of  the  masses, 

(ii)  the  tension  in  the  string  joining  the  2.2  kg  and  1  kg  masses. 

If  after  1  y  seconds  the  string  joining  the  2.2  kg  and  1  kg  masses 
breaks,  calculate  the  further  distance  the  2.2  kg  mass  falls  before 
coming  instantaneously  to  rest.  (C) 
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Fig.  24.25 
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Fig  24.26 


0  09  m 


The  diagram  shows  two  particles  A  and  B,  connected  by  a  light  inextensible  string 
which  passes  over  a  smooth  fixed  peg.  The  system  is  held  with  the  string  taut  and  with 
A  and  B  each  at  a  height  of  0-09  m  above  a  fixed  horizontal  plane;  it  is  then  released 
from  rest.  When  B  reaches  the  plane  it  becomes  stationaty.  Calculate 

(i)  the  tension  in  the  string  while  both  particles  are  in  motion, 

(ii)  the  speed  of  the  particles  when  B  reaches  the  plane, 

(iii) the  maximum  height  above  the  plane  attained  by  A,  assuming  that  A  does  not 

reach  the  height  of  the  fixed  peg.  (C) 

18  The  diagram  shows  two  bodies,  A  and  B,  connected  by  a  light  inextensible  string 
passing  over  a  smooth  peg.  The  body  A  has  a  mass  of  8  kg  and  lies  on  a  rough  plane 
inclined  at  an  angle  a  to  the  horizontal,  where  cos  0  =  — .  The  body  B  has  a  mass  of 
2  kg  and  hangs  freely. 


Fig.  24.27 

(i)  In  the  case  where  the  bodies  are  free  to  move  and  A  accelerates  down  the  plane 
at  2  m  s°,  calculate  the  tension  in  the  string  and  the  coefficient  of  friction  between 
A  and  the  plane. 

(ii)  Find  the  smallest  mass  which,  when  attached  to  B,  would  prevent  A  from  sliding 

down  the  plane.  (C) 

19  The  diagram  shows  two  particles.  A,  of  mass  0-3  kg,  and  B,  of  mass  0-2  kg,  joined  by 
a  light  inelastic  string  which  passes  over  a  smooth  fixed  pulley  at  C.  The  system  is 
held  at  rest  with/t  on  a  smooth  plane  inclined  at  30°  to  the  horizontal  and  Bon  a  rough 
horizontal  surface.  The  coefficient  of  friction  between  B  and  the  surface  is  0  4.  Show 
that,  when  the  system  is  released  from  rest,  the  acceleration  of  each  panicle  has  a 
magnitude  of  1-4  m  s~2  and  calculate  the  tension  in  the  string. 


545 


Work,  Energy, 
Power 


25 


WORK 

When  a  force  acts  on  a  body  and  causes  it  to  move,  we  say  the  force  does  work  on  the 
body.  The  amount  of  work  done  is  defined  as  the  product  of  the  force  and  the  distance 
moved  by  the  body  in  the  direction  of  the  force. 


Fig.  25.1 

In  Fig.  25.1,  if  the  force  P  moves  the  body  through  a  distance  s  in  the  direction  of  the 
force,  the  work  done  =  Ps. 


Fig.  25.2 


In  Fig.  25.2,  P  acts  at  an  angle  0  to  the  direction  in  which  the  body  moves.  When  the  body 
moves  a  distance  s,  then  the  distance  moved  by  the  body  in  the  direction  of  the  force  is 
i  cos  0.  Hence  the  work  done  in  this  case  is  =  P  X  s  cos  0. 
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Example  2 

A  trolley  is  pulled  horizontally  through  5  m  by  a  force  of  70  N  at  an  angle  of  60° 
the  horizontal.  What  is  the  work  done? 


Fig.  25.4 


The  component  of  the  force  in  the  direction  of  motion  is 
70  x  cos  60°  =  70  x  j 
=  35  N  " 

Hence  the  work  done  =  35  x  5  =  175  J. 


Example  3 

The  engine  of  a  car  exerts  a  constant  pull  of  magnitude  500  N.  Find  the  work  done 
this  force  as  the  car  travels  I  km. 

Work  done  =  500  x  1000  J 
=  500  Id 


KINETIC  ENERGY  (KE) 

Suppose  a  force  P  N  acts  on  a  particle  of  mass  m  kg  at  rest  and  gives  it  a  velocity  y  n 
after  moving  it  a  distance  of  s  m  in  the  direction  of  the  force. 

If  the  acceleration  is  a  m  s~2. 
then  P  =  ma 
Also,  r2  =  02  +  2as 
or  as  =  4 
Work  done  =  Pxs 


(from  (i)) 
(from  (ii)) 


This  quantity,  which  is  j(mass)  x  (velocity)2  is  called  the  kinetic  energy  (KE)  of  the 
particle  when  its  velocity  is  v.  The  kinetic  energy  of  a  particle  can  thus  be  regarded  as  the 
work  done  on  the  particle  by  a  force  in  giving  it  the  velocity  v  from  rest.  The  unit  of  KE 
is  therefore  the  same  as  the  unit  of  work,  1  J. 

Let  us  now  consider  a  particle  mass  m  kg  travelling  at  u  m  s'1  in  a  straight  line.  A  force 
P  N  now  acts  on  it  in  the  direction  of  motion  and  gives  it  an  acceleration  a  m  s~2.  If  the 
particle  acquires  a  velocity  v  m  s'1  after  travelling  a  distance  s  m,  then 

P  =  ma  (i) 

and  v2  =  u2  +  las 

or  as=  jv2-  j«2  (ii) 

therefore  work  done  =  P  x  s 

=  mas  (from  (i)) 

=  m(jv2-  ju2)  (from  (ii)) 


The  quantity  jmu2  is  the  initial  KE  and  the  quantity  jmv2  is  the  final  KE. 

Thus,  the  above  shows  that 

work  done  by  a  force  =  final  KE  -  initial  KE 
=  increase  in  KE 

The  work  done  by  a  force  in  increasing  the  velocity  of  the  particle  from  u  to  v  is 
converted  into  the  increased  KE  of  the  particle.  Conversely,  some  or  all  of  the  KE 
possessed  by  a  particle  can  be  converted  into  work.  Hence  the  loss  of  KE  =  work  done 
against  a  force. 

The  quantity  jmv2  is  always  positive  and  is  not  a  vector  quantity.  The  KEs  of  2  equal 
particles  moving  in  any  2  directions  with  the  same  speed  are  equal.  Also,  as  work  can  be 
converted  into  KE  and  vice  versa,  work  is  also  a  scalar  quantity. 
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Resolving  forces  perpendicular  to  the  plane, 

R  =  0.5g  cos  0 
=  0.5  x  10  x  | 

=  4  N 

Frictional  force  F  =  \iR 

=  j  x  4 
=  1  N 

Let  the  distance  travelled  by  the  particle  be  i,.  up  the  slope. 
Work  done  against  total  resistance  =  loss  in  KE 
(3+D*,=4 

Hence  the  particle  will  travel  1  m  up  the  incline. 


POTENTIAL  ENERGY  (PE) 

Suppose  I  lift  a  mass  of  4  kg  vertically  through  a  height  of  2  m.  The  lifting  force  =  the 
weight  of  the  body  =  4 g  N.  Hence  the  work  I  do  is  4g  x  2  =  78.4  J  (taking  g  =  9.8  m  s_J) 
and  this  work  has  been  done  against  gravity.  At  this  point  the  body  is  now  at  rest  and  has 
no  KE,  but  if  I  let  go,  the  body  will  acquire  KE  in  falling  and  can  do  work  on  the 
downward  path.  Hence  in  its  state  of  rest  at  a  height  of  2  m  the  body  has  a  potential  for 
doing  work  and  we  say  it  possesses  potential  energy  (PE).  PE  is  the  ability  to  do  work 
because  of  the  position  of  the  body,  in  the  sense  that  if  released,  the  body  will  move  to 
a  lower  position  and  its  PE  will  be  converted  into  KE.  The  PE  of  a  body  has  no  absolute 
value,  but  is  relative  to  some  datum  level,  say  the  surface  of  the  earth  or  some  other  level 
above  which  the  body  is  raised  and  to  which  it  can  fall. 

Suppose  a  body  of  mass  m  kg  is  raised  through  a  height  of  h  m  from  a  floor  (Fig.  25.7). 
The  work  done  against  gravity  =  mgh  J  and  hence  the  body  now  possesses  PE  =  mgh  J. 
If  the  body  now  falls  it  will  acquire  a  velocity  v  on  reaching  its  original  level,  where 
v*  =  2gh. 
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Its  KE  is  now  |mvJ  =  |mx  2 gh  =  mgh. 

Hence  all  the  PE  has  been  converted  into  KE. 

Note  that  this  result  is  true  if  the  particle  descends  by  any  route  (provided  it  is  smooth) 
through  a  vertical  drop  of  h  m  (Fig.  2S.8).  The  distance  travelled  by  the  point  of 
application  of  the  weight  (the  centre  of  gravity,  CG)  in  the  direction  of  the  weight  is 
always  h.  Hence  the  work  done  by  gravity  is  mgh.  which  is  converted  into  KE.  Similarly, 
if  a  body  of  mass  m  kg  is  raised  through  a  vertical  height  (h  m)  by  whatever  path 
(provided  smooth),  the  work  done  against  gravity  =  mgh  and  this  is  the  value  of  the  PE 
of  the  body. 


Fig.  25.8 


If  the  body  now  strikes  the  floor,  some  KE  will  be  lost,  i.e.  converted  into  another  form 
of  energy,  for  example  heat,  light  or  sound.  This  is  a  simple  illustration  of  the  principle 
of  the  conservation  of  energy,  which  states  that  the  total  energy  in  a  closed  system  is 
constant.  This  principle  is  true  provided  all  forms  of  energy,  mechanical  and  non¬ 
mechanical  are  taken  into  account,  such  as  heat,  sound,  light,  chemical,  electrical  energy, 
etc.  It  also  illustrates  the  fact  that  energy  can  be  converted  from  one  form  to  another.  For 
example  in  a  hydroelectrical  scheme,  the  water  in  a  reservoir  possesses  PE.  This  can  be 
converted  into  KE  by  allowing  the  water  to  fall  through  a  sluice  gate.  The  water  strikes 
the  turbine  wheels  and  its  KE  is  converted  into  another  form  of  KE,  i.e.  kinetic  energy  of 
rotation.  This  in  turn  is  converted  into  electrical  energy,  which  is  used  in  factories  and 
homes  to  be  converted  into  light,  heat  and  kinetic  energy  again. 

From  a  mechanical  point  of  view,  energy  dissipated  through  friction,  heat,  sound  etc. 
is  energy  lost  and  wasted.  If  there  were  no  such  losses  it  would  be  possible  to  achieve 
perpetual  motion  mechanically.  In  applied  mathematics,  we  deal  only  with  KE  and  PE. 
The  principle  of  conservation  will  then  appear  in  the  form: 

KE  +  PE  =  constant 

Hence,  the  (KE  +  PE)  of  a  body  at  any  time  =  original  (KE  +  PE)  +  any  work  done  by  a 
force  on  the  body. 
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The  particle  will  have  the  maximum  speed  when  it  has  descended  the  maximum 
distance,  that  is  0.6  m,  when  the  particle  is  at  its  lowest  point  in  the  path.  Taking  the 
initial  position  as  reference,  the  loss  in  PE  is  now  mg(0.6)  =  6m  1. 

The  gain  in  KE  is  jmv,2  where  the  maximum  speed  (at  C)  is  v,  m  r'. 

So  by  conservation  of  energy, 
jmv  jJ  =  6m 
v2J  =  12 

v2  =  VT2 

Hence  the  maximum  speed  is  VT2  m  s'1.  Note  that  the  results  are  independent  of  the 
mass  of  the  particle. 


Exercise  25.1  (Answers  on  page  652.) 

I  Take  g  =  10  m  s’1] 

1  Find  the  work  done  when  a  load  of  50  kg  is  lifted  vertically  through  10  m. 

2  A  block  is  pulled  horizontally  through  4  m  at  a  steady  speed  by  a  force  of  20  N. 
inclined  at  an  angle  of  60°  to  the  line  of  motion.  Find  the  work  done. 

3  A  mass  of  20  kg  is  pulled  across  a  rough  horizontal  floor  (coefficient  of  friction  0.4) 
through  2  m  at  a  steady  speed  by  a  horizontal  force.  Find  the  work  done. 

4  If  a  mass  of  10  kg  at  rest  acquires  a  velocity  of  2  m  s'1  after  being  pulled  through 
1.5  m,  what  force  is  acting  in  the  direction  of  motion? 

5  A  body  of  mass  1  kg  travelling  at  2.5  ffls'ona  horizontal  surface  meets  a  rough  patch 
and  comes  to  rest  in  2  m.  What  is  the  resisting  force?  Also  find  the  coefficient  of 
friction  of  the  rough  surface. 

6  The  velocity  of  a  body  of  mass  0.5  kg  is  reduced  from  3  to  1.5  m  s'1  in  a  distance  of 
1.5  m.  What  force  is  acting  on  the  body? 

7  A  ball  of  mass  250  g  is  projected  up  a  smooth  plane  inclined  at  angle  6  to  the 
horizontal  where  sin  0  =  with  a  velocity  of  5  m  S'1. 

How  far  will  it  travel  before  coming  to  rest? 

8  What  force  is  required  to  stop  a  mass  of  5  kg  travelling  at  2  m  s'1  in  1.5  m? 

9  A  car  whose  mass  is  500  kg  starts  from  rest  at  the  foot  of  an  incline  of  jq  and  after 
travelling  for  0.5  km  has  reached  a  speed  of  5  m  s'1. 

If  the  resistances  to  motion  amount  to  250  N,  what  was  the  average  tractive  force  of 
the  engine? 

10  A  car  of  mass  400  kg  travelling  at  9  m  s'1  comes  to  rest  in  200  m.  What  was  the 
resistance? 
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11  A  train  of  mass  100 1  travelling  at  0.5  m  s  '  hits  the  buffers  at  a  station  and  comes  to 
rest  in  a  distance  of  30  cm.  What  is  the  average  resistance  of  the  buffers? 

12  A  ship  of  mass  5000 1  moving  at  0.01  m  sr'  hits  a  quayside  and  continues  to  move  for 
1 5  cm  before  coming  to  test.  What  average  force  does  the  quay  exert  on  the  ship? 

13  A  particle  of  mass  1.5  kg  is  projected  up  an  incline  of  |  with  an  initial  speed  of 
1  m  s"1.  How  far  will  it  travel  up  the  incline  if 

(a)  the  surface  is  smooth. 

(b)  the  coefficient  of  friction  is  0.5? 

14  Find  the  average  force  required  to  stop  a  5 1  lorry  travelling  at  10  m  s_l  on  a  level  road 
in  a  distance  of  15  m. 

15  A  pendulum  consists  of  a  light  string  60  cm  long  attached  to  a  mass  of  5  kg  and  can 
swing  freely.  It  is  held  taut  at  an  angle  of  60°  to  the  downward  vertical  and  released. 
Find  the  velocity  of  the  mass  at  its  lowest  point. 

16  A  mass  of  4  kg  suspended  by  a  light  suing  2  m  long  and  at  rest  is  projected 
horizontally  with  a  velocity  of  1 .5  m  s  '.  Find  the  angle  made  by  the  string  when  the 
mass  comes  to  momentary  rest. 

17  A  mass  of  10  kg  slides  down  a  slope  of  30°  from  rest.  The  coefficient  of  friction  is  0.5. 
If  the  length  of  the  slope  is  5  m.  find  the  velocity  of  the  mass  at  the  foot  of  the  slope. 

18  Masses  of  1 0  kg  and  4  kg  arc  connected  by  a  light  string  passing  over  a  smooth  pulley. 
After  the  10  kg  mass  descends  from  rest  for  a  time  of  2  s.  find 

(a)  the  velocity  of  each  mass, 

(b)  the  potential  energy  lost  by  the  system. 

19  A  constant  force  acts  on  a  body  of  mass  2  kg  and  does  45  J  of  work.  The  effect  on  the 
body  is  that  its  final  velocity  is  2  m  s  1  more  than  its  initial  velocity.  Find  the  initial 
velocity  of  the  body. 

20  A  machine  drives  a  conveyor  belt  which  lifts  100  bottles  per  minute  through  a  vertical 
height  of  2  m  and  then  pushes  them  forward  with  a  speed  of  3  m  s~'.  The  mass  of  each 
bottle  is  1 .2  kg.  Calculate  the  amount  of  work  done  per  second  by  the  machine. 

21  A  bullet  of  mass  40  g  strikes  a  fixed  piece  of  wood  10  cm  thick  with  a  velocity  of 
300  in  s  '  and  emerges  with  a  velocity  of  120  m  s  Find  the  average  resistance  of  the 
wood. 

22  A  particle  is  released  from  rest  at  the  lop  of  a  rough  inclined  plane  making  an  angle 
0  with  the  horizontal  where  sin  0  =  If  the  coefficient  of  friction  is  0.4.  what  is  the 
speed  of  the  particle  after  travelling  3  m  down  the  plane? 

23  A  particle  is  suspended  by  a  light  string  of  length  30  cm  from  a  fixed  point  O.  The 
particle  is  now  held  on  the  same  level  as  O  with  the  string  taut  and  projected  vertically 
downwards  with  speed  I  m  s-1.  Find 

(a)  the  speed  of  the  particle  at  its  lowest  point. 

(b)  how  high  above  O  it  will  reach. 
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24  Fig.  25. 1 1  shows  a  smooth  track  in  the  shape  of  a  quarter  circle  AB,  with  centre  O  and 
radius  0.8  m.  OB  is  vertical  and  B  is  2  m  above  the  ground  level.  A  particle  is  released 
from  rest  at  A.  Calculate 

(a)  its  speed  at  B, 

(b)  how  far  horizontally  from  B  it  will  strike  the  ground. 


25  A  particle  is  projected  with  speed  u  m  s~'  directly  up  an  incline  of  angle  0  to  the 
horizontal  where  sin  0  =  j.  It  comes  to  momentary  rest  after  travelling  a  distance  of 
4  m.  Given  that  the  coefficient  of  friction  is  0.4,  calculate 

(a)  the  value  of  u, 

(b)  the  speed  of  the  particle  when  it  returns  to  its  starting  point. 


POWER 

Consider  a  machine  that  does  100  J  of  work  in  1  s  and  a  second  machine  that  does 
200  J  of  work  in  1  s.  We  note  that  the  second  machine  can  accomplish  more  work  (in  fact 
twice  as  much)  in  the  same  time.  The  second  machine  is  therefore  more  powerful  than 
the  first.  Its  rate  of  doing  work  is  greater.  We  define  power  as  the  rate  of  doing  work. 
Hence,  power  =  amount  of  work  (in  J)  done  per  second. 

The  unit  of  power  is  therefore  1 J  s~'  which  is  given  the  name  1  watt  (1  W).  For  very 
powerful  machines,  we  can  use  a  unit  of  1  kW  (kilowatt)  =  105  W  or  I  MW  (megawatt) 
=  I06  W. 

A  well-known  unit  in  the  British  system  of  units  was  the  horsepower  (HP)  which  is 
approximately  746  W.  This  was  the  original  unit  of  power,  established  by  James  Watt  in 
the  18th  century  when  he  worked  on  the  development  of  steam  engines  and  the  new  unit 
has  been  named  in  his  honour. 
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Hence  the  total  resistance  to  motion  up-slope  =  3500  +  5000 
=  8500  N 

When  travelling  at  its  maximum  speed  (v  in  s"1)  the  train  has  no  acceleration. 
The  pull  P  equals  the  total  resistance,  i.e.  8500  N. 

In  1  s  the  train  moves  v  m. 

Therefore  work  done  by  the  engine  in  1  s  =  Pv  J. 

So  the  power  of  the  engine  is  Pv  W  which  is  70  kW 
i.e.  Pv  =  70  x  10s 
or  8500v  =  70  x  103 

_  70  X  IQ3  „  , 

1  ~  8500  824  m  S 

This  is  equivalent  to  x  60  x  60  =»  29.7  km  h"1,  which  is  the  maximum 
speed  up  the  incline. 

(ii)  20  km  tr1  is  equivalent  to  2°3^)0’  =  |mr' 

The  train  is  not  travelling  at  its  maximum  speed  (found  in  (i))  but  the  power 
developed  remains  the  same.  Hence  there  is  spare  power  available  to  accel¬ 
erate  the  train. 

Let  the  pull  of  the  engine  at  this  instant  (when  the  speed  is  *  m  s'1)  be  Pt  N. 
The  work  done  per  s  =  Pt  x  J 

and  this  is  equal  to  the  power  of  the  engine  which  is  70  kW. 

Thus.  P,xf  =  70  x  10' 
giving  Pt  =  12  600  N 

But  the  total  resistance  (from  (i»  on  the  incline  is  8500  N. 

So  there  is  a  resultant  force  P,  of  12  600  -  8500  =  4100  N  up  the  slope, 
which  gives  an  acceleration  a  m  s'2. 

Hence  Pt  =  ma 

i.e.  4100  =  200  x  lO’xo 

giving  a  =»  0.02 

Hence  the  acceleration  is  0.02  m  s'3. 
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Example  11 

An  engine  which  is  80 %  efficient  works  at  a  steady  rate  to  pump  water,  initially  at  rest, 
through  a  vertical  height  of  5  m  and  then  discharges  it  at  a  speed  of  8  my'  through 
a  pipe  of  cross-section  JO  end.  At  what  rate  is  the  engine  working?  (1  nd  of  water  has 
a  mass  of  I kg.) 

The  work  done  by  the  engine  consists  of  (a)  giving  it  PE  by  lifting  the  water  through 
a  height  of  5  m  against  gravity  and  (b)  giving  it  KE  by  discharging  it  at  a  speed  of 
8  m  s  '. 

In  1  s,  a  length  of  8  m  of  water  issues  from  the  pipe  with  cross-section 


Therefore  the  volume  of  water  carried  per  second  =  8  x  ^  m’ 
which  has  a  mass  of  8  x  jfj;  x  103  =  8  kg. 

When  this  mass  of  water  is  lifted  through  a  height  of  5  m. 
the  PE  gained  =  mgh 

=  8  x  10  x  5  =  400  J 
The  gain  in  KE  =  jmv2  =  ±  (8X82) 

=  256  J 

Hence  the  total  amount  of  work  done  in  I  s  =  400  +  256  =  656  J. 

As  the  engine  is  80%  efficient,  this  output  is  80%  of  the  actual  work  done  by  the 
engine.  (The  other  20%  of  work  done  is  unproductive,  mostly  against  friction.) 
Therefore  80%  of  the  work  done  by  the  engine  in  1  s  =  656  J 
Hence  the  rate  of  work  done  by  the  engine  =  656  x  =  820  W. 


Exercise  25.2  (Answers  on  page  652.) 

/Take  g  =  10  m  sr1] 

1  If  a  car  travels  at  a  steady  speed  of  15  m  s_l  against  resistances  of  200  N,  what  power 
is  being  exerted  by  the  engine? 

2  A  boy  of  mass  44  kg  runs  up  a  flight  of  stairs  of  vertical  height  4  m  in  5  s.  What  power 
is  he  sustaining? 

3  A  man  runs  100  m  in  a  time  of  15  s.  If  the  resistances  to  motion  are  estimated  at 
45  N,  what  power  docs  he  use? 

4  The  power  of  the  engine  of  a  car  is  7  kW.  What  would  be  the  maximum  speed  of  the 
car  on  the  level  against  resistances  of  250  N? 

5  A  pump  raises  water  through  a  height  of  15  m  at  the  rate  of  0.05  mJ  per  s.  What  is  the 
power  of  the  pump? 
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18  A  water  pump  sends  a  mass  of  0.3  kg  of  water  each  second  into  a  vertical  jet.  If  the 
power  of  the  pump  is  5.4  W.  find  the  height  of  the  jet  and  the  speed  with  which  the 
water  leaves  the  pump. 

19  A  conveyor  belt  carries  1 200  kg  of  grain  up  a  slope  inclined  at  an  angle  0  to  the  hori¬ 
zontal  where  sin  0  =  0.08  against  a  frictional  resistance  of  120  N.  If  the  belt  is 
travelling  at  10  km  h1,  find  the  power  used  to  drive  the  belt. 

20  A  truck  develops  a  constant  power  of  180  kW.  If  its  maximum  speed  on  the  level  is 
25  m  s'1,  find  the  resistance  to  motion. 

If  the  truck  of  mass  3  x  10'  kg,  now  climbs  a  slope  of  angle  0  to  the  horizontal,  where 
sin  0  =  2f),  against  the  resistance,  calculate 

(a)  the  maximum  speed  up  the  slope, 

(b)  the  acceleration  of  the  truck  when  its  speed  is  15  m  s*1. 


SUMMARY 

•  Work  (WO  done  by  a  force  (/*)  in  moving  a  body  a  distance  (s)  in  the  direction  of  the 

given  by  W  =  Ps 
Using  vectors,  W'  =  P.s 

=  Ps  cos  0  where  0  is  the  angle  between  the  force  and  the  direction 
of  motion  of  the  body. 

•  The  unit  of  work  is  1  joule  (J)  which  is  the  work  done  when  a  force  of  I  N  moves  a 
body  through  a  distance  of  I  m  in  the  direction  of  the  force. 

•  Kinetic  energy.  KE  =  ^  mv2 

•  Potential  energy,  PE  =  mgli 

•  Principle  of  conservation  of  energy:  The  total  energy  in  a  closed  system  is  constant. 
If  no  energy  is  dissipated  through  friction,  heat,  sound  etc.,  the  principle  of  conserva¬ 
tion  of  energy  will  take  the  form: 

KE  +  PE  =  constant. 

•  If  work  is  done  by  a  force  on  a  body  then 

work  done  =  initial  energy  -  final  energy 
(where  energy  =  KE  +  PE) 

•  Power  =  rate  of  doing  work 

Unit  of  power  is  1  watt  (W)  =  1  J  s'1 
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REVISION  EXERCISE  25  (Answers  on  page  653.) 

1  A  missile  of  mass  SO  kg  is  projected  vertically  upwards  with  a  speed  of 200  m  s"1  from 
a  submarine  lying  on  the  bottom  of  the  sea  at  a  depth  of  600  m.  Assuming  that  the 
water  offers  a  constant  resistance  of  160  N  to  the  motion  of  the  missile,  calculate 

(i)  the  kinetic  energy  of  the  missile  as  it  leaves  the  water, 

(ii)  the  maximum  height  above  sea-level  reached  by  the  missile.  (C) 

2  Fig.  2S.1S  shows  a  mass  of  S  kg  placed  on  a  rough  horizontal  table  and  attached  to  one 
end  of  a  light  inextensible  string  which  passes  horizontally  over  a  smooth  light  pulley 
at  the  edge  of  the  table.  The  other  end  of  the  string  is  attached  to  a  mass  of  3  kg  which 
hangs  freely.  The  coefficient  of  friction  between  the  5  kg  mass  and  the  table  is  0.4, 
and  the  distance  of  the  5  kg  mass  from  the  pulley  is  2.5  m.  The  system  is  released 
from  rest.  Calculate 

(i)  the  time  taken  for  the  5  kg  mass  to  reach  the  pulley, 

(ii)  the  loss  of  potential  energy  of  the  system  during  this  time, 

(iii)  the  kinetic  energy  of  the  system  immediately  before  impact  with  the  pulley. 

(C) 


Fig.  25.15 

3  The  top  of  a  chute  whose  length  is  12  m  is  3  m  vertically  above  its  lowest  point.  A 
parcel  of  mass  1.6  kg  slides  from  rest  from  the  top  of  the  chute  and  reaches  the  lowest 
point  with  a  speed  of  5  m  s_l.  Calculate,  for  the  parcel, 

(i)  the  gain  in  kinetic  energy, 

(ii)  the  loss  in  potential  energy, 

(iii)  the  work  done  in  overcoming  the  frictional  resistance, 

(iv)  the  average  value  of  this  resistance. 

After  reaching  the  lowest  point  of  the  chute,  the  parcel  slides  along  a  horizontal  floor, 
the  resistance  to  motion  being  4  N.  Calculate  how  far  the  parcel  travels  before  coming 
to  rest.  (C) 

4  A  pump  forces  oil  from  rest  through  a  horizontal  pipe  so  that  it  emerges  with  a  speed 
of  6  m  s'1  from  a  nozzle  of  cross-sectional  area  2  x  10-2  m2.  The  mass  of  1  m5  of  the 
oil  is  2500  kg.  Calculate,  in  kW,  the  power  developed  by  the  pump. 

Calculate  by  how  much  the  power  will  have  to  be  increased  if  the  nozzle  is  raised 
through  a  height  of  2  m  and  the  oil  emerges  at  the  same  speed.  (C) 
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9  (a)  An  engine,  working  at  an  effective  rate  of  0.2  kW,  pumps  water,  initially  at  rest, 
through  a  vertical  height  of  4.8  m.  where  it  is  ejected  with  a  velocity  of  2  m  s_l. 
Calculate  the  number  of  kilograms  of  water  delivered  per  second. 

(b)  A  car  of  mass  m  kg  is  being  driven  down  a  slope  inclined  at  an  angle  a  to  the 
horizontal,  where  sin  a  =  Given  that  the  frictional  resistance  to  motion  is 
600  N,  and  that  the  acceleration  is  0.8  m  s_J,  when  the  velocity  is  15  m  s"'.  show 
that  the  effective  power  developed  by  the  car  at  this  instant  is  (9  +  -j^j)  kW. 

(C) 

10  A  car  of  mass  1800  kg  ascends  an  incline  at  a  constant  speed  of  14  m  s_l.  Given  that 
the  frictional  resistance  is  400  N  and  the  engine  is  working  at  a  rate  of  17.5  kW. 
calculate  the  angle  that  the  incline  makes  with  the  horizontal. 

Assuming  that  the  frictional  resistance  and  the  rate  of  working  remain  constant, 
determine  the  acceleration  of  the  car  on  a  level  road  at  an  instant  when  the  speed  is 
28  m  s  '.  (C) 

11  A  four-engined  aeroplane  of  mass  120  000  kg  is  flying  horizontally  at  a  constant 
speed  of  240  m  s'1.  Each  engine  produces  a  driving  force  of  52  000  N.  Calculate 

(i)  the  air  resistance  to  motion. 

<ii)  the  power  produced  by  each  engine. 

If  one  engine  has  to  be  cut  out,  what  deceleration  will  be  produced? 

12  A  car  of  mass  600  kg  is  travelling  along  a  level  road  at  a  constant  speed  of  90  km  h1. 
The  frictional  resistance  is  450  N.  Calculate  (in  kW)  the  power  being  used. 

The  car  now  climbs  a  slope  inclined  to  the  horizontal  at  angle  0.  where  sin  6  =  0.02. 
at  the  same  speed.  If  the  frictional  resistance  is  the  same  as  before,  what  power  is  now 
being  used?  If  this  power  is  used  but  the  speed  of  the  car  up  the  slope  is  72  km 
h'1,  what  acceleration  will  it  have? 

13  A  block  of  mass  6  kg  is  projected  with  a  speed  of  5  m  s'1  directly  up  a  rough  plane 
inclined  at  6  to  the  horizontal,  where  tan  0  =  j.  The  block  travels  a  distance  of 
1.25  m  before  coming  to  momentary  rest  and  then  slips  back  down  the  plane. 
Calculate 

(i)  the  initial  kinetic  energy  of  the  block, 

(ii)  the  gain  in  potential  energy  between  projection  and  momentary  rest, 

(iii)  the  coefficient  of  friction  between  the  block  and  the  plane, 

(iv)  the  velocity  of  the  block  as  it  passes  through  its  starting  point  on  the  way  down. 

14  A  cyclist  and  his  machine  together  have  a  mass  of  75  kg.  If  the  cyclist  works  at  the 
rate  of  0.15  kW,  his  maximum  speed  on  level  ground  is  v  m  s*1.  If  he  climbs  a  slope 
of  angle"  0  to  the  horizontal,  where  sin  0  =  using  the  same  power  and  against  the 
same  resistance,  his  maximum  is  now  y  m  r1.  Find  the  value  of  v. 
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IS  Fig.  25.18  shows  a  track  in  the  form  of  a  quarter  circle  AB,  centre  O  and  radius 
1.6  m  and  a  straight  horizontal  section  BC.  OB  is  vertical.  The  section  AB  is  smooth 
but  BC  is  rough.  A  particle  of  mass  2  kg  is  projected  vertically  downwards  at  A  with 
speed  2  m  s  '  and  comes  to  rest  at  S  where  BS  =  3  m.  Calculate 

(i)  the  change  in  kinetic  energy  of  the  particle, 

(ii)  the  change  in  potential  energy, 

(iii)  the  speed  of  the  panicle  at  B, 

(iv)  the  coefficient  of  friction  along  BC. 


16  A  panicle  of  mass  4  kg  is  falling  vertically  with  speed  of  10  m  s*1  when  it  meets  a 
dense  layer  of  material  3  m  thick  which  gives  a  constant  resistance  of  50  N.  Find  the 
speed  with  which  the  panicle  comes  out  of  this  layer. 

If  the  particle  had  been  moving  upwards  with  speed  u  m  s  '  when  it  entered  the  layer, 
what  is  the  minimum  value  of  «  so  that  it  will  pass  through  the  layer? 

17  A  panicle  P  is  attached  by  a  light  string  2  m  long  to  a  fixed  point  O.  The  panicle  is 
held  so  that  OP  makes  an  angle  of  60°  with  the  downward  vertical  through  O  and  is 
then  projected  with  speed  v  m  s'1  downwards  at  right  angles  to  OP.  If  it  comes  to 
momentary  rest  when  it  reaches  the  level  of  O.  find  the  value  of  v. 

18  A  car  of  mass  800  kg  moves  up  a  slope  inclined  at  angle  9  to  the  horizontal,  where 
sin  6=  jg,  at  a  steady  speed  of  25  m  s1.  The  road  resistance  is  100  N.  Calculate  the 
power  being  used. 

If  the  car  now  travels  down  this  slope,  with  the  same  resistance  and  using  the  same 
power,  what  would  be  its  acceleration  when  the  speed  is  25  m  s'1? 

19  A  panicle  of  mass  2  kg  is  dropped  from  a  height  A,  m  onto  a  concrete  floor  and 
rebounds  to  a  height  A,  m.  Given  that  it  loses  64  J  of  energy,  show  that  A,  -  A,  =  3.2. 
Given  also  that  the  velocity  oflift  off  from  the  floor  is  4  m  s'1  less  than  the  velocity 
on  hitting  the  floor,  find  the  values  of  A,  and  A,. 

20  (a)  As  pan  of  a  manufacturing  process  a  machine  lifts  a  number  of  components,  each 

of  mass  0.6  kg,  from  rest  through  a  height  of  1.3  m  and  then  projects  each  one 
with  a  speed  of  2  m  s'1. 

Given  that  the  effective  power  output  of  the  machine  is  27  W,  find  how  many 
components  are  dealt  with  per  second. 
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(b)  Fig.  25.19  shows  the  vertical  plane  through  the  portion  ABC  of  a  road  along 
which  a  car  of  mass  750  kg  travels  against  a  resistance.  The  points  A  and  C  are 
36  m  and  28  m  respectively  higher  than  the  lowest  point  B. 


Fig.25.19 


The  car  coasts  from  A  to  B,  a  distance  of  150  m.  with  no  power  being  transmitted 
to  its  wheels.  Given  that  its  speed  at  A  is  12  m  s'1,  its  speed  at  B  is  v  m  s'1,  and 
that  the  average  resistance  is  720  N,  find,  as  the  car  travels  from  A  to  B. 

(i)  the  loss  in  potential  energy, 

(ii)  the  gain  in  kinetic  energy,  in  terms  of  v. 

(iii)  the  work  done  against  the  resistance. 

Hence  show  that  v  =  24. 

When  the  car  arrives  at  B,  power  is  supplied  to  the  wheels  and,  7.5  seconds  later, 
the  car  arrives  at  C  with  a  speed  of  20  m  s'1.  Given  that  the  distance  from  B  to 
C  is  120  m,  and  that  the  average  resistance  is  again  720  N.  fmd,  as  the  car  travels 
from  B  to  C, 

(iv)  the  gain  in  potential  energy, 

(v)  the  loss  in  kinetic  energy. 

(vi)  the  work  done  against  the  resistance. 

Hence  calculate  the  average  power  supplied  by  the  engine  from  B  to  C.  (C) 
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Momentum 
and  Impulse 


26 


Consider  a  body,  mass  m  kg,  moving  in  a  straight  line  with  velocity  u  m  s~'.  Now  suppose 
a  force  P  N  acts  on  the  body  in  the  direction  of  its  motion  for  r  s  (Fig.  26. 1). 


@_^  P 

The  force  will  give  the  body  an  acceleration  a 

given  by  P  =  ma  (i) 

The  velocity  v  reached  after  t  s  is 

given  by  v  =  u  +  at  (ii) 

From  (ii)  a  = 

Substituting  this  into  (i),  we  have 

i.e.  p=rw^m!L  (m) 

or  Pt  =  mv-  mu  (iv) 

This  equation  shows  the  relationship  between  two  important  quantities.  Pi  is  called  the 
impulse  of  the  force.  It  is  the  product  of  the  force  (assumed  constant)  and  the  time  for 
which  it  acts.  Since  force  is  measured  in  newtons  and  time  in  seconds,  the  unit  of  impulse 
is  the  newton-second  (N  s).  Thus  the  impulse  of  a  force  of  50  N  acting  on  a  body  for  0. 1 
s  is  50  x  0.1  =  5  N  s. 


570 


The  right  hand  side  of  (iv)  measures  the  change  in  a  quantity  called  the  momentum 
of  the  body.  The  momentum  of  a  body  is  the  product  of  its  mass  and  its  velocity 
i.e.  momentum  =  mass  x  velocity. 

Hence  the  initial  momentum  is  mu  and  the  final  momentum  mv.  mv  -  mu  is  then  the 
change  in  momentum.  Equation  (iv)  can  be  restated  in  words  as  follows: 

impulse  of  force  on  a  body  =  change  of  momentum  of  the  body 
Since  the  unit  of  impulse  is  N  s,  it  follows  that  the  unit  of  momentum  must  also  be  N  s. 
So  a  body  of  mass  3  kg  travelling  at  4  in  s~'  has  a  momentum  of  3  x  4  =  12  N  s. 

To  find  momentum  in  N  s,  mass  must  be  expressed  in  kg  and  velocity  in  m  s_l. 

Since  momentum  is  the  product  of  a  scalar  (mass)  and  a  vector  (velocity),  it  is  itself 
a  vector  quantity.  Care  must  therefore  be  taken  with  its  direction. 

If  the  initial  and  final  velocities  are  in  the  same  line  as  the  impulsive  force,  we  measure 
the  momentum  in  the  direction  of  the  force  and  use  the  following  equation: 


impulse  =  final  momentum  -  initial  momentum 
The  arrows  show  that  all  are  measured  in  the  same  direction. 

If  the  two  momenta  are  in  different  lines,  the  change  of  momentum  must  be  found  by 
vector  subtraction.  Such  cases  will  not  be  dealt  with  as  they  are  beyond  the  scope  of  this 
book. 

Returning  to  equation  (iii),  we  note  that  m  ~  lwl  represents  the  rate  of  change  of 
momentum.  Hence  equation  can  be  stated  in  words  as  follows: 

force  =  rate  of  change  of  momentum 


Example  1 

A  constant  force  of  P  N  acts  on  a  body  of  mass  2  kg  travelling  at  4  m  tr'  for  0.3  s  in 
the  direction  of  its  motion.  If  its  final  velocity  is  7  m  s  ',  what  is  the  force? 


Impulse  of  the  force  =  P  x  0.3 
=  0.3/>  N  s 

Change  of  momentum  in  the  direction  of  the  force 
=  final  momentum  -  initial  momentum 
=  2x7  -  2x4 


Impulse  -  change  of  momentum 
0.3 P  =  6 
giving  P  =  20 

[Alternatively,  we  can  use:  Force  =  rate  of  change  of  momentum 
i.e.  P  =  yy  =  20  as  before.] 

Hence  the  force  is  20  N. 
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Example  2 

A  body  of  mass  2  kg  travelling  at  10  m  s~‘  encounters  a  constant  frictional  force  of 
5  N.  How  long  does  it  take  for  the  body  to  come  to  rest? 

u-  10  ms-'  y.Qms-' 

— F-5N 

Fig.  26.3 

Let  the  time  taken  be  t  s. 

Impulse  of  the  frictional  force  =  5r  N  s 
Change  of  momentum  in  the  direction  of  the  force 
=  2  x  0  -  2  x  (-10) 

=  20  N  s 
therefore  5r  =  20 
t  =  4 

Hence  the  time  taken  is  4  s. 

Example  3 

A  ball  of  mass  0.2  kg  is  dropped  from  a  height  of  5  m  onto  a  concrete  floor  and 
rebounds  to  a  height  of  1.8  m.  Find  the  impulse  of  the  floor  on  the  ball.  If  the  contact 
time  is  0.05  s.fmd  the  average  force  on  the  ball. 

Let  the  velocities  on  arrival  and  lift-off  be  v,  and  v,  m  s~'  respectively,  and  the 
impulsive  force  be  P  N  (Fig.  26.4). 


=  10 


We  use  the  equation  i-  =  it  +  2 as  where  a  =  g 
For  the  downward  motion, 
v,J  =  0  +  2(IO)(5) 
giving  v,  =  10 
For  the  upward  motion, 

0  =  v2J- 2(10)(l.8) 
giving  v2  =  6 

Impulse  =  change  of  momentum  in  the  direction  of  the  force  P  (upwards) 
=  momentum  after  impact  -  momentum  before  impact 
=  0.2  x  6  -  0.2  x  (-10) 

=  3.2 

Hence  the  impulse  of  the  floor  on  the  ball  is  3.2  N  s. 

But  impulse  =  Pi  where  l  =  0.05 
therefore  P  x  0.05  =  3.2 
giving  P  =  (A 

Hence  the  average  force  on  the  ball  is  64  N. 


Example  4 

A  hose  of  cross-section  2  cm-’  delivers  a  jet  of  water  horizontally  with  a  speed  of 
20  m  s'.  With  what  average  force  does  the  water  hit  a  vertical  wall?  (Assume  that  the 
water  does  not  rebound  and  that  the  mass  of  I  nP  of  water  =  I  O'  kg.) 


The.  impulsive  force  P  N  exerted  by  the  wall  on  the  water  (which  equals  the  force 
exerted  by  the  water  on  the  wall)  =  momentum  of  water  destroyed  on  impact  since  the 
water  does  not  rebound. 

Consider  the  momentum  destroyed  in  1  s. 


Volume  of  water  issued  from  the  hose  in  1  s 

=  length  of  water  issued  x  area  of  cross-section 
=  20  m  x  (2  x  10-*)  m3 4 5 6 7 8 
=  4  x  10-’  m} 

Mass  of  water  =  4  x  10J  x  I0> 

=  4  kg 

thus  the  momentum  destroyed  in  1  s  =  4  x  20 
=  80  N  s. 

The  impulse  lasts  for  1  s, 
therefore  P  x  1  =  80 
i.e.  P  =  80 

Hence  the  average  force  on  the  wall  is  80  N. 


Exercise  26.1  (Answers  on  page  653.) 

I  Take  g  =  10  msr1) 

1  Find  the  momentum  of  the  body  in  each  of  the  following: 

(a)  mass  2  kg,  velocity  S  m  s"1 

(b)  mass  0.25  kg.  velocity  2  ms-' 

(c)  mass  80  g,  velocity  1.5  m  s"' 

(d)  mass  300  kg,  velocity  20  km  h“' 

2  A  force  of  10  N  acts  on  a  body  of  mass  2  kg  for  0.5  s.  What  is  the  increase  in 
momentum?  If  the  body  was  originally  travelling  at  5  m  s'1,  what  is  its  final  speed? 
How  far  will  it  travel  in  this  time? 

3  A  body  of  mass  1.5  kg  travelling  at  3  m  s~’  is  acted  on  by  a  force  P  N  for  0.75  s.  If 
its  velocity  at  the  end  of  that  time  is  5  m  sr1,  find  the  value  of  P. 

4  A  ball  of  putty,  mass  0.75  kg,  moving  at  3  m  s~'  hits  a  wall  at  right  angles  and  stops 
dead.  Find  the  impulse  on  the  ball. 

5  A  ball  of  mass  60  g  moving  at  4  m  s_l  hits  a  wall  at  right  angles.  If  it  rebounds  with 
speed  2  m  r1,  what  is  the  impulse  on  the  ball? 

6  A  hammer  of  mass  5  kg,  travelling  at  4  m  s*\  hits  a  nail  directly  and  does  not  rebound. 
What  is  the  impulse  on  the  hammer?  If  the  contact  effectively  lasts  0.5  s,  what  is  the 
average  force  between  the  two? 

7  A  mass  of  1.2  kg  travelling  at  2  m  s"1  strikes  a  wall  at  right  angles  and  rebounds  (also 
at  right  angles)  with  a  velocity  of  1.5  m  s  '.  If  the  contact  lasted  0.25  s,  find  the  force 
on  the  mass. 

8  A  ball  of  mass  0.25  kg  falls  freely  onto  a  concrete  floor  from  a  height  of  20  m  and 
rebounds  to  a  vertical  height  of  5  m.  If  the  ball  was  in  contact  with  the  floor  for 
0.8  s,  find  the  average  force  exerted  on  the  ball. 
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9  A  truck  of  mass  50  kg  has  its  speed  reduced  from  4  m  s  '  to  1.5  m  s~'  in  30  s.  Find  the 
braking  force  (assumed  constant).  After  what  further  time  will  the  tiuck  come  to  rest 
under  this  force? 

10  A  tennis  ball  of  mass  30  g  travelling  horizontally  at  20  m  sr1  is  hit  straight  back  at 
30  m  s_l.  If  the  impact  lasted  0.04  s.  find  the  average  force  on  the  ball. 

11  A  box  of  mass  10  kg  is  dragged  across  a  rough  floor  (coefficient  of  friction  0.5)  by 
a  force  P  N.  If  the  speed  of  the  box  is  increased  from  0.5  m  s  '  to  1.9  m  s~'  in  10  s. 
find  P. 

12  A  hose  (cross-section  4  cm!)  delivers  water  horizontally  with  a  speed  of  25  m  s  '. 
What  is  the  impulse  of  the  water  on  a  vertical  wall  (assuming  no  rebound)?  What 
average  force  acts  on  the  wall? 

13  A  horizontal  jet  of  water  is  emitted  from  a  circular  pipe  of  radius  1  cm  at  a  speed  of 
12  m  s  '.  Find  the  mass  of  water  emitted  per  s  and  the  average  force  exerted  on  a 
vertical  wall. 

14  A  particle  of  mass  3  kg  moves  on  a  rough  horizontal  surface  with  coefficient  of 
friction  0.4.  When  it  is  3  m  from  a  vertical  wall  its  speed  is  7  m  s-'  and  it  is  moving 
at  right  angles  to  the  wall.  If  the  impulse  on  the  panicle  is  24  N  s.  calculate  its  speed 
before  and  after  hitting  the  wall. 

15  A  ball  of  mass  100  g  is  thrown  at  a  horizontal  floor  and  hits  it  with  speed  6  m  s~‘  at 
an  angle  of  30°  to  the  floor.  Given  that  the  horizontal  component  of  its  velocity  is 
unchanged  by  the  impact  and  that  the  vertical  impulse  on  the  ball  is  0.5  N  s,  find  the 
components  of  its  velocity  after  the  impact  and  hence  find  the  velocity  in  magnitude 
and  direction. 

CONSERVATION  OF  MOMENTUM 

Let  us  now  consider  what  happens  when  two  bodies  A  and  B  collide.  We  will  only 

consider  direct  collision,  that  is,  the  two  bodies  are  moving  in  the  same  straight  line. 

Suppose  A  with  mass  m,  and  B  with  mass  m,  are  moving  with  velocities  u,  and  u,  before 

collision,  and  v,  and  v,  after  collision  respectively  (Fig.  26.6). 
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Fig.  26.6 
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(i) 

(ii) 


Change  in  momentum  of  A  =  m,v,  -  mlul 
Change  in  momentum  of  B  =  m2v3  -  mji2 
Now  when  A  and  B  collide,  each  will  exert  an  impulse  on  the  other. 

By  Newton’s  Third  Law,  A  will  exert  a  force  P  on  B  and  B  will  exert  an  equal  but 
opposite  force  P  on  A.  The  time  of  contact,  t  s,  is  naturally  the  same  for  both.  Hence  the 
impulse  of  A  on  B  equals  the  impulse  of  B  on  A  (both  =  Pi)  and  hence  the  changes  in 
momentum  of  A  and  B  are  equal  but  opposite  in  direction. 

Thus,  from  (i)  and  (ii)  we  get 

m,v,  -  m,u,  =  -(m2v,  -  m,u2) 

[negative  sign  indicates  opposite  direction) 
or  m,v(  +  m,v2  =  m,«,  +  nyr. 

This  shows  that  the  total  momentum  after  the  collision  equals  the  total  momentum  before 
the  collision.  This  in  essence  is  the  principle  of  conservation  of  momentum: 

In  any  collision  between  two  bodies,  the  total  momentum  in  any  direction  is 
unchanged,  provided  no  external  force  acts  in  that  direction. 

In  Examples  3  and  4,  momentum  was  not  conserved  as  the  forces  were  external  forces. 
Gravity  is  not  however  an  external  force  in  this  context  We  can  also  use  the  principle  in 
the  form:  momentum  before  collision  =  momentum  after  collision  (in  the  same  direction). 
As  an  example  of  the  principle,  consider  a  gun  being  fired.  The  gun  rests  against  the 
shoulder  of  a  man.  The  explosion  gives  the  bullet  forward  momentum  and  so  the  gun 
must  acquire  an  equal  amount  of  momentum  backwards,  thus  producing  the  recoil  of  the 
gun  against  the  man’s  shoulder.  A  more  sophisticated  example  is  how  a  spacecraft  can 
change  direction  in  space.  As  there  is  no  resistance  to  motion  in  empty  space,  any  object 
will  move  continually  in  a  straight  line.  It  is  impossible  to  produce  an  external  force  to 
change  direction  or  to  slow  down,  as  there  is  no  atmosphere  or  friction  to  ‘push  against'. 
If  however  a  small  rocket  is  fired  from  the  spacecraft,  momentum  in  that  direction  is 
created  and  an  equal  but  opposite  amount  of  momentum  affects  the  spacecraft,  thus 
changing  its  direction  of  motion  or  its  speed.  So  to  increase  the  speed  of  a  spacecraft,  a 
retrorocket  is  fired  backwards,  giving  the  craft  additional  momentum  (and  hence  in¬ 
creased  speed)  forwards.  To  slow  it  down,  a  forward-facing  rocket  is  fired,  so  reducing 
the  momentum  of  the  spacecraft. 


Example  5 

A  particle  of  mass  2  kg  is  moving  at  8  m  s~'.  It  collides  with  a  stationary  particle  of 
mass  3  kg  and  they  move  together.  Find  their  common  speed.  Find  also  the  loss  of 
kinetic  energy  during  the  collision. 

Let  the  common  speed  after  collision  be  v  m  s' 

Momentum  before  collision  =  2x8  +  3x0=16  Ns 
Momentum  after  collision  =  Sv  N  s 
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Adding  (i)  and  (ii),  we  hav 
8  =  8 1 


giving  t  =  1 

Substituting  t  =  1  into  (i)  gives  *  =  3. 

Hence  collision  occurs  3  m  above  the  ground. 

(b)  Let  the  velocities  of  A  and  B  just  before  collision  be  v,  m  r1  and  v2  m  s'1 
respectively. 

For  A,  v,  =  gt  =  10 

For  B.  Vj  =  8  -  gf  =  8  -  10  =  -2 

The  negative  sign  indicates  that  B  is  moving  downwards  just  before  impact. 
Note:  If  we  use  v2  =  u2  +  2 as,  we  would  get  v,2  =  64  -  2(I0)(3)  =  4  but  we  would 
not  know  if  v2  =  +2  or  -2  and  it  would  be  incorrect  to  assume  v,  =  +2. 

Hence  the  velocities  of  A  and  B  arc  10  m  s-'  and  2  ms-1  respectively  before 
impact  and  both  are  in  the  downward  direction. 

(c)  Let  the  common  velocity  after  collision  be  u  m  s~'. 

By  conservation  of  momentum, 

(0.5  +  0.2)u  =  0.5  x  10  +  0.2  x  2 
0.7m  =  5.4 
giving  i/  =  7.71 

Hence  the  common  velocity  after  collision  is  7.71  m  r‘. 


Before  After 


(d)  With  u  m  s'1  as  the  initial  speed  and  distance  =  3  m,  the  final  velocity  v  m  s_l  on 
reaching  the  ground  is  given  by 
v2  =  m2  +  2 as 
-  7.712  +  2(10X3) 

=  1 19.4 
giving  v  =  10.9 

Hence  the  speed  on  reaching  the  ground  is  10.9  m  s'*. 


Fig.  26.13(a)  shows  the  particles  A  and  B  of  masses  0.6  kg  and  0.4  kg  respective 
connected  hy  a  light  string  / tossing  over  a  smooth  pulley.  The  particle  C  of  mi 
0.5  kg  is  resting  on  a  table  and  is  attached  to  B  by  a  string  which  is  slack.  A  and  B  < 
held  at  rest  with  the  connecting  string  between  them  taut  and  then  released.  Find 

(a)  the  acceleration  of  A. 

(b)  the  distance  A  descended  and  its  velocity  after  /  second. 

At  this  time,  the  string  connecting  B  and  C  becomes  taut  and  C  is  lifted  off  the  tal 
Calculate 

(c)  the  velocity  and  acceleration  of  A  immediately  after  C  is  lifted  off  the  table, 

(d)  how  much  lower  A  will  descend. 


(a)  The  acceleration  a  m  s'2  is  found  from  Fig.  26.13(b). 

C  can  be  neglected  at  this  stage  as  the  string  between  B  and  C  is  slack  and  he 
it  will  not  affect  the  ensuing  motion. 


(b)  A  will  descend  a  distance  s  m  given  by  s  =  ut  +  jar3 
i.e.  j  =  0+  5  x2x  l!=lm. 

The  velocity  of  A  at  that  time  will  bev  =  0  +  2xl=2m  s'. 

(c)  When  the  string  connecting  B  and  C  becomes  taut,  the  velocities  and  acceleration 
immediately  change.  The  total  momentum  is  unchanged  however,  so  we  can  find 
the  new  velocity.  Since  the  particles  are  connected  by  tight  strings,  we  can  take 
them  as  one  body  (Fig.  26.13(c)). 


Before  |  A  | - 1  B  | 

0.6  kg  0.4  kg 


rn  rn  □□ 


Momentum  of  the  system  before  C  is  lifted  =  (0.6  -t-  0.4)  x  2  +  0.5  x  0 
=  2  N  s 

Momentum  of  the  system  after  C  is  lifted  =  (0.6  +  0.4  +  0.5)v,  =  1.5v,  where 
v,  is  the  common  velocity  of  the  particles  immediately  after  C  is  lifted. 

By  conservation  of  momentum, 
l.5v,  =  2 
giving  v,  =  \ 

Hence  the  new  velocity  of  A  is  j  m  s"' 

The  new  acceleration  is  found  as  in  (a)  by  taking  B  and  C  as  one  particle  of  mass 
0.9  kg.  Check  that  it  is  2  m  s-2  in  the  opposite  direction  to  the  previous  accelera- 

(d)  A  now  has  a  velocity  of  |  m  s-'  downwards  and  an  acceleration  of  2  m  s*3 
upwards.  It  will  descend  a  distance  s  given  by  0  =  (  j)*  +  2  x  (-2)  x  s  i.e.  j  =  £ . 
Hence  A  will  descend  a  further  distance  of  m. 
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Exercise  26.2  (Answers  on  page  653.) 

(Take  g  =  10  m  s-'l 

1  Two  masses  of  30  kg  and  20  kg,  travelling  at  4  m  s~'  and  1  m  s~'  respectively  in  the 
same  direction,  collide  and  continue  together.  Find  their  common  speed  after  the 
collision. 

2  A  toy  railway  truck,  mass  0.3  kg,  travelling  at  2  m  r1,  collides  with  another  stationary 
truck,  mass  0.25  kg,  and  they  couple  together.  Find  the  common  speed  after  impact 
and  the  impulse  between  them. 

3  A  gun  of  mass  450  kg  fires  a  shell  of  mass  2  kg  horizontally  at  a  speed  of  300  m  s  '. 
Find  the  initial  recoil  velocity  of  the  gun.  If  the  gun  comes  to  rest  (moving  horizon¬ 
tally)  in  10  s,  find  the  average  resisting  force. 

4  Two  masses  of  3  kg  and  2  kg  move  towards  each  other  at  speeds  of  1.5  m  s'1  and 
2  m  s'1  respectively.  After  the  collision  they  move  together.  Find  their  common 
velocity. 

5  A  mass  of  0.1  kg  travelling  at  10  m  s"’  overtakes  and  collides  with  a  mass  of  0.5  kg 
moving  at  2  m  s'1.  They  move  on  together.  Find  their  common  velocity. 

6  Two  billiard  balls  of  equal  mass  (0.8  kg)  are  moving  in  opposite  directions  (in  the 
same  line)  with  speeds  of  12  m  s"1  and  5  ms"1.  They  collide  and  the  slower  ball  is  now 
seen  moving  at  8  m  s'1  in  the  opposite  direction.  Find  the  new  speed  of  the  other  ball 
and  the  impulse  between  them. 

7  A  body  of  mass  10  kg  is  moving  horizontally  with  a  speed  of  20  m  s'1.  It  explodes  and 
splits  into  two  parts  of  masses  6  kg  and  4  kg.  The  4  kg  pan  continues  to  move  in  the 
original  direction  but  with  a  speed  of  30  m  s'1.  Find  the  speed  of  the  6  kg  pan, 
assuming  it  moves  in  the  same  direction. 

8  A  spacecraft  of  mass  450  kg  is  moving  in  space  with  a  speed  of  3  x  103  m  s*1.  A  rocket 
is  fired  straight  ahead,  emitting  1 .5  kg  of  gas  at  a  speed  of  2  x  104  m  s  '.  Ignoring  the 
slight  reduction  in  mass  of  the  spacecraft,  find  its  new  speed. 

9  Two  masses  of  4  kg  and  3  kg  are  connected  by  a  light  string  over  a  smooth  pulley. 
After  moving  for  5  s,  the  3  kg  mass  picks  up  a  third  mass  of  1  kg  instantaneously.  Find 
the  speed  of  the  3  masses  after  the  pickup. 

10  T wo  masses  of  5  kg  and  2  kg  are  connected  by  a  light  string  over  a  smooth  pulley.  The 
5  kg  mass  iS  at  rest  on  a  horizontal  table  (below  the  pulley)  and  the  2  kg  mass  is 
released  ftom  rest.  After  it  falls  freely  for  2  s  the  string  is  tightened  and  the  5  kg  mass 
is  jerked  off  the  table.  Find  the  velocity  with  which  the  masses  now  continue.  Also 
find  their  common  acceleration. 

11  Two  masses  of  5  kg  and  2  kg  are  connected  by  a  light  string  over  a  smooth  pulley.  The 
system  is  released  from  rest.  Find  the  common  acceleration.  After  falling  for  2  s,  the 
5  kg  mass  hits  a  horizontal  table  and  does  not  rebound.  Find  the  velocity  of  the  2  kg 
mass  at  this  time  and  find  how  much  higher  it  will  continue  to  rise  before  coming  to 
rest.  Find  also  the  common  velocity  when  the  string  tightens  again. 
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12  Particle  A  of  mass  |  kg  is  let  fall  from  a  height  of  5  m. 

Simultaneously  particle  B  of  mass  1  kg  is  thrown  vertically  upwards  from  the  ground 
with  speed  10  m  s-1  so  that  it  collides  and  coalesces  with  A.  Find 

(a)  the  height  at  which  they  meet, 

(b)  their  speeds  and  directions  just  before  impact, 

(c)  the  common  speed  after  impact, 

(d)  how  much  higher  the  combined  mass  will  rise. 

13  A  particle  A,  of  mass  4  kg,  is  travelling  in  a  straight  line  due  north  with  a  speed  of 
3  ms1;  another  panicle  B,  of  mass  3  kg,  is  travelling  in  the  same  straight  line  towards 
A  with  a  speed  of  5  m  s-'.  After  the  collision  A  is  moving  south  with  a  speed  of 
2  m  s  '.  Calculate 

(a)  the  velocity  of  B  after  the  collision, 

(b)  the  impulse  between  the  particles. 

14  A  gun  of  mass  45  kg  fires  a  shell  of  mass  0.9  kg  at  a  speed  of  100  m  s'1  horizontally. 
Find  the  initial  recoil  velocity  of  the  gun.  If  this  recoil  is  opposed  by  a  constant  force 
of  250  N,  how  far  does  the  gun  recoil? 

15  A  horizontal  force  of  10  N  is  applied  to  a  body  A  of  mass  2  kg.  initially  at  rest  on  a 
smooth  surface,  for  5  s.  What  velocity  is  gained  by  A?  A  now  collides  with  another 
body  B  of  mass  4  kg  at  rest  and  the  two  continue  together.  Find  the  common  velocity. 

16  A  shell  of  mass  5  kg  is  travelling  horizontally  at  200  m  s_l  when  it  explodes  into  two 
parts.  One  part  (of  mass  3  kg)  continues  in  the  same  direction  at  a  speed  of 400  m  s"1. 
What  will  be  the  velocity  of  the  other  part?  What  are  the  KEs  before  and  after  the 
explosion? 

17  A  nail  of  mass  20  g  is  driven  horizontally  into  wood  by  a  hammer  of  mass  3  kg.  Just 
before  the  impact  the  hammer  is  moving  horizontally  at  4  m  S'1.  Find  the  common 
velocity  of  hammer  and  nail  after  the  impact,  if  they  move  together,  and  if  the  nail 
penetrates  the  wood  to  a  depth  of  5  cm.  find  the  average  resistance  of  the  wood. 

18  Two  masses  of  5  kg  and  3  kg  move  directly  towards  each  other  and  collide.  Their 
speeds  before  impact  are  4  m  s' 1  and  3  m  s'1  respectively.  After  the  collision  the  3  kg 
mass  reverses  at  a  speed  of  2  m  s'1.  Find  the  velocity  of  the  5  kg  mass  after  the 
collision.  Also  find  the  percentage  loss  of  KE. 

19  Two  pendulums  with  light  strings  each  1  m  long  carry  masses  of  1  kg  and  2  kg  and 
are  suspended  side  by  side  from  the  same  point  The  larger  mass  is  raised  until  its 
string  is  horizontal  and  taut  and  is  then  released.  If  the  two  masses  stick  together  on 
impact,  find  the  vertical  height  to  which  they  rise  after  the  impact. 

20  A  pendulum  consists  of  a  mass  of  8  kg  attached  to  a  fixed  point  by  a  light  string 
50  cm  long.  The  mass  is  at  rest  when  it  is  struck  a  blow  lasting  0.05  s  by  a  force  of 
200  N,  acting  horizontally.  Find  the  angle  made  by  the  string  with  the  downward 
vertical  when  the  mass  first  comes  to  rest. 
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6  Three  particles  A,  B  and  C  of  masses  0.3  kg,  0.2  kg  and  0.4  kg  respectively  lie  at  rest 
in  this  order  inside  a  horizontal  smooth  tube.  A  and  B  are  projected  towards  one 
another  with  speeds  of  v  m  s  '  and  5  m  s'1  respectively.  On  impact,  A  is  reduced  to  rest 
and  B  returns  with  speed  4  m  s'1  to  collide  and  coalesce  with  C.  Calculate 

(i)  the  value  of  v, 

(ii)  the  final  speed  of  B  and  C, 

(iii)  the  loss  of  kinetic  energy  caused  by  the  first  collision.  (C) 

7  A  particle  A  of  mass  2  kg  is  dropped  from  rest  from  a  height  of  75  m  above  ground 
level.  At  the  same  time  a  particle  B  of  mass  I  kg  is  projected  vertically  upwards  from 
the  ground  so  that  it  collides  and  coalesces  with  A  after  3  seconds. 

(i)  Calculate  the  speed  of  projection  of  B. 

(ii)  Determine  whether  B  is  travelling  upwards  or  downwards  at  the  point  of  impact. 

(iii)  Find  the  common  speed  of  A  and  B  immediately  after  impact.  (C) 

8  A  railway  truck  A  of  mass  4000  kg  travelling  at  2  m  s~'  collides  with  another  truck  B 
of  mass  6000  kg  travelling  at  1  m  s‘‘  in  the  same  direction.  The  speed  of  truck  A  after 
the  collision  is  1.25  m  s"1  in  the  same  direction.  Calculate  the  speed  of  truck  B  after 
the  collision. 

A  and  B  are  now  brought  to  rest  by  frictional  forces  which  are  in  each  case  50  N  per 
1000  kg  mass.  Calculate 

(i)  for  how  long  A  and  B  arc  each  in  motion  after  the  collision. 

(ii)  the  final  distance  between  them.  (C) 

9  Fig.  26.15  shows  three  bodies  A.  B  and  C  of  masses  3  kg,  2  kg  and  4  kg  respectively 
moving  in  a  smooth  horizontal  straight  groove  with  velocities  as  shown.  As  a  result 
of  the  collision  between  A  and  B ,  A  is  brought  to  rest  and  B  moves  towards  C  with 
velocity  7  ms'1.  Calculate  the  value  of  u. 

When  B  and  C  collide  they  coalesce.  Calculate 

(a)  the  final  velocity  of  B  and  C, 

(b)  the  total  loss  of  kinetic  energy  due  to  both  collisions.  (C) 


Fig.  26.15 

10  Two  spheres,  A  and  B,  of  equal  size  but  different  masses,  m,  kg  and  m.  kg  respec¬ 

tively,  travel  towards  each  other  along  the  line  of  centres  with  speeds  of  8  m  s~‘  and 
6  m  s"1  respectively.  After  the  collision  A  continues  to  travel  in  the  same  direction  as 
before  with  speed  2  m  s*',  while  the  direction  of  motion  of  B  is  reversed  and  its  speed 
reduced  to  3  m  s~'.  Given  that  the  loss  of  energy  on  collision  is  9.36 1,  calculate  the 
values  of  m(  and  m,.  (C) 

11  A  ball  of  mass  50  grams  dropped  from  a  height  of  2  m  on  to  a  horizontal  floor 

rebounds  to  a  height  of  1  m.  Calculate  the  change  of  momentum  due  to  the  impact.  If 
the  impact  between  the  ball  and  the  floor  lasts  for  0.04  seconds,  calculate  the  average 
force  in  newtons  exerted  by  the  floor  on  the  ball.  (C) 
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12  A  particle  of  mass  1.5  kg  is  freely  suspended  from  a  fixed  point  by  a  light  inextensible 
string  of  length  2  m.  The  particle  receives  a  horizontal  blow.  When  the  panicle  comes 
instantaneously  to  rest,  its  horizontal  displacement  is  1 .6  m.  Calculate  the  correspond¬ 
ing  vertical  displacement  of  the  particle  and  its  initial  velocity. 

Given  that  the  duration  of  the  blow  was  0.003  s,  calculate  the  average  value  of  the 
force  acting  on  the  panicle  during  impact.  (C) 

13  Two  spheres  A  and  B  of  masses  0.5  kg  and  2  kg  respectively  are  moving  in  the  same 
straight  line  on  a  smooth  horizontal  surface  as  shown  in  Fig.  26.16.  Sphere  A  has  a 
speed  of  16  m  s'1  and  B  has  a  speed  of  4  m  s~'.  On  collision,  A  is  brought  to  rest  and 
B  continues  with  speed  u  m  sr1.  Calculate  the  value  of  u. 

Sphere  B  then  hits  a  vertical  wall  and  rebounds  with  speed  v  m  s~'  along  the  original 
line  of  motion.  Given  that  the  change  in  momentum  of  B  on  impact  with  the  wall  is 
26  N  s,  and  that  B  is  in  contact  with  the  wall  for  0.02  seconds,  calculate 

(a)  the  value  of  v, 

(b)  the  loss  in  kinetic  energy  of  B  on  impact  with  the  wall, 

(c)  the  average  force  exerted  by  the  wall  on  B.  (C) 
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14  A  ball  P  of  mass  m,  moving  with  velocity  u  collides  with  another  ball  Q  of  mass  m2 
which  is  at  rest.  After  the  collision  Q  moves  with  velocity  \u  and  P  moves  with 
velocity  |u  in  the  opposite  direction.  Find  the  ratio  mx:my 

15  A  particle  of  mass  100  g  is  projected  with  speed  20  m  s~'  from  a  point  O  on  level 
ground  at  an  angle  6  to  the  ground  where  tan  0  =  At  the  top  of  its  flight  it  hits  a 
vertical  wall  and  the  impulse  on  the  particle  is  2.8  N  s.  Calculate 

(a)  the  height  of  the  point  of  impact, 

(b)  the  velocities  of  the  particle  before  and  after  impact, 

(c)  how  far  from  O  it  returns  to  the  ground. 

16  Fig.26.17  shows  a  smooth  channel  made  up  of  a  quarter  circle  AB,  centre  P  and  radius 
0.8  m,  a  straight  section  BC  and  another  quarter  circle  CD,  centre  Q  and  radius  1  m. 
PB  and  QC  are  vertical.  A  particle  of  mass  3  kg  is  released  from  rest  at  A.  At  C  it  hits 
and  coalesces  with  another  particle  of  mass  1  kg  at  rest.  Calculate 

(a)  the  speed  of  the  3  kg  mass  before  the  impact, 

(b)  the  speed  of  the  combined  particles  after  the  impact. 

If  the  two  come  to  momentary  rest  at  E.  find 

(c)  the  height  of  E  above 

(d)  the  angle  CQE. 


Fig. 26.1 7 
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17  A  light  string  passes  over  a  smooth  pulley.  One  end  is  attached  to  a  panicle  A  of  mass 
8  kg.  The  other  end  is  attached  to  a  particle  B  of  mass  7  kg.  A  particle  C,  whose  mass 
is  greater  than  1  kg,  is  attached  to  B  by  another  light  string.  When  the  particles  are 
released  from  rest,  their  acceleration  is  2  m  s'2.  Calculate 

(a)  the  mass  of  C, 

(b)  the  tension  in  each  string. 

After  the  particles  have  moved  for  1  second,  the  8  kg  mass  picks  up  a  stationary 
particle  D  of  mass  4  kg.  Find 

(c)  the  velocity  of  the  particles  immediately  before  this  pickup, 

(d)  the  velocity  of  the  particles  immediately  after  this  pickup. 

18  At  a  certain  instant  3  particles  A,  B  and  C  of  masses  2  kg,  1  kg  and  3  kg  respectively 
are  in  a  straight  line  where  the  distance  AB  =  the  distance  BC.  A  is  moving  at 
u  (*  2)  m  s_l  towards  B.and  C  is  moving  at  2  m  s  1  towards  B.  At  each  collision,  the 
particles  coalesce.  If  the  final  velocity  of  the  three  particles  is  I  m  s  '  in  the  direction 
of  u,  find  the  value  of  u. 

19  Three  balls  A,  B  and  C  of  masses  4  kg,  1  kg  and  3  kg  respectively,  lie  in  that  order 
in  a  straight  line.  C  is  initially  at  rest.  A  is  projected  towards  B  with  speed  u  m  s"' 
whilst  B  is  projected  towards  A  with  speed  4  m  s'1.  A  is  reduced  to  rest  in  the  first 
collision.  If  the  speed  of  C  is  then  1  !  m  s'1,  find  the  value  of  u  and  the  loss  of  kinetic 
energy. 

20  Particles  A  and  B  lie  on  a  smooth  horizontal  table  of  a  height  1.25  m  above  level 
ground.  The  mass  of  A  is  2.5  kg  and  the  mass  of  B  is  1.5  kg.  The  particle  A  is 
propelled  towards  B  at  a  speed  of  9.6  m  s'1.  Calculate 

(a)  the  impulse  applied  to  A. 

On  impact  A  and  B  coalesce  and  move  towards  the  edge  of  the  table.  Calculate 

(b)  the  common  speed  of  A  and  B  after  the  impact, 

(c)  the  impulse  exerted  by  A  on  B  during  the  impact, 

(d)  the  loss  of  kinetic  energy  at  the  impact. 

When  the  combined  particle  reaches  the  edge  of  the  table,  it  falls  to  the  ground.  Find 

(e)  the  time  that  this  fall  takes. 

By  considering  energy  changes,  calculate 

(0  the  speed  of  the  combined  particle  when  it  strikes  the  ground.  (C) 


7  A  ball  of  mass  60  g  travelling  horizontally  with  speed  u  m  s~"  is  hit  by  a  racket  and 
rebounds  with  speed  30  m  s~'.  If  the  impulse  between  the  ball  and  the  racket  was  5  N 
s  rind  the  value  of  u. 

8  An  engine  of  mass  4  tonnes  moving  at  4  m  s  '  hits  a  stationary  wagon  of  mass  500  kg 
and  is  coupled  to  it.  The  two  then  hit  a  second  stationary  wagon  of  the  same  mass  as 
the  first  and  the  three  are  coupled  together.  Find  the  final  speed  of  all  three. 

9  A  car  of  mass  750  kg  is  towing  a  trailer  of  mass  100  kg  on  level  ground  at  a  speed  of 
24  m  s-1  and  accelerating  at  0.8  m  s  J.  Taking  the  frictional  resistances  on  each  vehicle 
to  be  2  N  per  kg  of  mass,  calculate  the  tension  in  the  tow-bar. 

10  Particles  A  and  B  are  hanging  vertically  from  the  ends  of  a  light  string  which  passes 
over  a  smooth  pulley.  When  released  they  move  with  acceleration  2  m  s-2.  If  the  mass 
of  A  is  5  kg,  find  the  mass  of  B  (two  answers). 


PAPER  12  (Answers  on  page  653.) 

1  Ship  A  sailing  due  N  at  15  km  h  1  sees  another  ship,  B,  which  is  sailing  at  12  km  h1 
in  the  direction  300°.  Calculate  the  velocity  of  B  relative  to  A. 

2  A  ball  is  thrown  with  speed  u  m  s'  at  an  angle  0  to  the  horizontal  where  tan  0  =  | . 
If  the  greatest  height  reached  is  7.2  m,  find  the  value  of  u. 

3  A  car  of  mass  800  kg  is  travelling  at  a  steady  speed  of  40  m  s~'  on  a  level  road  against 
a  constant  resistance  of  500  N.  What  power  is  the  engine  using?  Using  this  power, 
what  would  be  the  acceleration  when  the  car  is  travelling  at  20  m  s"1? 

4  In  Fig.  R10,  a  body  of  mass  4  kg  is  in  equilibrium  on  a  rough  horizontal  plane.  Forces 
of  20  N  and  F  N  act  on  the  body  in  opposite  directions.  If  the  minimum  possible  value 
of  F  is  4,  calculate 

(a)  the  coefficient  of  friction, 

(b)  the  maximum  possible  value  of  F. 


5  Fig.  R1 1  shows  a  sphere  of  mass  4  kg  and  diameter  12  cm  resting  against  a  smooth 
vertical  wall  and  held  in  equilibrium  by  a  string  AB  of  length  4  cm.  Draw  a  diagram 
showing  the  forces  acting  on  the  sphere.  Hence,  by  drawing  or  calculation,  find  the 
tension  in  the  string. 


|b 
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6  A  body  of  mass  5  kg  is  projected  with  speed  20  m  s-'  directly  up  a  rough  inclined 
plane  of  length  10  m  fixed  on  horizontal  ground  and  making  an  angle  0  with  the 
horizontal  where  sin  0  =  5.  The  resistance  to  motion  is  33.75  N.  With  what  velocity 
docs  it  reach  the  top  of  the  plane? 

It  then  leaves  the  plane  and  moves  freely  under  gravity.  How  long  does  it  take  to  reach 
the  ground? 

7  Particle  A  is  travelling  at  a  constant  speed  of  10  m  S'1  in  a  straight  line.  Particle  B,  of 
equal  mass,  is  16  m  distant  from  A  on  the  line  and  is  moving  towards  A  with  speed 
5  m  s~'  and  uniform  acceleration  2  m  s3. 

(a)  How  far  has  A  travelled  when  the  particles  collide? 

(b)  Find  their  speeds  at  that  point. 

(c)  At  the  collision  the  particles  join  together.  Find  their  speed  immediately  after  the 
collision. 

8  ABCD  is  a  square  and  E  is  the  midpoint  of  DC.  The  forces  3  N,  V5  N  and  2  N  act  at 
A  in  the  direction  of  the  lines  AB,  AE  and  AD  respectively.  Find  the  magnitude  of 
their  resultant  and  the  angle  it  makes  with  AB. 

9  A  pump  raises  50  kg  of  water  per  second  at  rest  from  a  well  8  m  vertically  down  and 
discharges  it  with  a  speed  of  4  m  s’1.  Calculate 

(a)  the  increase  in  potential  energy  of  the  water  per  second, 

(b)  the  increase  in  kinetic  energy  of  the  water  per  second, 

(c)  the  power  of  the  pump  in  kW. 

10  Fig.  R 12  shows  two  bodies,  A  of  mass  5  kg  and  B  of  mass  M  kg,  placed  on  the  faces 
of  a  double  wedge,  whose  faces  make  angles  of  30°  and  45°  with  the  the  horizontal. 
The  face  on  which  A  stands  is  rough  with  coefficient  of  friction  j  while  the  other 
face  is  smooth.  Calculate  the  maximum  value  of  M  if  A  is  to  remain  at  rest. 


Fig.RIZ 


PAPER  13  (Answers  on  page  654.) 

X  A  block  of  mass  3  kg  rests  on  a  rough  plane  inclined  at  an  angle  0  where  tan  0  =  | . 
It  is  just  prevented  from  slipping  down  by  a  horizontal  force  of  10  N.  Find  the 
coefficient  of  friction  between  the  block  and  the  plane. 

What  force,  applied  parallel  to  the  plane,  would  be  just  sufficient  to  make  the  block 
move  up  the  plane? 
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2  Two  towns  A  and  B  are  500  km  apart  and  the  bearing  of  B  from  A  is  030°.  A  wind 
is  blowing  from  the  direction  345°.  A  pilot  wishes  to  fly  from  A  to  B  and  the  airspeed 
of  his  aeroplane  is  300  km  h'1.  If  he  takes  2  hours  over  the  flight,  calculate 

(a)  the  course  he  must  take, 

(b)  the  wind  speed. 

3  A  particle  is  travelling  in  a  straight  line  with  constant  acceleration  a  m  s'2.  It  passes 
a  point  A  with  speed  u  m  s'1.  Between  3  and  4  seconds  after  passing  A  it ’travels 
1 1.4  m  and  between  4  and  5  seconds  after  passing  A  it  travels  1 1.8  m.  Find  the  value 
of  a  and  of  «. 

4  A  panicle  is  projected  with  speed  u  m  s"’  at  an  angle  0  to  level  ground  where  tan  0 
=  |.  If  it  reaches  its  maximum  height  30  m  horizontally  from  the  point  of  projection, 
calculate 

(a)  the  value  of  «, 

(b)  the  maximum  height  reached. 

5  (a)  A  mass  of  1 0  kg  is  attached  by  two  strings  of  lengths  1 5  m  and  20  m  to  points  A 

and  B.  If  A  and  B  are  on  the  same  level  and  AB  =  25  m,  find  by  drawing  or 
calculation  the  tensions  in  the  strings. 

(b)  The  following  coplanar  forces  acting  at  a  point  are  in  equilibrium:  P  N  in 
direction  000°,  2 P  N  in  direction  0°  (0  <  0  <  90),  3 P  N  in  direction  150°  and 
20  N  in  direction  270°.  Find  the  value  of  0  and  of  P. 

6  Fig.  R 1 3  shows  two  bodies  A  and  B  connected  by  a  light  string  passing  over  a  smooth 
pulley.  A  has  a  mass  of  5  kg  and  lies  on  a  rough  plane  inclined  at  angle  0  to  the 
horizontal  where  tan  0  =  while  B  hangs  vertically.  The  coefficient  of  friction 
between  A  and  the  plane  is  0.4.  Calculate  the  mass  of  B  if 

(a)  A  moves  up  the  plane  with  acceleration  1 .4  m  s*3, 

(b)  A  is  just  about  to  slide  down  the  plane. 


7  A  rocket  consists  of  three  parts,  A  of  mass  6 M,  B  of  mass  3/W  and  C  of  mass  M.  The 
rocket  is  travelling  in  space  with  constant  velocity  V  when  an  internal  explosion 
causes  part  A  to  separate  from  the  rocket  with  a  backward  speed  of  j.  Find 

(a)  the  new  velocity  of  parts  B  and  C  in  terms  of  V, 

(b)  the  amount  of  KE  generated  by  the  explosion  in  terms  of  M  and  V. 

(c)  A  second  explosion  later  separates  B  and  C  giving  B  a  backward  speed  of  2V. 
Find  the  final  velocity  of  C  in  terms  of  V. 


8  In  Fig.  R 14,  the  particles  A  and  B  of  masses  1  kg  and  2  kg  respectively  are  connected 
by  a  light  string  passing  over  the  pulley  P.  Because  the  bearing  of  the  pulley  is  not 
smooth,  the  tension  in  string  PB  is  1.2  x  the  tension  in  string  PA.  If  the  particles  are 
released  from  rest,  calculate 

(a)  their  acceleration, 

(b)  the  tension  in  PB, 

(c)  the  force  exerted  on  the  pulley. 
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9  A  car  of  mass  7S0  kg  has  a  maximum  speed  of  40  m  s~'  on  the  level  when  the  power 
output  of  the  engine  is  20  kW.  The  car  climbs  a  slope  at  an  angle  6  to  the  horizontal 
where  sin  6  =  jj.  If  the  power  output  and  the  frictional  resistance  are  unaltered, 
calculate 

(a)  the  maximum  speed  up  the  slope, 

(b)  the  acceleration  up  the  slope  when  the  car  has  a  speed  of  5  m  s~'. 

10  A  straight  stretch  of  a  motorway  has  three  parallel  lanes.  Car  A  is  travelling  in  an 
outside  lane  at  a  steady  speed  of  15  m  s  '.  At  a  certain  instant,  car  B  is  travelling  in 
the  middle  lane  with  speed  20  m  r1,  constant  acceleration  0.4  m  s~J  and  is  30  m 
behind  A.  Car  C  is  travelling  in  the  third  lane  and  at  the  same  instant  has  speed 
25  m  s'1,  constant  acceleration  1  m  s  !  and  is  20  m  behind  B.  After  what  time  will 

(a)  B  overtake  A, 

(b)  C  overtake  B? 

(c)  How  far  ahead  is  A  when  C  overtakes  B? 
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PAPER  14  (Answers  on  page  654.) 

1  The  three  coplanar  forces  shown  in  Fig.  R15  are  in  equilibrium.  Calculate  the  value 
of  0  and  of  P. 


Fig.RIS 
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2  A  helicopter  rises  to  a  height  of  240  m.  First  it  accelerates  uniformly  to  a  speed  of 
8  ms'1,  maintains  this  speed  for  6  seconds  and  then  decelerates  uniformly  to  rest.  The 
magnitude  of  the  acceleration  is  twice  that  of  the  deceleration.  Draw  a  v-t  graph. 
Hence,  or  otherwise,  calculate 

(a)  the  rate  of  acceleration. 

(b)  the  time  taken  for  the  ascent. 

3  To  a  motorcyclist,  travelling  due  N  at  25  km  lr1,  the  wind  appears  to  be  blowing  at 
15  km  lr1  from  the  direction  030°.  Calculate  the  true  velocity  of  the  wind. 

4  A  police  patrol  boat  receives  a  report  that  a  suspicious  ship  is  30  km  away  on  a 
bearing  of  135°  and  sailing  at  30  km  lr1  in  the  direction  045°.  The  patrol  boat  has  a 
maximum  speed  of  50  km  lr1.  Calculate 

(a)  the  direction  in  which  the  patrol  boat  should  be  steered  to  intercept  the  ship  as 
soon  as  possible,  and 

(b)  the  time  it  would  then  take  to  reach  the  ship,  assuming  that  the  ship  does  not  alter 
its  velocity. 

5  Two  particles  P  and  Q  arc  projected  vertically  upwards  from  ground  level  at  the  same 
instant.  The  initial  speed  of  Q  is  three  times  that  of  P.  When  P  has  returned  to  the 
ground,  the  height  of  Q  is  160  m.  Calculate  the  initial  speeds  of  P  and  Q. 

6  Ball  A  of  mass  0.5  kg  is  moving  towards  ball  B  with  speed  4  m  S"1  while  B,  of  mass 
0.2  kg,  is  moving  towards  A  with  speed  5  m  s  '.  They  collide  and  A’s  speed  is  reduced 
to  1  m  r'.  Calculate 

(a)  the  speed  with  which  B  rebounds, 

(b)  the  impulse  between  A  and  B. 
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7  Fig.  R16  shows  three  bodies  A.  B  and  C  of  masses  2  kg,  1  kg  and  0.5  kg  respectively, 
moving  in  a  smooth  horizontal  groove  with  the  velocities  shown.  The  bodies  coalesce 
on  each  impact.  Given  that  the  final  speed  of  all  three  is  14  m  s'1  in  the  direction 
A  -*  C,  find  the  value  of  v. 


Ftg.R16 

8  (a)  An  electric  motor  drives  a  pump  which  raises  a  mass  of  5  kg  of  water  per  second 

through  a  vertical  height  of  15  m  and  then  sends  it  through  a  pipe  with  a  speed 
of  8  m  s'1.  If  the  motor  is  only  65%  efficient,  calculate  the  power  of  the  motor, 
(b)  A  hosepipe  of  internal  diameter  2  cm  is  held  pointing  upwards  at  an  angle  of  25° 
to  the  horizontal.  Water  emerges  with  a  speed  of  20  m  s_l  and  hits  a  vertical  wall 
at  right  angles  and  then  drops  vertically.  Calculate  the  average  force  exerted  on 
the  wall. 

9  Two  particles  P  and  Q  of  masses  3.4  kg  and  2.6  kg  respectively  are  connected  by  a 
light  string  passing  over  a  smooth  pulley.  The  particles  are  at  rest  hanging  vertically 
and  are  released  when  P  is  2  m  above  the  ground.  If  P  remains  on  the  ground  after 
impact,  calculate 

(a)  the  speed  of  Q  when  P  reaches  the  ground, 

(b)  the  total  distance  travelled  by  Q  from  the  start  until  it  comes  to  momentary  rest. 

10  A  body  P  of  mass  2m  is  projected  from  a  point  A  on  level  ground  with  speed  u  at  an 
angle  6  where  tan  6  =  j.  At  the  same  time  another  body  Q  of  mass  m  is  projected 
towards  A  from  a  point  B  with  speed  v  at  an  angle  0  where  tan  0  =  | .  Given  that  AB 
=  270  m  and  that  P  and  Q  collide  when  each  is  at  its  maximum  height,  find  (a)  the 
value  of  u  and  of  v. 

If  P  and  Q  coalesce  on  impact,  find  (b)  the  distance  from  A  where  they  reach  the 
ground. 

PAPER  15  (Answers  on  page  654.) 

1  A  missile  is  projected  vertically  upwards  from  ground  level.  Between  1  and  2  seconds 
after  leaving  the  ground  it  rises  15  m.  Calculate 

(a)  the  speed  of  projection, 

(b)  the  maximum  height  reached, 

(c)  the  length  of  time  for  which  the  missile  is  higher  than  40  m. 

2  (a)  A  body  of  mass  3  kg  rests  on  a  rough  plane  inclined  at  an  angle  0  to  the  horizon¬ 

tal  where  tan  0  =  |.  The  coefficient  of  friction  between  the  body  and  the  plane 
is  |.  What  force,  applied  parallel  to  the  plane,  will  cause  the  body  to  move  up  the 
plane  with  acceleration  2  m  rJ? 
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6  The  pilot  of  a  fighter  aeroplane  on  patrol,  flying  horizontally  at  400  km  h~'  in  the 
direction  045°,  sees  another  aeroplane  at  the  same  height  and  due  east  of  him  flying 
horizontally  with  relative  velocity  100  km  h_l  due  west.  Calculate  the  true  velocity  of 
this  aeroplane.  The  fighter  pilot  immediately  alters  course  to  due  north  with  the  same 
speed  as  before.  Calculate  the  new  relative  velocity  of  the  second  aeroplane. 

7  (a)  A  bullet  of  mass  50  g  is  fired  horizontally  from  a  gun  of  mass  15  kg,  which  is  free 

to  recoil.  If  the  bullet  has  a  speed  of  300  m  S'1  on  leaving  the  gun,  calculate  the 
speed  with  which  the  gun  recoils. 

If  the  average  force  exerted  by  the  gun  on  the  the  bullet  is  3750  N,  find  how  long 
the  bullet  was  in  the  gun  after  firing. 

(b)  A  body  of  mass  50  kg  is  moved  from  rest  through  a  distance  of  30  m  in  a  straight 
line  in  20  seconds  by  a  constant  force  P  N.  Calculate  (i)  the  final  kinetic  energy 
of  the  body,  (ii)  the  value  of  P. 

8  A  car  accelerates  uniformly  from  rest  to  reach  a  speed  of  24  m  s'1,  continues  at  this 
speed  for  20  seconds  and  then  decelerates  uniformly  to  stop  at  traffic  lights.  The  total 
time  from  start  to  stop  was  35  seconds.  Given  that  the  magnitude  of  the  deceleration 
was  twice  that  of  the  acceleration,  calculate 

(a)  the  total  distance  travelled. 

(b)  the  rate  of  acceleration, 

(c)  the  time  taken  to  travel  the  first  half  of  the  journey. 

9  (a)  A  tennis  ball  of  mass  60  g  moving  in  a  straight  line  with  speed  20  m  s'1  is  hit  by 

a  racket  and  returned  along  the  same  line  with  speed  35  m  s"1.  Calculate  the 
impulse  on  the  ball. 

If  the  ball  is  in  contact  with  the  racket  for  0.005  seconds,  with  what  average  force 
does  the  racket  hit  the  ball? 

(b)  A  nail  of  mass  30  g  is  driven  horizontally  into  a  wooden  fence  by  a  hammer  of 
mass  1  kg.  Just  before  hitting  the  nail  the  hammer  is  moving  with  a  speed  of 
10  m  s_1.  If  the  hammer  does  not  rebound,  find  the  common  speed  of  the  hammer 
and  nail  after  the  blow.  If  the  nail  is  driven  1.5  cm  into  the  wood,  calculate  the 
average  resistance  of  the  wood. 

10  Two  balls  A  and  B,  of  masses  1  kg  and  0.5  kg  respectively,  lie  in  a  straight  line 
perpendicular  to  a  wall  with  B  9  m  from  the  wall.  A  is  projected  with  speed  6  m  s'1 
towards  B  which  is  at  rest.  After  the  collision,  A  continues  in  the  same  direction  with 
speed  3  ms*1  while  B  moves  to  hit  the  wall  and  rebound  to  meet  A  again.  If  the 
impulse  of  the  wall  on  B  is  3.5  N  s,  calculate 

(a)  the  speed  of  B  after  the  first  collision. 

(b)  the  distance  of  A  from  the  wall  at  the  moment  B  hits  the  wall. 

(c)  the  speed  of  B  after  hitting  the  wall, 

(d)  the  time  between  the  first  and  second  collisions. 


600 


PAPER  1 7  (Answers  on  page  654.} 

1  Fig.  R20  shows  three  particles  A,  B  and  C  of  masses  1  kg.  3  kg  and  3  kg  respectively. 
A  and  B  are  at  rest  on  a  rough  horizontal  surface  with  coefficient  of  friction  0.6  and 
are  connected  by  a  slack  light  siring.  C  is  held  al  rest  and  is  connected  to  B  by  a  light 
string  passing  over  a  smooth  pulley.  When  C  is  released,  the  string  AB  will  tighten 
after  0.7  seconds.  Calculate 

(a)  the  initial  acceleration  of  B, 

(b)  the  velocity  of  B  just  before  and  after  0.7  seconds. 

(c)  the  acceleration  of  B  and  the  tension  in  the  string  AB,  when  AB  is  taut. 


Ftg.R20 


|  C  |3  kg 


2  The  pilot  of  an  aeroplane  whose  airspeed  is  200  km  h'1  sets  a  course  of  020°. 

(a)  What  is  his  position  after  a  flight  of  1  hour  if  there  is  a  wind  of  40  km  h  '  blowing 
from  the  north? 

He  then  decides  to  return  to  his  starting  point. 

(b)  What  course  should  he  take,  the  wind  being  unchanged  in  velocity? 

(c)  Calculate  the  time  for  the  return  flight. 

3  Two  small  spheres  of  masses  4  kg  and  2  kg  arc  each  attached  by  light  strings  of  length 
40  cm  to  the  same  point  A  and  rest  side  by  side.  The  2  kg  sphere  is  then  held  with  its 
string  taut  and  making  an  angle  of  60°  with  the  downward  vertical  through  A.  It  is  re¬ 
leased  from  this  position.  Calculate 

(a)  its  speed  just  before  it  hits  the  other  sphere. 

If  the  two  spheres  stick  together  on  impact,  calculate 

(b)  their  common  speed  and 

(c)  the  vertical  height  they  will  reach,  after  the  impact. 

4  (a)  Two  bodies,  A.  of  mass  3  kg,  and  B,  of  mass  4  kg,  arc  moving  towards  each  other 

on  the  same  straight  line  with  speeds  6  m  s_l  and  2  m  s*1  respectively.  They 
collide  and  after  the  collision  the  relative  velocity  of  B  to  A  is  6  m  s  '  in  the 
direction  A  — » B.  Find  their  speeds  after  the  impact  and  the  loss  of  kinetic  energy. 
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6  In  Fig.  R24,  panicles  A  and  B  lie  on  a  smooth  horizontal  table  of  height  0.8  m  above 
the  ground.  The  masses  of  A  and  B  arc  1 .5  kg  and  0.9  kg  respectively.  A  is  pushed 
towards  B  with  speed  2  in  s"'  and  A  and  B  stick  together  on  impact.  Find 

(a)  the  impulse  given  to  A  at  the  start. 

(b)  the  speed  of  the  combined  particle  after  impact. 

(c)  the  impulse  of  A  on  B  at  the  impact, 

(d)  the  horizontal  distance  from  the  edge  of  the  table  of  the  point  where  the  com¬ 
bined  particle  hits  the  ground. 


(a)  in  the  shortest  time, 

(b)  by  the  shortest  distance? 

(c)  Find  the  times  taken  to  cross  the  river  in  each  of  these  cases. 

(d)  If  however  he  sails  at  an  angle  of  60°  upstream  to  the  bank,  how  long  will  he  take 
to  cross  the  river? 

8  A  ball  is  hit  at  20  m  s  '  from  floor  level  in  a  sports  hall  whose  ceiling  is  8  m  high. 

(a)  What  is  the  maximum  angle  to  the  horizontal  at  which  it  can  be  hit  if  it  is  not  to 
touch  the  ceiling? 

(b)  At  what  angle  should  it  be  projected  with  the  same  speed  so  as  to  reach  a  point 
on  the  floor  25  m  distant  and  not  to  touch  the  ceiling? 

(c)  If  the  ball  is  hit  at  an  angle  6°  where  sin  6  =  0.7,  again  with  the  same  speed,  where 
would  it  hit  the  ceiling? 

9  A  train  takes  5  minutes  to  travel  from  rest  at  one  station  to  rest  at  the  next  station 
5.25  km  distant.  For  the  first  500  m,  it  accelerates  uniformly  at  the  rate  of  a  m  s  :  to 
reach  a  speed  of  v  m  s_l.  It  continues  with  this  speed  before  decelerating  at  the  rate  of 
2a  m  s_:.  Find  the  value  of  a  and  v. 

10  An  engine  with  a  power  of  1000  kW  can  pull  a  train  of  mass  300  tonnes  (including 
the  engine)  up  a  slope  making  an  angle  of  0  to  the  horizontal  where  sin  6  =  at  a 
maximum  speed  of  25  m  s_l.  Calculate  the  frictional  resistance  to  motion. 

What  would  be  the  acceleration  up  this  slope  if  the  speed  of  the  train  was  20  in  s  1 .  the 
power  and  resistance  being  the  same? 
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Answers 


EXERCISE  1.1 

I  (a)  (lj.l)  (b)  (-3,2)  (c)  (-1,3$)  (d)  (2,2)  (e)  (4j,-lj)  (0(0.0)  (g)  (2 p,-p) 

(h)  (<t,a  +  b)  (i)  (a  +  l,o  +  1)  0)  (f.|)  2  (2 i ,  1  i )•  (4,-2),  (5 ; ,-5 j )  3  (1,-2});  (2,-j) 

4  (5,2)  5  2,7  6  -1,10  7  (1,1)  8  (5,0).  (-1,-3)  9  (3.5);  (15,7)  10  (2,1),  (-1,-2) 

II  (a)  (4,5)  (b)  (5,2),  (7,-4)  12  [Use  coordinates  of  midpoint  of  diagonals) 

13  No;  (4,-1) 

EXERCISE  1.2 

1  (a)  5  (b)  5  (c)  13  (d)  5  (e)  2.2  (0  6.1  (g)  4.5  (h)  5.1  (i)  V2a  (j)  Va2  +  b2 

2  5  units  3  (a)  Yes,  at  B  (b)  (-1,2)  [midpoint  of  AC]  (c)  5  units  4  (a)  AB2  =  25, 

BC2  =  25,  AC2  =  50  (b)  Right-angled  isosceles  (c)  12.5  units2  5  (a)  Isosceles  [PQ  =  QR] 
(b)  (5,4)  (c)  4  units,  8  units2  6  V41  «  6.4,  V65  =  8.1,  Vm  -  1 1.0  7  (a)  (1.0) 

(b)  100,  68,  58,  26  8  (a)  (3.4),  (6,li  )  (b)  15.25,  61  (c)  §  9  5  units 

10  [Fig.Al.l  circles  touch  internally]  12  x2+y1  =  9  13  (a)  Perpendicular  bisector  of  AB 

(b)  [AP!  =  PB2]  (c)  7jr  +  y  =  6 


OPTIONAL  EXERCISE 

(a)  4j  (b)  11;  (c)  63  (d)  33  (e)  37, 

EXERCISE  1.3 

1  (a)  -2  (b)  -1  (c)  1  (d)  2  (e)  0  (0  undefined  (g)  2  (h)  f  (i)  1  (j)  -1 
(k)  p  +  q  2  (a)  0  (b)  -3  (c)  f  (d)  -i  3  (a),  (c),  (f);  (b),  (e)  4  (a)  45°  (b)  135° 
(c)  63°  5  Yes  7  a  +  2A  =  4  8  21  10  (a) -5  (b)  7  11  (b)  14  12  3  or -6 
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EXERCISE  1.4 


I  (a),  (e);  (b),  (d)  2  (i)(a)  -2  (b)  {  (ii)(a)  I  (b)  -1  (iii)(a)  |  (b)  -f 
(iv)(a)  -7  (b)  7  3  Yes  4  4  5  (b)  -i.2,-3  6  26.6°:  116.6°  7i 

8  (a)  (i)  (3 1,5)  (ii)  -j  (b)  6p  +  %q  =  61  9  (b)  4  10  (a)  (-5,0),  (5,0).  (0,5) 

II  <*)  rfi-  rh  «0  3- 2 

EXERCISE  1.5 

1  (a)  y  =  x  +  1  <b)  3jt - =  1  (c)x  +  5y=16  (d)  x  +  y  =  1  (e)2x  +  y=l  (f)y  =  -2 

(g)  x  =  -2  (h)  y  =  2x  (i)  y  =  3x  +  8  <J)  jc  =  -1  (k)  x  =  0  2  (a)  (-1,0),  (0,1)  (b)  (| .0), 

(O.-J)  (c)  (16,0),  (0,  'i)  (d)  (1,0).  (0,1)  (e)  (J,0),  (0,1)  (f)  does  not  cut  x-axis,  (0,-2) 
(g)  (-2,0),  does  not  cut  y-axis  (h)  (0,0)  (i)  (-5,0),  (0,8)  (j)  (-1,0),  does  not  cut  y-axis 

(k)  (0.0)  3  2x  -  3y  *  6  4  3y-2x  =  0  5  (a)  3y  +  2x  =  -14  (b)2y-3x  =  -5 

6  y  =  2x  +  3,  (-1 1 ,0)  7  y  -  x  =  5,  y  +  2x  =  5,  5y  +  4x  =  7  8  (a)  5*  -  2y  =  12,  7y  =  x  +  2, 

4x  +  5y=14  (b)  4x  -  y  =  12  9x+y=7  10  (a)  (6!,-l!),  (b)  (7,-5)  (c)  x  +  9y  =  -7. 
7x  +  y  =  44  11  (a)  (1,3)  (b)  £  (c)y  +  2x  =  5 

EXERCISE  1.6 

1  (a)  -1  (b)  1  (c)  2  (d)  -2  (e)  -f  (f)  I  (g)  0  (h)  5  (i)  -j  0)  §  00  J 

(l)  |  (m)  /  (n)  -i  (o) -j  2  (a)  x  -  y  =  -1  (b)2x  +  y=l  (c)2y  =  x-3 

(d)x-3y=l  (e)y=l  (f)  3x  +  y  =  -9  (g)y  =  3  3  (a)  x  +  y  =  l,x-y  =  -3 

(b)  2*  -  y  =  -3,  a:  +  2y  =  6  (c)  4x  +  3y  =  -6,  3x  -  4y  =  8  (d)  x  -  3y  =  2,  3*  +  y  =  -4 

4  y  +  5x  =  -3;5y-x  =  11  5  3x  +  2y=12 

EXERCISE  1.7 

1  5  units  24y-x  =  3  3  (a)  x  +  y  =  5,y  =  2*  -  1  (b)  B(5,0).  C(-l,-3)  4  3jr  +  y  =  -5 

5  (2,0),  VTJ  units  6  (a)  x  -  2y  =  1  (b)  (1,0)  7  (1,-1),  (-4.-1),  (-1,3)  8  (a)  (6.1),  (2,-1), 
(0,6)  (b)  6x-5y  =  17  9  A(3.6).C(2.1)  10  (a)  (1,1),  (5.1),  (2,4)  (b)  x  =  2,  y  =  x, 

3y  +  j  =  8  (c)  (2,2)  11  (a)  5y-3x  =  30  (b)  (-10,0)  (c)  34  units2  12  (a)  2x-5y  =  -27, 
5x  +  2y  =  5  (b)  (-11,1),  (1.0)  13  (a)  (-3,0),  (2,0)  (b)  3y  +  x  =  -3.  x- 2y  =  2  (c)  (0,-1) 
(d)  V2  :  1  14  (a)  y  -  x  =  1,  y"+  x  =  9  (b)  (4,5),  (2,1)  (c)  6  units2  15  (a)  2ar  +  y  =  15 

(b)  (4.7)  (c)  (0.5)  (d)  10  units2  16  (a)  3x  +  2y  =  1 1  (b)  (i2yi,  (Substitute  in 

2x  -  3y  =  3]  (c)  1.4 

REVISION  EXERCISE  1 

1  (a)  x  +  2y  =  4  (b)  7x  +  2y  =  -17  (c)  2x  +  3y  =  -5  2  (a)  3x  +  y  =  13 

(b)  y  =  x  +  1;  (3, 4)  (c)  10  units2  3  6  units  4(a)x  +  2y=ll  (b)  (1.5)  (c)  (2,7) 

S  (a)  (2,-1  j):  5  (b)  4x  +  3y  =  25  6  (a)  ±  (b)  (5,7)  7  (a)  2y  +  x  =  5.  y  =  3x  -  22 
(b)  (7,-1),  (-6.-5)  8  (a)  x  +  2y  =  5  (b)  y  =  7;  (-9,7)  9  (a)  2y  =  x  +  2 
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(b)  (0,  1);  20  units2  10  (a)  (2,4)  (b)  units  11  (a)  3y  -  x  =  22  (b)  (14,  12) 

(c)  (16,  6)  (d)  80  units2  12  3x  +  2 y  =  22;  (0,1 1),  (8.-1);  6.45  units 

13  (2,  3);  y  +  5jc  =  13;  2y  =  3x  -  13  (i)  (3,  -2)  (ii)  (1, 8)  (iii)  26  units2 

14  (a)  (4,4).  (-2,-3)  (b)  (0,1),  (2,0)  15  (a)  y  =  3x  +  2  (b)  (0,2)  (c)  y  =  3x  -  8 

(d)  (2  , -2):  40  units2  16  (a)  y  =  jc  +  3:  (6,9)  (b)  (-1,0)  (c)  24  units2  17  (a)  4 

(b)  x  +  2y  —  20;  (0,10)  (c)  [perp  bisector  is  y  =  2x  +  5;  OC  is  y  +  3x  =  0]  (-1,3) 

(d)  25  units2  18  (a)  y  =  x+  1,  2y  +  x  =  5,  3x-y  =  1  (b)  (1,2)  (c)  5  units 

19  (a)  2y  -  jr  =  1  (b)  (4,2  J)  (c)  2.5  units  20  §  21  -3,-1  22  (b)  3,  2 
23  (a)  (0,  2  -  3m),  (2m  +  3, 0)  (b)  ±2  24  t  +  2;  6 

25  [line  is  y  -  1  =  m(jc  -  3)  i.e.  y  -  mx  =  1  -  3m; 

A  is  (3=jJ,  0),  B  is  (0,  1  -  3m) 

AC  is  y"=  -i  ( x  -  i=^l)  so  C  is  (0,  ^J) 

BD  is  y  -  (1  -  3m)  =  -J-(x)  so  D  is  (m(l  -  3m),  0) 

Gradient  of  CD  is  ^  =  -L 

26  (a)  [consider  point  of  intersection  of  diagonals]  (b)  [diagonals  perpendicular] 

(c)  [AB  perp  to  Ad  so  x  =  -1 

multiply  out  to  get  yjr4  +  jyc4  =  jr,(Xj  +  x4)  -  Jt,2  +  y,(y2  +  y4)  -  y,2  and  substitute  from  (a)] 

EXERCISE  2.1 

1(a)  3, 2  or  1,4  (b)  3,1; -3, -5  (c)  3, -lor  1,3  (d)  or  4,  1  (e)  4,-l,-i,2 

(0  £,-jf°r3.1  (g)  5,  8 or  2, -1  (h) g  or4, -1  (i)  2, -1  or  ji, -i 
0)  3, 2  or  -i,  f  (k)  1,  -i  or  6,  2  (1)  8,  3  or  5,-1  (m)  3,  -1  or -i,  -6  2  (2,4) 

3(3,3)  4(3,0)  5  Tangent  at  (2,1)  6  7  cm,  4  cm  7(4,9)  8(0-5)  9  8.  6  or -6, -8 
10  5,  20  or  10,  10  11  (3*,-3±)  12  (-*4,5) 

REVISION  EXERCISE  2 

1  2,-1  or-?. -10  2  (-5.-2)  3(21,41)  4  (4,  §),(£,  3)  5-3,4or^,| 

6  10  cm,  5  cm  or  5  cm.  10  cm  7  (a)  4  (b)  (3,1)  8  3.  2  or  -2, 4s  9  5,  7 

10  31,  |  or  31,  2  113.-lory.-g  12  (b)  2. 9  or  8.  3  13  (a)  4x  (b)l.3or|,^ 

14  2,  4  or  21,-15  15  9.  3  or  -1 1.  -7  16  (a)  [From  (*  -  4)2  +  (y  -  2)2  =  5]  (b)  (2,1),  (6,3) 

(c)  (5,0),  (3,4) 

EXERCISE  3.1 

1  (a)  7.  -3,  -5,  -5,  -3  -7  (b)  4, 0,  1, 4,  9.  25  (c)  2.  undefined.  -1, 0,  1,  \ 

(d)  10, 0. -2, -2, 0,  10  2-1  3  (a)  2  (b)  lj  (c) -1,  2  (d) -3  4  (a)  f(jr)  =  jr2  +  2 
(b)  3,  3,  2  (c)  ±5  5  (b)  F(jt)  =  (jr  +  2)!  (c)  9.1.4  (d)3,-7  (e)  No  6  2  7  5,5,5 
8  (a)  2.  4.  32  (b)  4  9  (a)  1  (b)  3  10-2.19,0.69  11-1.6  12  (a)  1,  4  (b)  —1 ,  3 
13-2,3  14  7;  2, -3  15  3,-1,4  16  5,-3  17  1,  2|  18  (a)  i,  |  (b)  l  (c)  -1,  1; 
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Fig.  A3. 1 1  Fig.  A3. 12 


EXERCISE  3.5 

l(a)jt-l  (b)jt-l  (c)  jc  +  4  (d)  x-6  2  (a)  0.64  (b)  0.68  3  (a)  3*  +  1 

(b)  3x  +  5  (c)  x-2  (d)  ifi  (e)  3* - 3  (f)  ^  4  (a)  *  +  2  (b)x  +  3 

(c)  x  +  4  (d)x  +  5  (e)  x  +  rt  S  (a)  ^  (b)  ^  <c)  =^=-|  6(a)x2  +  6x  +  7 
(b)  x1  +  1;  -1  7-i  8  (a)  j:  +  4  (b)  ip  (c)  ^  (d)  ip  9-2 

10  (a)  ljji,jr*0  (b)  Pj,  Jt  *  1  (c)|  +  l.jt*0  (d)  2.  -1  11  (a)  A  +  2,  x*  0 
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(b)  ^-L^.jc^-2  (C)  Ll±,x*o  (d )  -L-rx*2  (e)  i.-l  (f)  -1  12  x,  x,  g,  f 
13  (b)**  14  (a)  3a  =  6  +  3  (b)  5,  12 ' 15  [fg  is  \  -  *.  gf  is  1 1  -  *] 

16  (a)  ±±£,**-1,  1  (b)  5  1?  777.  (**  -2.-1).  §77  (**  -2,-1,  -*);-l  18*+1 
19  *-2  20  (a)  gh  (b)  hg  (c)  gg  (d)  hgg  (e)  hh  (0  ghh  (g)  g-‘  (h)  hg1 
21  (a)  fg  (b)  gf  (c)  ff  (d)  gff  (e)  gf"1  (f)  fg  22  (a)  fg  (b)  gf  (c)  gg 
(d)  fgg  (e)  fg'1  (0  f  'g  (g)  f  'g'1  (h)  f  gg  23  **  +  1  24  SLii 
25  (a)  -ji-j  (**3,  \)  (b)  jJL-  (**3,  2)  (c)  (**3. f.  2.  |i); 

5.  f 


REVISION  EXERCISE  3 

1  -1  £*£3 

2  (a)  £2  (b)  3,  2 

3  (a)(i)  *  £  j  or  *  S  |  (ii)  — 4  <  jc  <  ^  (b)  2,  3 

4  [Fig.  A3. 14] 


5  [Fig.A3. 15]  1 

6  [Fig.A3. 16] 


7  1;  2,  -  f 

9  (a)  4**  +  12x  +  5  (b)  2*1  -  5  (c)  -1,  -5 

10  (0.  1.2);  no 

H  jrir(**-i.-i.-S).  ^5T7 

12  *J-2;gfl 

13  (a)  -1 1;  5  (b)(i)  «4-l£  (*  *  0),  jfj,  2^  (*  *  3) 
(ii)  7  (c)  f  2-3;  ff  2-11 

14  3,  -5,  2j,  2J  [«*)=*] 

15  (a)(i)  9*  -  8  (ii)  f  -  14  (*  *  0)  (iii)  -2,  (*  *  -4) 

(b)  -18.  30  16  (a)  6-  i  (**  0)  (b)  jL-'(x  *  3) 

(c)  iji  (d)  l  (x*0)  (e)  (*  *  6)  * 

17  (a)  fg  (b)  g'1  (c)  gg  (d)  ggf  (e)  gf 

18  (a)  24.  36  (b)  ^  (*  *  4,  12)  (c)  2 


7 

7 

/ 

'/ 

Fig.  A3. 15 


614 


19  (a)  5  (b)  1  (c)  ^j(x*l)  (d)  -1,5 

20  (a)  2,  3  (b)  6  (c)^<Jt*0) 

21  (a)(i)  -  -  5  (jc  *  0)  (ii)  *  \);  \  (b)(i)  <*  *  0)  (u)  ^  *  -12) 

(c)  -5 

[Fig.  A.3.17] 

[Fig.  A3. 18) 

(a)  Ll H  (x*  0);  jf£(x*  2*);  2,  f  (b)  3.  -7 
[Fig.  A3.19]  (0, 1,2,3) 

[Fig.  A3.20] 

(Fig.  A3.21] 


Fig.  A3. 16 
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28  (a)  fgh  (b)  gf  'h  (c)  g-'f^h  (d)  hg'F1 

29  (b)  [(7n  +  x)3  7  =  7n2  +  2nx,  remainder  £];  g(5n  +  x)  =  g(x) 

30  (a)  (3, 0),  (3,  3)  (b)  (3,  -2)  (c)  (1, 2)  (d)  (*,  y)  - ►  (2ifr, 

31  (a)  -1  to  4  (b)  0  to  5 

EXERCISE  4.1 

1  (a)  equal  (b)  not  real  (c)  real  (d)  not  real  (e)  real  (0  equal  (g)  real  (h) 
(i)  real  (j)  not  real  2  ±6  3  |  4  2,-1  5  0,8  7  ±4  8  *  =  -  5  9  (a)  m  >  4 1 
(b)  y  =  4jt  +  5,  (2,13);  y  =  -4jr  +  5,  (-2,13)  10  -l.J  11  ±12  12  (a)  2mc  =  I 
(b)  2y=2x+  1 .  4y  =  jc  -t-  8  13-6<c<6  14  pi\  15  0,4  16  4,-1;*  =  4,  x 
17  ±4 

EXERCISE  4.2 

1  (a)  -I0,x  =  3  (b)  -4,*  =  -l  (c)3,x  =  -l  (d)  3i.jr  =  -J  (e)  -45. x  =  J  (f)  2 
(8)  -&■*=!  (It)  5j, ■*  =  — J  (i)  2;,  *  =  -j  0 )c-b‘.x  =  -b  2  [Fig.  A4.1J 


5  (i) -4,-12  (ii)  r<  -16 

6  9  -  (x  -  l)2;  0  to  9 

7  (a)  <  x  <  2  j  (b)  (1  i,6)  [Fig.  A4.7] 

8  -3j  to  7 

9  (i )  k>\  (ii)  k<-2\-2<k<\ 

10  (a)  5  (b)  q  >  8  or  q  <  -8 

11  x  <  -1, 0  <x  <  2,  x  >  3  Ftg.M.7 

12(a)*=^  (b)pS-| 

13  -lor -2 

14  [Fig.  A4.8]0to6{ 

15  -2,  8,  10 

16  4£x<56 

17  (i)  x<-i  orx>  2{  (ii)  (1,-9);  (1,9)  [Fig.  A4.9] 

18  5  SxS  1 

19  (a)  -j  Rg  m  b 

20  (a)(i)  -7,  10  (ii)  ?,  4  (b)  -2,  1,  6 

21  |<xS2 

22  -1  <xfi-j,  1  SxS  lj 

23  -2  <x<  -1,  j  < x <  1  j 

24  k  £  -6  or  *  &  2  (i)  1  (ii)  -3 

25  2, -4.  7 

27  (a)  -6,8  (b)  -4  gx< -1.  7  <x<  10 

28  (a)  +  2  (b)  a  <  -2  or  a  i.  ; 

29  [(x  -  a)(x  -  P)  =  x2  -  (a  +  P)x  +  aP  =  0  is  identical  to  x2  +  |x  +  §  =  0:  compare  coefficients.  I 
a2  +  P2  =  (a  +  P)2  -  2flP;  (a  -  P)2  =  (a  +  P)2  -  4aP) 

EXERCISE  5.1 

1  (a)  x*  -  8X2  +  24X2  -  32x  +  16  (b)  8a2  -  36a2  +  54x  -  27 

(c)  321s  +  80tr*  +  80a2  +  40a2  +  10a  +  1  (d)  x2  -  fa4  +  fx5  -  lx2  +  £x  -  ± 

(e)  x‘  +  6x*+ 15x2  +  20+ A+ i  (0  -  4  +  -  8*  +  16 

2  (a)  1  -  10a  +  40a2  -  80a2  +  80a4  -  32a5  (b)  16  -  96a  +  216a2  -  216a2  +  81a4 

(c)  64  -  96a  +  60a2- 20a2  +  ^  -  x  +  5  (<•)  l-3x2  +  3x4-x‘  3  (a)  32  -  8Qx  +  80a2  -  40^ 
(b)  1  -  14a  +  84X2  -  280a2  (c)  1  -  4a  +  7a2  -  7a2  (d)  1024  -  640a  +  160a2  -  20a2 

4  (a)  81x4-216/y  +  216a2/-96a/+  16/  (b)  x2 -  5X3  +  lQx-  if  +  £  -  J, 

5  as  +  Srfb  +  10aV  +  10 loV  +  5a*4  +  ft5;  £  6  0.941  480 

7  (a)  l+3a  +  3a2  +  x2,  l-3x  +  3x2-x2  (b)2  +  6a2;14  8  194 

9  (a)  1  +4a  +  6a2+4x2+x\l-4x  +  6r2-4x2+x*  (b)  8x  +  8a2;  0.080  008 

10  (a)  x2  +  5X2  +  10a  +  ®  a2  -  Sx2  +  10a  -  *  +  £  -  £ 

(b)  10a2  +  ”  +  ^  (c)  90s 
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EXERCISE  5.2 


I  1 -4x  +  6x2-4xJ  +  x°;  1-4X  +  8X2  2  1  +  ^-2£  3  (a)  16  -  32*  +  24a2 

(b)  81  -  54*  +  fx2;  -3456;  3888  (c)  8  -  Ax  -  6a2  (d)  3  4  (a)  1  +  5x  +  IQ*2  +  10*1 
(b)  l+5x  +  5x2-10X3  5  (a)  1  +  8x  +  24X2  +  32X1  +  16a4  (b)  1  -3X  +  3X2-.**;  1  +  5X  +  3X2 
6  1  +  6*  +  12a2  +  8**;  16  -  16x  +  6**  -  Xs  +  102  7  -3 

8  1 +5:t+ 10^+ 10^:32-80*+ 80^ -40^; -120  9  2,-3  10  2 

II  (a)  I  +  3oa  +  3<jV  +  tr'a3;  ft4  +  46\a  +  Wx2  +  46aj  + x*  (b)  2, -2 

13  (a)  1+4 px  +  6/j2 a2;  l  +  3qx  +  (b)  3.  -2  or  -1,  2  14  <a)(i)  1+3 ax  +  3aV  +  <rV 

(ii)  1  +  46x  +  ObV  +  4frV  +  6V  (b)  or  -1,  2  15  (a)  -70.  168  (b)  350 

17  (a)  1  —  8jt  +  24a2  -  32a5  (b)  1  -  8x  + 28a2;  -  j 

18  1  +4;r  +  6xJ;  1  +  4aa  +  (4b  +  6oV;  2, -3  19  0.1  20  I  - 8*  +  28a2; 0.99203 

EXERCISE  5.3 

1  (a)  6  (b)  12  (c)  504  (d)  495  2  (a)  15  (b)  36  (c)  495  (d)  455  3  3 
4  1  +  IOa  +  45a2  (b)  xl2-6x"  +  ^  (c)  a*  -  9a7  +  36a’  5  (a)  7920  (b) -3240  (c)  126 

6  20  7  9,  |  8  6.3  9  fourth, -V  10  7 

REVISION  EXERCISE  5 

1  (i)  1  -  15X  +  9Q*5-  270c5  (ii)  1  +  35jr  +  525a2  +  4375X2;  90 

2  a*  +  6a5*  +  ISfl4^  ;  2,  ±3.  ±64x  3  1  -  Ida  +  40a2;  2,  7,  -13 

4  (a)  1  +  lOX  +  40a2  +  80r’  +  80a4  +  32a3,  l-10x  +  40a2-80x3  +  8Qa4-32a5 
(b)  20a  +  16Qr’  +  64x’  (c)  0.020  000  160  000  064  5  (i)  1  +5cu+  lOaV 
(ii)  1  -  8Pr  +  28p¥;  10a2  -  4Oa0  +  28p5  6  10,  10 

7  1  —  5p  +  lOp2  —  lQpJ  +  5/j4  —  f?\  1  —  5*  +  Sac3  +  lOnr3;  0.01  8  sixth 

9  (i)  64  +  192a2  +  240X4  +  160a4  (ii)  48  10  5  or  £  lli,-^;-7  12-|,12 

13  I  +  6ax  +  ISaV;  j ,  -3  or  -  j,  3  14  28:5  15  3.-2  '16  8  17  fourth;  280  18  7,-1 

19  (a)  1  +  5x  +  10a2  +  10a3  +  5a4  +  a3. 1  +  5X2  +  10a4  +  I0x*  +  5a*  +  a11  (c)  I  +5x+  15a2 + 35a3 

20  7! 

EXERCISE  6.1 

1  (a)  60°  (b)  18°  (c)  120°  (d)  720°  (e)  30°  (0  20°  (g)  135°  (h)  330°  (i)  225° 

0)  22! °  (It)  114.6°  (1)85.9°  2  (a)  |  (b)  V”  <c)  ?  (d)  3tt  (e)  £  (f)  V  (g) 

(h)  1  (i)  y  0)  1!  3  (a)  0.5  (b)  0.5  (c)  1  (d)  -0.7071  (e)  I  (0  0.9093  (g)  0.8776 
4  (a)  |  (b)  0.93  (c)  0.98  (d)  1.32  5  0.068  6  Values  tend  to  1 

EXERCISE  6.2 

1  1.2  rad  2  1.67  rad  3  0.5  rad,  3  cm  4  (a)  10  cm  (b)  0.3  rad  5  (a)  5.2,  10.4 
(b)  10,40  (c)  0.5,4  (d)  12,0.25  (e)  6,2.4  6  (a)  9.6  cm2  (b)  12.8  cm  7  (a)  4.47 
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(b)  0.841  (c)  11.5  (d)  11.0%  8  4cm  9  (a)  1.85  rad  (b)  9.27cm  10  40cm,  1.2 rad; 

24  cm,  35  rad  11  2.7  m  S'1  12  (a)  (b)  0.52  m  s'1  13  (a)  1.85  rad  (b)  22.1  m 

14  (a)  3730  cm2  (b)  256  cm  15  (a)  2.46  rad  (b)  0.292  16  (a)  5  cm  (b)  0.4  rad 

(c)  4.8  cm!  17  (a)  1.85  (b)  1 1.2  cm2  (c)  0.28  18  2.5  19  (c)  3<5r£4  20  (c)  3  cm 

(d)  2  rad 

REVISION  EXERCISE  6 

1  (a)  f  (1.05)  rad  (b)  209  cm3  2  44  cmJ  3  12.93  cm  4  (i)  HO  (ii)  H(e  -  sin  20) 
(iii)  j  (ji  sin2  0  -  20  +  sin  20)  5  18.82  cm2  6  (i)  2.02  rad  (ii)  10.1  cm  (iii)  14.8  cm2 
7  (i)  42.15  cm2  (ii)  0.57  8  48.33  cm2  9  (i)  51.6  cm  (ii)  4763  cm2  (iii)  94.7% 

10  (i)  !y!  cm2  (ii)  23  cm2  (iii)  0.8  rad  (iv)  26  cm  11  (a)  4.44  m  ( V2  it) 

(b)  4.57  cm2  (4ji  -  8)  12  6.17  cm2  13  43.2  cm2  14  3;  2  rad  15  (a)  ^  rad 

(b)  1.63  cm2  16  [total  area  of  sectors  =  2x±xii0  +  2x±x£(jt-0);  area  of  rhombus  = 
-r2  sin  0]  0.77,  2.37  17  10:1 

EXERCISE  7.1 

1  (a)  19.5M60.50  (b)  40.4°,  319.6°  (c)  49.0°,  229.0°  (d)  1 10.5°,  249.5° 

(e)  194.5°,  345.5°  (f)  141.0°,  321.0°  (g)  186.8°,  353.2°  (h)  220.5°,  3 19.5° 

(i)  76.7°,  283.3°  0)  123.7°.  303.7°  (k)  34.9°.  145.2°  (1)  98.0°,  262.0° 

(m)  150.4°,  209.6°  (n)  61.6°,  241.6°  (o)  61.1°.  298.9° 

2  (a)  0°,  23.6°,  156.4°,  180°,  360°  (b)  18.4°,  198.4°,  161.6°,  341.6° 

(c)  18.3°,  116.6°,  198.3°,  296.6°  (d)  90°,  138.6°,  221.4°,  270° 

(e)  39.2°,  140.8°.  219.2°,  320.8°  (0  210°.  221.8°,  318.2°,  330° 

(g)  117.7°,  202.3°  (h)  170.5°,  350.5°  (i)  0°,  19.5°,  160.5°,  180°,  360° 

0)  36.9°,  143.1°,  216.9°,  323.1°  (k)  39.2°,  140.8°,  219.2°,  320.8° 

(1)  210°,  41.8°,  138.2°,  330°  (m)  109.5°,  250.5°  (n)  112.3°,  347.7° 

(o)  168.6°.  251.4°  3  35.3°.  144.7°.  215.3°.  324.7°  4  158.2°,  338.2° 

5  39.2°,  140.8°,  219.2°,  320.8°  6  (a)  26.7°,  153.3°  (b)  129.1°  (c)  65.1°  7  (a) -0.5 
(b)  3  (c) -0.36  (d)  35  (e)  0.58  (0  £  (g) -1.05  9  (a)  200.5°,  339.5° 

(b)  15.7°,  164.3°  (c)  129.8°,  230.2°  (d)  126.7°.  306.7° 

EXERCISE  7.2 

1  120°  [Fig. A7.  J  ]  2  [Fig.A7.2]  3  4  [Fig.A7.3] 


Fig.  A7.1 
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EXERCISE  8.1 

1  [Rg.A8.1]  2  -2a,  ^a,$a  3  (a)  U  (b)  a  (c)  -ja  4  (a) -a.  (b) -b.  (c) -c, 
(d)  2c,  (e)  2b  5  Collinear  6  5  7  13  8  (V5,2)  or  (- V?,2) 


Fig.AB.1 


EXERCISE  8.2 

1  [Fig.A8.2]  2  (a)  a  +  b  (b)  -  a  -  b  3  [Fig.A8.3]  4  The  parallelogram  is  a  rhombus 


Fig.  A8.2 
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EXERCISE  9.2 

1  (a)  6*  (b)  6*  (c)  2x  +  1  (d)  -2x  (e)  -±  (0  3^  -  Zr  (g)  ^ 

2  (i)  (ii)  (iii) 

(a)  8-4  0 

(b)  12  -6  0 

(c)  3  -3  -1 

(d)  -4  2  0 

(e)  -  j  -1  undefined 

(f) 8S  0 

(g)  -I*  -1  ~i 

3  (a)  6* - 6  (b)  1  (c)  -1  4  (a)  3^-2*  (b)  0,  §  (c)0,-£ 

5  [gradient  function  =  -4  -  2x]  max  6  -  £  +  4;  ±  j  7  Tax  +  b 

EXERCISE  9.3 

I  (a)  6*  (b)-8jr  (c)  \2x>  (d)  1  +  £  (e)  x  -  1  (0  V  2  0  3  (a)  4*  -  4 
(b)(i)  (1,-1)  (ii)  (-1,7)  4  (a)  2x  +  a  (b)  -4 

EXERCISE  9.4 

1  (a)  5  (b)  8*  (c)  0  (d)  6*  (e)  6.r-  1  (f)  3^  -  2r  -  I  (g)  -6x  (h)  2x-2 

(i)  0  6x-4  (k)  3**- 12*  +  12  (1)2*--^  (m)  x*  +  x5  +  x2  +  x 

(n)2*-2+£  (o)£-£  (p)  —2.  +  2  +  2.  2  6/ -4  3  9r’-4r+l  4  18r -  12 
5  6  6  2  7%  8  (2,|)'(_|fM)'  9  (0,-5),  (2,-7)  10  1,-2  11(2,-38)  12  1,-2 
13  2,-2  14  8i  -  12;  2  15  2,  -I;  6  16  3,-2  17  10,-13  18  x  <  -1  or  x  >  2 
19  1  20  Amp'  +  2np\  4,  -2 

EXERCISE  9.5 

1  (a)  5(ar  -  3)*  (b)  21(3*  -  1)‘  (c)  -6(5  -  2x):  (d)  40(4.r  -  5)’  (e)  16(4*  -  3)’ 

(0  3(2r  -  1)(jt  -  r  +  1)!  (g)  5(-l  -  4x)(3  -  *  -  2rY  (h)  (i)  0 

(k)  4(1  +  i)»  (1)  (m)  (n)  na(ax  +  M*  ‘ 1  (o) 

(p)  (<l)  3(2+  jL)(2x-  ±y  2  (a)  6(2/-  1)=  (b)  H.-j  3  -96 

4  /  +  ](1-/)J=  |,_2  5  i(r  =  _|),_i(r=5)  6(8)2+;^ 

(b)  3  7  -6  8  (I.  2),  (-3.-2)  9(2,1)  10  (a)  ;T-22-r  (b)  -2,  2  llfa/j-j^ 

(b)  i,-|  12  -2,-42  13  4,_3  14  1.-2 

EXERCISE  9.6 

1  (a)  12*3  -  lftm  24x-  10  (b)  6(2x  -  7)2;  24(2*  -  7)  (c)  -16(1  -  4*)J;  192(1  -  4*)J 

(d)-£;£  (e)2*+Jr;2-^  (0  jrh?  :  ah?  (g)  4*J  -  2*  +  12^  -  2  -  £ 

2  6/+ A:6-  22  3  ±3  4  1,-2  5  3,-2or-3,2  6 -4;  4  7^;^  8  |.6;3i 
9*St  \ 
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REVISION  EXERCISE  9 

1  (a)  3(jc -  5)2  (b)  -10(1  -2xY  (c)  <d)  1242X2-!)2 

(e)  3(— 3  -  4x)(l  -  3*  -  2j3)2  (f)  (g)  3(2  +  2r)(2t  -  I)2  (h)  i  -  £  (i)  1  +  £ 

(j) -2-._!L_r  2  05jcS2  3  ±8  4  (a)  -|  (b)  2x  +  3y  =  12  (c)  (0,4), (6,0) 

(d)  V52  '  5  -8  or  8  6  4  -  ji,  7  dr2  -  4,  12r,  4  8  5orl;  9 -2, -5 

10  (a)  2,  -3  (b)  [gradient  =  -32]  'll  (b)  y  =  3*  -  6.  y  =  -3*  -  3  12  -3, 5 
13},-2;26,-26  14  3.-1  15  -3  <  jc  <  1  16  18(a)  2i-j  (b)  1 

EXERCISE  10.1 

1  / < -1  or r >  2  2  jc <  |  3  jt<-2orjc>2;(-2,-l),(2,l)  4  I  < je <  1 
5  -2  <  jc  <  1;  (1,-3),  (-2,24)  6r<2  7  (a)  y  +  (a  =  -11,  6y  -  x  =  45 

(b)  y-6x  =  -4, 6y  +  x  =  13  (c)  y  -  5jc  =  4,  5y  +  jc  =  -6  (d)  x  =  5jc  +  3,  5y  +  jr  =  -11 

(e)  jc  +  y  =  -4,  jc  -  y  =  0  (f)  3y  +  jc  =  5,  y  -  3x  =  -5  (g)  y  -  2x  =  -3,  2y  +  x  =  1 
(h)  y  —  jc  =  -4,  y  +  jc  =  -8  (i)  y  =  8jc  -  1 1,  8y  +  jc  =  42  (j)  y  =  2r  +  2,  2y  +  jc  =  -1 

(k)  y  =  8jc  +  11,  8y  +  jc  =  55j  (1)  2y  =  2x  +  3,  2y  +  2x  =  1  8  4y  -  4jc  =  3;  (-2,0) 

9  (a)  (-1,2)  (b)4y  =  jr  +  9  10  (a)  y  =  jc  (b)  (2,2)  ll(a)y  +  jr  =  7  (b)  (i.H) 

(c)  y  +  7jc  =  15  12  [Normal  is  I8y  +  8*  =  35]  -g  13  y  =  8x-  12,  3y  =  8jt -  12  (1.0) 
IS  -3  <  a  <  3  16  (a)(i)  2y  +  x  =  3  (ii)  (22)  (b)  (2il) 

EXERCISE  10.2 

I  0)  (ii) 

(a)  max  at  x  =  -3  16 

(b)  min  at  .r  =  1 ;  -  J 

(c)  max  at  t  =  -I  0 

min  at  .<  =  I  -4 

(d)  pi  of  inf  at  .v  =  0  -2 

(e)  max  at  x  =  -3  85 

min  at  x  =  2  -40 

(f)  max  at  x  =  0  1 

min  at  x  =  1 

(g)  pt  of  inf  at  jc  =  0  1 

min  at  x  =  1  0 

(h)  max  at  x  =  -5  -10 

min  at  jc  =  5  10 

(i)  none 

(j)  pt  of  inf  at  x  =  2  10 

<k>  none 

(l)  min  at  x  =  2  8 

min  at  x  =  -2  8 

(m)  mar  at  x  =  I  0 

min  at  r  =  3  4 
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EXERCISE  10.6 

1  20.1  cm1  r'  2  0.106  cm  s'1  3  (a)  314  cm5  s’1  (b)  62.8  cm2  r1  4  1.59  cm  r' 

5  2cm2s-'  6  54k  cm2  r*  7  4.77  cm  r1  8  2400  9  0.4  10  0.75  11  41.89  cm*  H 
12  96  cm’ s-'  13  0.637  cm  r‘  14  1.59  cm  H  15  -0.125  16  0.018  units  s’1 
17  1.02 cm r'  (increasing)  18  (a)  56X-4X2  (b)  2  (c) -10  cm2  s'1  19  gems'1 
20  (c)  2.39 cm s-1  21  (c)  2.5  cm2  r1  22  (a)  [£  =  £  x  £ ]  (c)x2-5x  +  25  (d)  11 

(e)  cm  r1 


REVISION  EXERCISE  10 

1  *  <-l  or  *  >  5  2lj  3  0.05  4  (i)  ^  (ii)  2.4  5  0.012  cmV;  5  km 

6  8.40;  maximum  7  Of-%  8  V  =  x\A  =  6x2;  £  =3x2,  £  =  12t 

(i)  300 cm’s'1  (ii)  0.12cm2  9  17.3  10  18.83  minimum  11  { 

12  y  =  [A  =  4  x  2s2  +  4x*  +  (4X2  -  kx2)  +  rtx2  +  2tuy]  (i)  |  (ii)  54,  §;  minimum 

13  (a)  «”»'2»1  (b)  li  14  y/l00-h2;  ^  15  8  16  (a)  L  =  4r,  8  =  2,  max 
17  (0,  2  -  3m),  (i=^i,  0);  12  [m  =  -1]  18  (a)  30  cm  s  ’.  42  cm  s'2  (b)  6;  cm 

19  10  cm,  6;  cm,  4  cm  20  -4%  21  (i)  9  ms-1  (ii)  12  ms'1  (iii)  8  ms'1  22  8  cm 
23  1,  -2,  -7,  -3  24  x  =  -1,  min;  x  =  0.  pt  of  inf.  25  (b)  Jtr2(22  -  3 r)  (c)  !£[r  =  £] 

26  (b)  -|%  27  (b)  2.11  eras'1  28  (a)  [  =  f  ]  (b)(i)  2.78  eras'1  (ii)  1  eras'1 

(c)  -ferns'1  (IfPQ  =  6.  ^  ^  X  is]  29  (a)  1?  (b)  -  80; 

4 -fs  (-8.9);  4^5  30  (4.4);  [A  is  (2,  ^).  B  is  (x.  £)];  2  [x  =  2 <£  ] 

EXERCISE  11.1 

1  (a)  2s3  +  c  (b)  X*  +  c  (c)  -lx  +  c  (d)  x*  +  c  (e)  3x  -  ^  +  c  (f)  ^  +  c 
(g)  £+c  (h)  i-3x  +  c  (i)j-i-£+c  (j)£-£+c  (k)  x- 2|i- ii  +  d 

(l) £-x5  +  c  (m)-2j  +  c  (n)  i +2x2  +  4x  +  d  (o)  i- -x5  +  -x  +  c  (p)x  +  -^j-+( 
(q)  4x  -  2X2  +  i  +  c  (r)  j  +  7  +  c  (s)  £  -  ^  -  6x  +  c  (t)  £  -  i  +  c 

(u)-5-S7  +  c  (v)  7-'7+j[!-2*  +  c  2  (a)  J,  -  4x  +  c  (b)-|  +  c  (c)|+c 

(d) 2x+i+c  (e)  il-2x  +  c  (f)£+c  (g)-l  +  d  (h)-l-^+c 
3(a)-j-jJr+c  (b)  3H  -  6H  +  4r  +  c  (c)  p3  -  '-&■  +  6/»  +  c  (d)  x-  ii+x3  -  £  +  c 

(e)  7  -  *  +  ;  +  c  (f)  i-j-i+c  (g)  2s- ^-4j’  +  c  (h)£  +  £+±+c 

(i)i-i+c  (j)y-2y+^  +  c  (k)  £ -2^  +  1  +  c  (1)  iii  +  6x- £ +c 

(m)  2»  -  }  +  ^  +  c  (n)  +  *£  -  3 p2  +  c 
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REVISION  EXERCISE  11 

1  -A,y=  i-4jr+  11  2  (a) -2  (b)  \  3  1:7  4(i)20mr'  (ii)  32  m 

5  (i)  (-1,5),  (2,2)  (ii)  4:3  6  (a)  (2,9)  (b)  y  =  '-i  (c)  27  units2  7  1:7 

8  8:5  [volumes  are  ^  about  >-axis,  ^  about  x-axis]  9  (a)  (1,4),  (4,1)  (b)  9n  units5 

10  4.  -3;  4  m  11  (a)  -I  +  JLj  +  c  (b)  f  units3  12  3;  9-t  13  f  units’  14  3 

15  (a)  (1,0)  (b)  units’  16  (a)  (0,4),  (2,0),  (1,3)  (b)  15:28 

17  (a)  Area  above  jr-axis  =  area  below  (b)(i)  18  (ii)  2  (iii)  4  18  (a)  (12,6) 

(b)  36  units2  [Use  j.r  dy]  19  (i)  4y  =  5x-3  (ii)  (|,  0)  (iii)  (1,0)  (iv)  units2 

(v)  9:49  20  (i)  [area  of  P  =  ifi,  area  of  Q  =  If!]  (ii)  [Both  =  no']  21  0;  3.  -1 

22  (a)  12  (b)  2  23  5  24  5  25  (a)  |  units’  (b)  ji  units’  27  2 

28  [Fig.  A1I.1;  gradients  both  -i]  ^  [parts  give  !2s.  ~  and  4rt] 


Fig.  A.  11.1 


PAPER  1 

1  (a)  2jc-  Jlf  (b)  9  2  x  =  2, y  =  -1  ora:  =  -9,  y  =  -y  4  (a)  jr  +  4y  =  7 
(b)  y  =  Ax  -  18  5  [Fig.  AR.l]  x  <  -i  6  (a)  (-1,3)  (b)  77.5° 

7  (b)  103.9°,  166.1°,  283.9°,  346.1°  8  4;  9  (a)  1.5  (b)  14  cm  (c)  4.02  cm2 
10  -  V5  S  J t  si  V5  (b)  6  +  4x  -  2X2 


Fig.  AR  i 


PAPER  2 

1(a)  2  rad  (b)4cm  2  (a)  101.8°,  168.2°,  281.8°,  348.2°  (b)  45.5°,  254.5° 
3  (a) -6  ms-2  (b)  4  m  4  (a)  6048  (b)  2,-1  5  (4,3),  (-16,-37)  6^unils2 
7  2.  -3;  2 y  +  25x  =  28  8  9%  9  (a)(i)  5  (ii)  -1,  4 
(b)  -|,4[g-'u - 10  (a)  i  +  7j  (b)  109.4° 
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EXERCISE  12.1 

1  (a)  1  (b)  I  (c)  41  (d) -29  (e)  (f)  1  (g)  5;  (h)  -Is  +  2t>  +  t  -  t 

2  (a)  15  (b)  60  (c)  171  3  (a)  -15  (b)  -g  (c)  -18  (d)  3?  (e)  -  i  (0  33 
4-21  5  §  6  -u  +  b-c  +  d  7  9p-53  8  1  9  -10  10  2,-4  11  p  -  2q  =  6;  4,  -1 
12 -2. -2  13  3,  lor -1.5  14 -3. -2  15  5,^1  16  2,-4  17-3,2 

EXERCISE  12.2 

1  (a)  (x  +  l)(x*-x+  1)  (b)  (x- l)(x-  l)(x-2)  (c)  (x  +  l)(x-2)(x-3) 

(d)  (x  +  l)(x  +  2)(x  +  3)  (c)  (x  -  lKx^  +  2)  (f)  (x  +  l)(x  -  2)(x  +  4) 

(g)  (x+  1XJT+  D(2x  +  3)  (h)  (x-l)(x+lX3x  +  2)  (i)  (x- l)(x3+x+  1) 

(j)  (x  -  2)(x  +  3)(x  -  3)  (k)  (x  +  2)(x  -  2)(2x  -  3)  fl)  (x  -  l)(2x  -  l)(3x  -  2) 

2  -7;  (x -  1  )(x  +  3)(x - 2)  4-l,-2;x-l  5-6;x-2,x-l 
6  -4, -3; (x  +  l)(xJ-x-3)  7  -4,  2; (x - 2)(x* - 2x - 2) 

8  -4, 6;(x-3)(x-2)(x+ 1)  9 -1,  l;x+ l,x- 1  10  -3,-2;(x-2)(xJ-x-4)  11  -2,0 
12  2  13  3; x -  1  14x+l,x  +  2  15  3,  1:  3x*  -  8X2  +  15x  +  26;  (x  +  1K3X2 -  Ux+  26) 

EXERCISE  12.3 

1  (a)  1,-1. -1  (b)  1,-1, -2  (c)  -1  -3,  -2  (d)  1,1,2  (e) -3  (f)  -1,-3,  4 
(g)  2,  3. 4  (h)  -1,  2.79,  -1.79  (i)  -1,  2,  3  (j)  2,  f  (k)  2,  -3 

2 -2,-11; x- 4;  1,-3, 4  3  -l,-5;2x+  l,x+  1;-1,-;,  2  4(a)l,-2,-7  (b)3,-2,-5 
(c)  3,  -4,  -2  (d)  4,  -3, 0  (e)  2,  -5,  6  (0  2,  -1,-3  5  (a)  1,  -3,  2;  3,  -1, 4 
(b)  2,2,3  6  4,-11;  1,  1,-6  7  (a) -3, -4;  2, -2,  3  (b)  -2;  1,-1,  2  8  1,-2 

9  (-1,-1),  (-2,-8),  (3.27)  10  [Values  of  B  inconsistent]  -6  [A  =  2,  B  =  3,  C  =  -4]  111, 
-2,  -2;  double  value  at  x  =  -2  12  x  =  1,  min;  x  =  2,  max;  x  =  3,  min  13  (a)  y  =  3x  +  3 
(b)  (2.9)  (c)  67  14  (a)  y  =  3x  -  2  (b)  (-2,-8)  (c)  6-J  units! 


REVISION  EXERCISE  12 

13,2;23  2  (a)  i  (b)  [fr  =  |]  3  (a)  -2p  -  38;  p  =  -19  (b)  2,  2, -4  (c)  I 
4  I,  2,  3  5  (a)  -3  (b)  -l, -f,  2  (c)  3} ,  1 }  6  (a)  12; -2,  2,  3  (b)  -2.  -0.78.  1.28 
(c)  4,  -3,  -2  7  (a)(i)  3, -6  (ii)  Yes  Tor  first  expression  (b)(i) -33  (ii)  2  8  2. -3, 4 
9  v=jc,-6»2+  12r-7;(l,0)  10  1,-1.2  11  (a)  -16  (b)  4  (c){ii) -2.  6.  3 
12  (a)  >•  =  2jt  +  1  (ii)  (-2,-3)  (iii)  6;  13  (-1.1).  (1,3),  (2,10);  P  2],  Q  A 

14  1,  1,  -2;  -I,  -1.  -4  [equation  is  (.r  +  2)!  -  3U  +  2)  +  2  =  0]  15  [Find  f(3)l 

16  1.2.  -3  17  0°,  60°.  109.5°.  250.5°,  300°.  360°  18  (jt  -  I  )(.r  -2 px-q)  19  b= 

21  *<-1  and  2  <  jc  <  4;  [equivalent  to  ^  -  5**  +  2x  +  8  =  (jr  +  IX*- 2)(x  -  4)  <  0] 

EXERCISE  13.1 

1  (a)  2, 4;  26,  58  (b)  -3.  3;  15.  39  (c)  j,  };  I ;,  2\  (d)  1.7.  -0.3;  -0.1.  -2.5 

2  (a)  19  (b)  31  (c)  3n  -  5  3  (a)  -15  (b) -59  (c)  14th  (d)  21 -4n 

4  (a)  3/t-13  (b)  2,-3  5  (a)  5  (b)  61  6  2}  7  (a)  2}  (b)  }(2/i  +  1)  8  61 
9  14} ;  j(3n  +  7)  10  (a)  -4.  3  (b)  3/t  -  7  11  (a)  22  cm  (b)  3n  +  1  cm 

12  (a)(i) -37  (ii)  102  (b) -2  (c) -5  13  (aXi)  8}  (ii)  18}  (b)  2  14  14,-1 

15  2}  16  6,4  17-18,4}  18  5,3  19  }(7  -  n)  20  -3,  2,  7  or  7,  2, -3 

21  q-d,q  +  d\  12,7.  2  22  (a)  and  (d)  23*(a)  a  +  2d  =  0  24  4  25  -lorl} 


EXERCISE  13.2 

1  (a)  -300  (b)  330  (c)  -17}  (d)  3.3  (e)  104  (f)  -710  (g)  45}  2  8} 

3  -555  4  31  5  644  6  8  7  10  8  30:  1710  9  -3}.-  I;,  1 
10  [r,  =  a  +  7d  =  S,  =  4(2a  +  7d)givesa  +  3d  =  0]  111};  127}  12 -};  208  13  7;  15 
14  19:5  15  6  16  11cm  17  (a)  43  cm  (b)  0  [n  =  45,  d  =  -3]  18  54  19  (a)  2 
(b)  12  (c)  25  20  (a)  9  (b)  9  21  57:7 

EXERCISE  13.3 

1  (a)  jl  (b)  tr  <c>  T  2  2"-7  3  'f.  }  4  i.2  5-2  6  (b).  (d).  (e),  (0.  (h) 

7  (a)  \  (b)  if  (c)  f  8  (a)  |  (b)  i  (c)  JL  9  ak.  ak\  2  10  12,  18  11  27,3 
12  (a)  -1}  (b)  2  14  (a)  for 3  (b)  -1  or 2  15  18  16  5th  17  (a)  }or-§ 

(b)  i  or  ii  18  (a)  -i  or  }  (b)  or  }  19  }  20  9  21  26  cm  22  2,  -3 

EXERCISE  13.4 

1  ^  -  85.3  2  3.97  3  (a)  -|  (b)  243  (c)  133  4  (a)  2  (c)  3  5  (a)  8  (b)  5 

(c)  ?  6  (a)  15  (b)  f  (c)  if*  (d)  116  7  (a)  3  (b)  510  8  (a)  ± }  (b)  81 

(c)  ,  if  cm  9  71  cm  10  8  11  (a)  2  (b)  252  12  27.  18.  12  or -27,  18.  -12; 

105!  or  27!  13  467  cm  14(a)?  (b)  |  (c)  5  (d)  5  15  (a)  2*  =  256  (b)  } 

(c)  511  16  9  17  18;  2400  000  barrels 
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EXERCISE  13.5 

1  (a)  5  (b)  36  (c)  not  possible  (d)  216  (e)  not  possible  (0  6|  (g)  36  (h)  j 

(i)  not  possible  (j)  2  2  j  3  486  cm  4  |  5  2  6  60  7  (a)  6  or  3  (b)  2  or  | 
8|  9  2|;  (a)  jij  (b)  0.39%  (c)  II  10  2  11  2  12  12or6;iorf  13  if! 

14  (a)  (b)  2  (c)  S  15  5;  27  16  360°  17  (a)  j  (b)  24  (c)  36 

18  (a)  -J  or  1  (b)  22  or 3  19  {  20  (a)  10  055  (b)  30000  21  (a)  1  300  000 

(b)  920  000  (c)  29%  22  1  23  (a)  ifareasare  1,  2,  £, ...  times  AABC]  (b)  \ 

24  (a)  -2,  2  (b)  f  25  (a)  ^  (b)  a  =  1  +  r 

REVISION  EXERCISE  13 

1  (a)  14  (b)  370  2  -8,  3  3  2.  2  4  8  5  1392  6  7.  -3  or  1,  3  7  f.  f  8  (a)  4 
(b)  j  9  (a)  116  (b)  3.  *  or  j,-2;4^  10  (a)(i)  f  (ii)  20  (iii)  30  j  (b)(i)  j 

(ii)  2  (iii)  M  u  (a)  15.2  cm  (b)(i)  |  (ii)  54  12  6,-3  13  (i)  20  000  (ii)  17 

(iii)  16  665  (iv)  16.7%  14  89.3%,  n=  18  15-1,  ±2  16  4, 9;  14 

17  1,3,5,...  18(a)  0.905  (b)  0.786  19  -1,4,12  20  2  21  1  <  jr  <  2  or  -1  <  x  <  0 

22  [In  Fig.  A13.I,  tan  6  =  =  r-  1.  tan  0  =  i =  r-  1]  (b)  22.5° 

23  16  [A(1.05)"' '  =  2A  so  1.05"  =  2.1]  24  11 


Fig.  At 3.1 


EXERCISE  14.1 

1  (a)  2  sin  A  sin  B  (b)  2  cos  A  sin  B  3  (a)  §  (b)  g  (c)  §  4  0  [=  cos  !] 

5  cos(40°+jr);5.6°,  274.4°  6  (a)  (b)  -22  (c)  -22  7  !  8  -1Z 

9  [Find  tan(A  +  B)|  10  0.7071  [=  sin  ±]  11  ;  -2^;  J 

12  (a)  30°.  210°  (b)  18.4°,  198.4°  (c)  165.0°,  345°.0°  (d)  16%1°,  349.1° 

(e)  79.1°,  259.1°  13  (a)  40°  (b)  80°.  260°  14  (a)  1  (b)  §  (c)  2.  15  (a)  H 
(b)  2  (c)  %  (d)  22  16  (a)  -12  (b)  IS  (c)  -12  (d)  2? 

18  -1,  2,  99.6°,  33.6°;  66.6°,  33.0°  19  [Expand  and  divide  by  cos  8];  48.5°,  228.5° 
21  (b)  cos  0  cos  0  +  sin  6  sin  0  [lal  =  Ibl  =  1] 
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EXERCISE  16.1  (Answers  from  graphs  are  approximate) 

1  3.0.0.22  2  y  =  20*'  3  100,-0.4  4  2  =  f*  +  I,  Y  =  l,  X  =  *;  4.6,  2  5  15,2.8:330 

6  y=  jlj  +  2  7  2,10  8  y V*  =  ax  +  b:  take  K  =  yV*.  X  =  x\  2,  4.5 

9  Plot  Vagainst  X  where  r  =  i,  X  =  1;  20.  80  10  y  =  £  +  q\  take  Y  =  y,  X  =  1;  30,  -2 

REVISION  EXERCISE  16  (Answers  from  graphs  are  approximate) 

1  Take  Y  =  y2,  plot  Y  against  *;  a  =  -1,  b  =  2;  0.5  2  (a)  y  =  if  +  5  (b)  (i)  y  =  lOfcr’ 

(c)  convert  to  £  =  ax  -  b  and  plot  YL  against  x.  3  2  =  -S*  +  plot  Y  =  I  against  x 
gradient  =  - 1,  intercept  =  i;  a  =  2,  b  =  -5  4  (a)  y  =  i*y  -  £;  plot  y  against  X  =  xy. 
Gradient  =  i,  intercept  =  -£  (b)  [*y  =  <cr  +  fc;  gradient  =  a,  intercept  -  b ] 

(i)  a  =  -0.7! b  =  7.5  (ii)  5.4  5  (a)  1.44,  0.55  (b)  (i)  ±  3  (ii)  y  =  i(3r“  -Ax-1) 

(iii)  -1,  6  (a)  0.1,  |  [y  =  0.224  (b)  i  =  (-p)i  +  q\  plot  {  against  i,  gradient  =  -p, 

i  -  intercept  =  q  1  5.7,  20  8  (a)  2.5,  1  (b)  [Convert  toy3  =  -£* 3  +  £]  5,  3 
9  [lg  a  +  Ig  y  =  b  lg( -fi  -  1 );  plot  Y  =  lg  y  against  X  =  lg(  V*  -  1)]:  4,  0.7  10  1 .5,  10 

EXERCISE  17.1 

1  (a)  -1.0  (b)  2*"i  (c)  2(4*-  3)‘i  (d)  jr  i  +  jr!  (e)(x3-4Jr)(Jr3-6at3H  (f)  3xi 

(g)  -2*1  (h)  bxW  -  3)-i  (i)  (4jc  -  1X1  -  2x  +  4*3H  2  (a)  i*J  +  c  (b)  2*i  +  c 
(c)  |*i-|*5  +  c  (d)  +c  (e)  2*5-|xt  +  c  (0  3*?  +  c  (g)  6jci  +c  (h)  i*l+c 

(i)  §*i  -  l*3  +  c  3  (a)  1  (b)  -il  (c)  |  (d)  1  (e)  6  4  (a)  2^+c 

(b)  1(2*  +  5)s  +  c  (c)  -1(jc  -  2)  3  +  c  (d)  \(x  -  3)i  +  c  (e)  -}(3*  -  2)'1  +  c 

(0  (2*  +  3)5  +  c  (g)  (2*  +  3)5  +c  (h)  -1(3-4 *)*  +  c  (i)  -(3 -  2*)i  +c 

(j)  1(3*  +  2)s  +  c  (k)  1(4*  -  l)j  +  c  (1)  (2*  -  5)5  +  c  (m)  1(4*  -  1)J  +  c 
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(n)  i(l-2*)-'  +  c  5  (a)  I  (b)  US  (c)  2  (d)  14  (e)  (f)  8;  (g)  2  (h)  55 

6  1  7  5  8  0.0075  9  -0.024  10  0.24  11  2%  12  -0.06 


EXERCISE  17.2 

1  (a)  (*  -  2)(3*  -  2)  (b)  2424  -  1)  (c)  454  +  3*  -  2)  (d)  (x  +  1)(jc  -  2)2(5*  -  1) 

(e)  4(1  -  2*)(5  -  14*)  (0  -<1  - jc)(3  -  jc)2(9  -  5jc)  (g)  44-*-  l)W-5*-2) 

(h)  2*(4  -  3)J(44  -  3)  (i)  2(3*  -  2)(124  -  4*  -  3)  (j)  2(4  +  1  )(2x  -  1  )’(7*  -  2x  +  3) 

(k)  J  *  i  (4  -  1)(134  -  1)  (I)  (VI -  1X2 VI -  1)  (m)  2(1  -  2x)J(l  -  8*) 

(n)  l(*-l)-!  C*+l)J(9*-7)  (o)  (*+l)I(5jtI-2*-7)  =  (jt+l)J(5jr-7) 

(p)  6(3*-  l)(2x  +  3)!(5*  +  2)  2  y  =  5*  -  7  32  4  (4*  +  1)(*  +  l)2;  6(*  +  1X2*  +  1) 

5  (2*- 1)3(10*- 1);  16(2*- OHS*-!)  6  0.  1.  f  7  2(x  +  IX*  +  2)*(34  +  5*  +  t) 

EXERCISE  17.3 

1  <a)  7772?  (b)  7771?  (c)  777 7F  (d)  <rXfW>>  (e)  (0  THIF2 

(8)  S  (h)  £3  (i)  ^  0)  ^  (k)  ^  (1)  irh?  w> 

(n>  ‘Wir  2  i7Ti?:-2(jr+1)'S  3  5  4  57737;5  5  g^i;2  6 

7  - U - -  8  0,4  9  (a)  3  (b)  I  or -3  10  -U±2L_;*  =  -2 

EXERCISE  17.4 

1  (a)  -ilf*  (b)  -l  (c)  UJai »  (d)  (e)  ^  (0  (g)  -i 

<»  ffl  s  ®  ^  M  i  (I)  (no  (n)  ^  (O)  ^ 

<p)  uTrt  (q)  few  <r)  W  (s)  |  2  (*>)  -§  00  1  («)  -j  W)  -*  <e)  £  (0  1 

3y  =  *+l;*  +  y  =  3  4  3y  =  *  +  2,  3y  +  *  =  -5  5  4y  =  *+ 14  6  ±1  7  3,-1 

8  5y  =  4*  +  12 

EXERCISE  17.5 

1  (a)  15**+  |*-i  +  Jf  (b)  |*i  (c)  184(2*’  -  l)2  (d)  (e)  (2* -2X24-4*+  3p 

(0  ^-U-  (g)  -2(4*-  3)  J  fli)  1  +  i*  J  (i)  2(*  -  2)(1  +  $)  =  2(*  -  f )  a)  jj^r 

(k)  !i*Jl  (1)  (24  +  1)(4  +  2*  +  l)  j  (m)  -2*' >  (n)  (*  -  1)J(3  -  2*X13  -  10*) 

,2ii  1  , 

(o)  }+  ^*-’-3*^  (p)  6(*-  1)(4 - 2r-  l)1  (q)  2(1  -*)(24-4*+  5)'l 

(r)  9434  -  4)5  2  (a)  4*5  +  c  (b)  1(4*  +  3)5  (c)  -1(1  -  4*)i  +  c  (d)  -1(3*  +  4p 

(e)  (4*  -  3)5  +  c  3  (a)  |  (b)  f  (c)  ±  4*  +  4y=13  5  ±2 

6  y  +  5*  =  12,  y  =  8*  -  12  7^;!  8*  2  9  max  at  *  =  0 

10  15y=  108* -422  12  -^2 
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EXERCISE  17.6 

I  (a)  3  cos  3x  (b)  2  cos  |  (c)  -A  sin  j  (d)  3  sec2  3jc  (e)  -cos  x  cosec2  x 

(0  sinx  +  xcosx  (g)  2x  cos  2x  -  2a2  sin  2x  (h)  -4a  sin^  -  1)  (i)  -cos(i  -x) 

(j)  j  sec2  |  (k)  x  cos  x  (1)  (m)  -6  sin  it  cos2  2x  (n)  cos  a  -  a  sin  x-2  cos  2x 

(o)  3  cos  3x  cos  2x  —  2  sin  3a:  sin  £ ’  (p)  2  sin  2x  cos  244  +  sin2  2x)-  i 
(q)  18a  cos2(1  -  3a2)  sin(l  -  3a2)  (r)  sec2  2a  (tan  2x)~>  2  (a)  -  3  sin  3x  (b)  2  cos  4 
(c)  -  4a  sin(2A2  -  1)  (d)  6  sin2  2a  cos  2a  (e)  2  sec2(  |  -  2) 

(0  j  cos  |  cos  2a -2  sin  i  sin  2a  (g)  (h)  2a  tan  j  +  A*2  sec2  § 

(i)  -  2a  sin  a2  (j)  cos  2a  -  sin  a  -  a(2  sin  2x  +  cos  a)  3  2  cos  2a,  -4  sin  2a  (=  Ay)  4  -7t 

5  [0  =  -4(A  cos  2a  +  B  sin  2a)];  -3.  2  6  l.l  1. 4.25  7  2(sin  a  +  cos  2a)(cos  a  -  2  sin  2a) 

(0.52.  2.62)  9  I  10  (a)  2.03.  5.18  (b)  f,  S;  -fi, -■$ 

II  >’  =  A,  A  +  >  =  7t  12x  +  y=§ 

EXERCISE  17.7 

1  (a)  -2  cos  2a  +  c  (b)  2-sin  4a  +  c  (c)  -2  cos  j  +  c  (d)  -cos  3a  +  c  (e)  2  tan  3a  +  c 

(O  2  sin  2a  +  cos  a  +  c  (g)  -cos  a  +  sin  a  +  c  (h)  +  c  (i)  2  sin  5x  +  c 

(j)  cos(2 -a)  +  e  (k)2tany  +  e  (1)  2  sjn 2a  +  cosa  +  c  (m)  a  +  2  cos 2a  +  c 

(n)  -2  cos  a  -  2  cos  2a  +  c  2  (a)  1  (b)  1  (c)  2  (d)  1  (e)  0  (f)  1  +  ±  (g)  0.47 
(h)  2  (j)  2  0)  0  (k)  ^  =  (0.78)  3  -2  +  2  Sin  20  +  1  +  2  4  (a)  2  (b)  4 

5  7  6  2n2  7  (a)  ±  (b)  0.59  (c)  8  2;  1.50  9  f  +  2  sin4A  +  c 

10  (a)  2  (b)  2  H  (b)  1  -  i  12  2 

REVISION  EXERCISE  17 

1  |  2  2  cos  a  -  a  sin  a  3  2n(3tt  +  8)  4|  5  (a)(i)  12(4a  +  l)2 

(ii)  tan  3a  +  3a  sec2  3a  (b)  (c)  3y  =  8a  -  29  6  £  -  1  8  (a)  lcot  11 

(b)  (c)  [=  ^-2^]  (d)  2(5a-  1)(2a  -  l)i 

9  y  =  -3a  +  10,  y  =  -3a  -  10  10  (a)  2(1  -  cos  2a);  n  +  2  (b)  2  (c)  ^  11  -0.0058 

12  i  13  4  15  (a)  [£  =  sin  241  -  4  sin2 a)]  0,  |,  f,  n  (b)  0,  1,  0  16  0.01 

17  [£=£^$<0]  18  g  =  -^Ll;-U,  !2  19  1  21  0,  ^  22 -2,4**+ *2)’2  = 

[product  =  -1)  23  (a)  [v  =  8  cos  It  =  8p-0,  a  =  -16  sin  2 1  =  -4i] 

(b)  ±4  units  from  O  [max  and  min  values  of  4  sin  2f] 

24  (a)  450  min  [max  h  when  r  =  0,  min  h  when  2SL  =  tt]  (b)  [S5  =  -22  sin  ] 

(c)  150  min  [2  +  2  cos  ^  =  3]  25  (a)  -cosec2  0  (b)  [V  =  -i*/2 h  =  -  jltrV cot  0] 

(c)  2n%  [£  x  100%  «  x  0.04  x  I  x  100%] 
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This  sixth  edition  of  Additional  Mathematics:  Pure  &  Applied,  has 
been  completely  revised  and  updated.  It  covers  the  Cambridge 
Additional  Mathematics  syllabus  in  the  Pure  Mathematics  and 
Particle  Mechanics  sections. 

In  this  new  edition,  the  authors  have  included 

•  additional  sections  to  make  for  a  more  comprehensive 
coverage  of  topics; 

•  more  exercise  and  revision  questions; 

•  additional  /  replacement  examples  /  figures  to  complement 
the  modified  text. 

As  in  previous  editions,  the  treatment  is  straightforward  to  allow 
rapid  progress  in  grasping  the  techniques,  with  sufficient  exercises 
for  practice.  The  topics  have  been  taken  largely  in  the  order  of  the 
syllabus  for  convenience,  but  this  could  be  altered  if  desired. 


